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Modeling of Streamer in Gas by FEM and Semi-Lagrangian Method

Amine Bennini1, Raphaël Pile2 and Guillaume Parent1
1Univ. Artois, UR 4025, Laboratoire Systèmes Électrotechniques et Environnement (LSEE), F-62400 Béthune, France

2Arts et Métiers Institute of Technology, LISPEN, F-59046 Lille, France

Determining the likelihood of occurrence, growth and extinction of partial discharges between two conductors is a key point when
designing electrical devices such as transformers, electrical machines or busbars. The continuity equations governing both time-
and position-dependence of charged particle densities makes it possible to build the most comprehensive model of partial discharge
development in gas. Known in the literature as fluid model, plasma model or even electrohydrodynamic model, it consists of a set of
advection-diffusion-reaction type equations strongly coupled to Poisson’s equation that still remains challenging to solve by means
of FEM due to numerical instability. This paper deals with the modeling of spatio-temporal growth of partial discharge inside gas
using FEM and stabilized by a semi-Lagrangian method. The main contribution lies in the development of the weak formulation of
the state problem in the general case for the electro-hydrodynamic problem. The simulation based on this formulation of the POSS
method is validated for a streamer discharge.

Index Terms—Finite element analysis, partial discharges, conservation equations, Poisson’s equation, streamer.

I. INTRODUCTION

IN the past decades, power electronics allowed to drastically
increase the efficiency of electrical devices but also led to

both higher operating voltage and switching frequency which
are responsible for partial discharges (PD) appearance in the
electrical insulation system of electrical devices. To avoid
early aging and thus failure of the latter, the study of PD
occurrence in electrical devices recently received considerable
attention from designers and researchers. While the ignition,
development and extinction mechanism of PD, especially of
streamer type, was established in the first half of the previous
century [1], [2], efforts in the field of electrical devices focused
so far on the determination of the partial discharge inception
voltage (PDIV) by means of several empirical criteria such
as Paschen’s law [3], Schumann’s criterion [4] and Raether-
Meek’s [5], [6] criterion to name a few. Even though those
criteria have shown a certain level of usefulness [7]–[11], they
are limited when it comes to deeply understand the phenomena
involved in partial discharge development.

On the other hand, the continuity equations govern both
time- and position-dependence of charged particle densities.
When coupled to Poisson’s equation, they make it possible to
build a comprehensive model of partial discharge development
in gas.

First introduced in the 1960s by Davies [12], this ap-
proach is referred to as fluid model, plasma model or even
electrohydrodynamic model in the literature and is widely
used for plasma numerical modeling [12]–[20]. Historically,
the finite difference method (FDM) [14] and then the finite
volume method (FVM) [15] were used to solve the continuity
equations numerically. In the 2000s, Georghiou [16], [17], [21]
started to use the FEM to overcome the difficulties encountered
by FDM and FVM to deal with complex geometries. Unfor-
tunately, the FEM suffers from numerical instability when it
comes to solving advection-diffusion-reaction type equations
and requires the use of stabilization methods [22].

Recently, some works on AI-based plasma modeling

emerged. Among them, physics-informed neural networks
(PINNs), such as the CS-PINN and RK-PINN frameworks pro-
posed by Zhong, have been successfully applied to low-tem-
perature plasmas. These approaches offer mesh-free solutions
to drift–diffusion–Poisson systems, underlining the emerging
role of AI as a complement to conventional numerical methods
[23], [24]. However, AI-based methods have encountered fail-
ures when dealing with complex plasma governing equations
characterized by variable coefficients and strong non-linearity,
according to [25].

In the 2010s, Liu introduced the so-called position-state
separation (POSS) method [18], [19] to overcome the numer-
ical instabilities introduced by FEM for convection problems.
However, only the diffusive term of the continuity equations
were solved by means of FEM in [19] whereas both the ion-
ization the convective acceleration source terms were solved
by means of three-order Runge–Kutta method.

This paper aims to solve the whole set of equations, i.e.
continuity equations and Poisson’s equation, by means of FEM
and to derive the appropriate variational formulation for the
state sub-problem which was not proposed in [19] and, to the
authors’ knowledge, is not available in the literature.

The paper is organized in three sections. First, the theoreti-
cal background, where both the electrohydrodynamics model
and the POSS method are described, is presented in Section II.
Then, the variational formulation of the electrohydrodynamics
problem stabilized by means of the POSS method, which is
the heart of the presented work, is derived in Section III.
Finally, that variational formulation is applied to a general
advection-diffusion problem test case as well as to a streamer
development case in Section IV. As validation, the results are
compared to an analytical solution and to numerical results
obtained from the literature respectively.

II. THEORETICAL BACKGROUND

A. Electrohydrodynamics model
While the ignition, development and extinction mechanism

of PD, especially of streamer type, was established in the
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first half of the previous century [1], [2], modeling the entire
process of its development, from its inception to its (possible)
extinction remains a challenge. Up to now, the electrohydro-
dynamics model [12]–[19] is the most comprehensive model
available in the literature that makes it possible to describe the
evolution of charge densities in gas, and thus the development
of partial discharges, in space and time. It is composed of
the continuity equations for electrons, positive and negative
ions, which make it possible to account for the development
of the space-charge, strongly coupled with Poisson’s equation,
which allows the modification of the electric field due to that
space-charge to be taken into account. It is expressed as [16]:

∇ · (ϵE) = e (np − nn − ne) (1)

∂tne = S + (α− η)neµe |E| − nenpβep

−∇ · (neµeE −De∇ne)
(2)

∂tnp = S + neαµe |E| − nenpβep

−nnnpβnp −∇· (npµpE)
(3)

∂tnn = neηµe |E| − nnnpβnp −∇· (nnµnE) (4)

where t is the time, ϵ is the electric permittivity, E is the
electric field, e is the elementary charge, S represents any
source/sink mechanism, ne, µe, np, µp, nn and µn are the
charge densities and the mobility for electrons, positive and
negative ions respectively and De is the electron diffusion
coefficient. The ionization, attachment, electron–positive-ion
recombination and negative-ion–positive-ion recombination
coefficients are denoted α, η, βep and βnp.

B. POSS Method

Relations (2), (3) and (4) are all of transport equation type
– hyperbolic for (2) and parabolic for (3) and (4) – and can
then be expressed under the generic form:

∂tρ+∇ · (uρ−D∇ρ) = s (5)

where ρ is the transported quantity, u is the velocity field, D
is the diffusion coefficient and s is the source/sink function.
The POSS method makes it possible to divide (5) into two
sub-problems, called state sub-problem (6) and position sub-
problem (7) respectively, by means of operator-splitting [26]:

∂tρ = D∆ρ− ρ∇ · u+ s (6)

∂tρ+ u · ∇ρ = 0 (7)

Each sub-problem is solved by means of an appropriate
method [18]. The state-subproblem (6) deals with the variation
of quantity ρ due to diffusive, convective acceleration and
source terms. It can partially, as in [18] and [19], or fully be
solved by means of FEM on a so-called reference mesh, and
the obtained solution is used as the initial condition to solve the
position sub-problem (7) at each time step. The position sub-
problem, as for it, determines the transport of ρ considering
the linear convection only. The method of characteristics [27],
applied to (7), makes it possible to compute the transport of
quantity ρ by integrating:

∂tx = u . (8)

Thus, the convective displacement x of each node of the
reference mesh can be computed. It defines a so-called
auxiliary transported mesh. The next step is to project the
transported ρ from the auxiliary mesh back to the reference
mesh. The consecutive solving of each state and position sub-
problems is repeated for each time step and for each type of
particle (electron, positive ion and negative ion). The process
is summarized in Fig. 1.

III. VARIATIONAL FORMULATION OF THE STATE
SUB-PROBLEM

The appropriate variational formulation for the state sub-
problem is missing in the corresponding literature. As a conse-
quence, Sections III-A and III-B contain most of the scientific
contributions.

A. Mathematical framework

In (6), the classical convective term ∇ · (uρ) from (5)
has been replaced by an unusual convective acceleration
term ρ∇ · u. As the weak form of (6) is not found in the
scientific literature, the main scientific contribution of this
communication is to develop the variational formulation of
the state sub-problem. Thus, a Sobolev space H1

0 with zero
values on the boundary is considered. The weak formulation
is derived by multiplying the governing equation (6) by a test
function w ∈ H1

0 (Ω) and integrating over the domain Ω:∫
Ω

(∂tρ−D∆ρ+ ρ∇ · u− s)wdx = 0, ∀w ∈ H1
0 . (9)

Then, applying Green’s formula to the diffusive term:∫
Ω

(w∂tρ+∇w · (D∇ρ) + wρ∇ · u− ws) dx

−
∫
∂Ω

w(D∇ρ) · nds = 0, ∀w ∈ H1
0 .

(10)

The boundary term vanishes since w = 0 on ∂Ω. Using
the scalar product operator (., .) corresponding to H1

0 (Ω), the
variational formulation problem becomes:

(∂tρ, w) + (D∇ρ,∇w) + (ρ∇ · u, w)− (s, w) = 0. (11)

Using the following identity:

ρ∇ · uw = ∇ · (ρwu)− w u · ∇ρ− ρu · ∇w, (12)

the convective acceleration term (ρ∇ ·u, w) is developed and
integrated over Ω:∫

Ω

ρ(∇ · u)w dx =

∫
Ω

∇ · (ρwu) dx

−
∫
Ω

wu · ∇ρ dx−
∫
Ω

ρu · ∇w dx.
(13)

Then, the divergence theorem (Gauss’ theorem) is applied
to the first term on the right-hand side. This transforms the
volume integral of the divergence into a surface integral over
the boundary ∂Ω:∫

Ω

∇ · (ρwu) dx =

∫
∂Ω

(ρwu) · n ds, (14)
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where n is the outward-pointing unit normal vector on ∂Ω.
Since the test function w belongs to H1

0 (Ω), it vanishes on
the boundary. Consequently, the product ρwu is also zero on
∂Ω, and thus the surface integral vanishes:∫

∂Ω

(ρwu) · n ds = 0. (15)

This simplification eliminates the flux term from the varia-
tional expression (13) leading to:

(ρ∇ · u, w) = −(u · ∇ρ, w)− (ρu,∇w). (16)

Replacing the convective acceleration term in equation (11)
using (16), the final variational formulation of the state sub-
problem (6) is obtained:

(∂tρ, w) + (D∇ρ,∇w)− (u · ∇ρ, w)
−(ρu,∇w)− (s, w) = 0.

(17)

The rigorous development of (17) reveals two terms:
−(u · ∇ρ, w) and −(ρu,∇w). Only the first term, i.e.
−(u · ∇ρ, w), was found in the POSS Matlab code published
as a supplementary file of [18], highlighting the necessity of
the proposed mathematical development.

B. Application to electrohydrodynamics model

The variational formulation expressed in (17) provides a
consistent framework for solving generic transport equations.
However, when applied to the electrohydrodynamics model
introduced in II-A, the overall complexity of the problem
increases considerably. Each charged species (electrons, pos-
itive ions, and negative ions) is governed by a advection-
diffusion-reaction equation that fits into the general structure
addressed in this formulation. Nevertheless, the presence of
strong nonlinearities due to field-dependent ionization, attach-
ment, and recombination rates and the coupling with Poisson’s
equation for the electric field, introduce additional challenges.
As a result, the variational formulation (17) must be applied
separately to each transport equation for ne, np, and nn,
while accounting for strong nonlinear couplings between them
and with the electric field. This leads to a strongly coupled,
nonlinear, and time-dependent system.

The three weak forms corresponding to the state sub-
problem equations of each charged species in the fluid model
are derived from (17).

Electron state sub-problem formulation:

(∂tne, w) + (De∇ne,∇w)− (µeE · ∇ne, w)− (neµeE,∇w)
−(S + (α− η)neµe|E|−nenpβep, w) = 0, ∀w ∈ H1

0 .
(18)

Positive ion state sub-problem formulation:

(∂tnp, v)− (µpE · ∇np, v)− (npµpE,∇v)
−(S + αneµe|E|−nnnpβnp, v) = 0, ∀v ∈ H1

0 .
(19)

Negative ion state sub-problem formulation:

(∂tnn, ψ)− (µnE · ∇nn, ψ)− (nnµnE,∇ψ)
−(ηneµe|E|−nnnpβnp, ψ) = 0, ∀ψ ∈ H1

0 .
(20)

Generating reference mesh

+ initialization

+ boundary conditions

Solving electrostatic and 

particles state problems (by FEM) 

Solving position problems

(by Lagrangian method)

Projection of convected solution from

auxiliary mesh onto reference mesh

Time loop

Step 0

Step 1

Step 2

Step 3

Fig. 1. Solving Process (POSS): Step 0 includes the generation of the
reference mesh which is used for the FEM, initialization of unknowns
and boundary conditions; Step 1 includes the solving by FEM of electric
field (1) and the state problems (18)-(19)-(20); Step 2 includes the solving
of position problems (21)-(22)-(23) by a Lagrangian method, which generates
auxiliary meshes with a convected solution; Step 3 includes the mesh-to-mesh
projection of the convected solution from the auxiliary mesh onto the reference
mesh. Steps 1-2-3 are performed for each time step.

Variational problems (18), (19) and (20) are solved by FEM.
However, these variational problems need to be associated with
their corresponding position problem (solved by Lagrangian
method) to fully solve the electrohydrodynamics model:

∂txe = µeE , (21)

∂txp = µpE , (22)

∂txn = µnE . (23)

where xe, xp and xn are the nodal displacement fields of each
type of particles. These nodal displacements make it possible
to to compute a convected auxiliary mesh for each particle
(each node of the reference mesh is moved according to the
displacement field) [18]. The algorithmic solving process is
summarized in Fig. 1. Compared to previous work using semi-
Lagrangian method, the convective acceleration term is fully
included as in (17) and can be solved by FEM.

IV. APPLICATION TESTS AND RESULTS

A. General advection-diffusion problem test

A one-dimension advection-diffusion problem of the form
of (5) is considered. The diffusion coefficient, convective
velocity, and source terms are chosen as D = (1 − x)2,
u = 1− x, and f = 0 respectively. In addition, Dirich-
let boundary conditions are applied such that ρ(0, t) = 1
and ρ(1, t) = 0. Under these assumptions, the exact solution
of the problem is given by [27]:

ρ(x, t) =
1

1− x
erfc

{
ln(1− x)

−2
√
t

}
(24)

where erfc(·) denotes the complementary error function.
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Fig. 2. Comparison between analytical solution given by (24) and the POSS
numerical solution of the one-dimensional advection–diffusion equation (5),
for different time steps.

The mesh used for the computation is made of 201
nodes (200 edges), evenly distributed along the studied do-
main, which is fine enough for such a problem, and the
time step is set at ∆t = 1 ms in order to fulfill the
Courant–Friedrichs–Lewy condition.

Fig. 2 presents a comparison between the analytical solu-
tion and the numerical results obtained using the variational
formulation of the POSS method presented in Section III,
i.e. by fully solving the state-subproblem (6) by means of
FEM (see Fig. 1), for this benchmark. As observed in Fig. 2,
the numerical solution closely matches the analytical curves
since the L2 norm relative error is 1.97 %, 0.4 % and 0.7 %
for t = 0.01 s, t = 0.20 s and t = 0.50 s respectively.

B. 2D streamer simulation

In order to facilitate direct comparison between the present
simulation results and previously published data, the first
benchmark reported in [13] is considered. In this case, only
electrons and positive ions are considered. Moreover, no pho-
toionization source (S) nor recombinations between species
are considered (βep = βnp = 0). Under those assump-
tions (2), (3) become:

∂tne = (α− η)neµe |E| − ∇ · (neµeE −De∇ne) (25)

∂tnp = (α− η)neµe |E| (26)

while (4) is not considered. In addition, (1) becomes:

∇ · (ϵ∇ϕ) = −e (np − ne) (27)

where ϕ is the electric scalar potential related to the electric
field such that E = −∇ϕ.

The computational domain, illustrated in Fig. 3, is an
axisymmetric region with both radius rmax and height zmax
equal to 1.25 cm. A vertical electrical field is applied by setting
the electric potential ϕ such that ϕ (z = 0 mm) = 0 V and
ϕ (z = zmax) = 18.75 kV. As a result, a uniform background
electric field of 15 kV cm−1 is established within the air gap.

r

z

∂ϕ
∂r = 0∂ϕ

∂r = 0

∂n
∂z = 0

∂n
∂z = 0

ϕ = 0 V

ϕ = 18.75 kV

1.25 cm

seed

Fig. 3. Two-dimensional axisymmetric representation of a 1.25 cm long air
gap with a parallel-plane electrode configuration. A Gaussian seed of positive
ions is initially placed at z = 1 cm. The variables n and ϕ represent the
charge densities (either electrons or positive ions) and the electric potential
respectively.

Since the initial electric field alone is not sufficient to have the
effective ionization in the domain, a Gaussian seed of positive
ions is introduced at a height of 1 cm above the cathode.This
seed enhances the local electric field, raising it above the
dielectric strength of air. The initial distribution of positive
ions is prescribed according to (28), representing a Gaussian
profile centered at (r = 0, z = z0):

np = 1013 + 5× 1018 exp

(
−r

2 + (z − z0)
2

σ2

)
m−3 (28)

where z and r denote the axial and radial coordinates, respec-
tively, with z0 = 10 mm and σ = 0.4 mm [13]. Homogeneous
Neumann boundary conditions are imposed on all boundaries
for both electrons and positive ions densities. The mobility
and diffusion coefficients for electrons, the ionization and
attachment coefficients values are:

µe = 2.3987 |E|−0.26 m2 V−1 s−1

De = 4.3628× 10−3 |E|0.22 cm2 s−1

α = (1.1944× 106 + 4.3666× 1026/|E|3)e−2.73×107/|E|cm−1

η = 340.75 cm−1

The mesh used for this case is composed of 216 542 nodes
and 431 330 triangular elements as shown in Fig. 4.

Figs. 5 to 7 present the results obtained by means of POSS
(with the variational formulation presented in III-B) according
to the procedure described in Fig. 1. In Figs. 6 and 7, CN,
FR, TUE, ES, DE and CWI refer to the six different research
groups that contributed to [13].

Fig. 5 presents the electric field strength |E| during the
propagation of the streamer for different time steps. The results
in terms of electric field strength and position of the head
of the streamer with respect to time are consistent with the
results presented in [13]. In addition, Fig. 6 shows the values
of the electric field strength |E| along the axis of symmetry
for different time steps. A slight difference from the results
obtained by research group CWI in terms of position of the
head of the streamer can be noted for t = 2 ns and t = 4 ns.
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Fig. 4. Meshed geometry. The most finely meshed and coarsely meshed areas
are highlighted.

Fig. 5. Electric field strength |E| during the propagation of the streamer
inside the studied domain for t = 0 ns, t = 2 ns, t = 4 ns and t = 8 ns. The
domain shown here is reduced to r ∈ [0, 2.5 mm] for the sake of readability.

To go one step further on that point, let’s note l(t) the
distance between the upper electrode, i.e. z = zmax, and the
position of the head of the streamer, i.e. z = z(|E|max). The
value of l(t) for different time steps is presented in Fig. 7
and compared to the results obtained by each of the six
aforementioned research groups. Again, the results obtained
by means of POSS are consistent with those presented in [13].
It proves that the variational formulation proposed for the
convective acceleration term in (17) is stable in the POSS
algorithm.

V. CONCLUSION

This paper presented an approach for modeling the spatio-
temporal development of streamers in gas using the Finite
Element Method (FEM) stabilized by the Position-State Sepa-
ration (POSS) method. A key contribution lies in the derivation
of the variational formulation for the state sub-problem, which

0.0 0.2 0.4 0.6 0.8 1.0 1.2
z [cm]

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

E 
[M

V/
cm

]

POSS t=0 ns
CWI t=0 ns
POSS t=2 ns
CWI t=2 ns
POSS t=4 ns
CWI t=4 ns
 POSS t=6 ns
CWI t=6 ns
POSS t=8 ns
CWI t=8 ns

Fig. 6. Electric field strength |E| along the axis of symmetry (r = 0) for
different time steps. The results obtained by the POSS method are compared
to the ones obtained by group CWI [13].

0 2 4 6 8
t [ns]

0.25

0.35

0.45

0.55

0.65
l(t

)[c
m

]
POSS
CN
FR
TUE
ES
DE
CWI

Fig. 7. Value of l(t) (distance between the upper electrode and the head
of the streamer) for different time steps. The results obtained by POSS are
compared to ones obtained by each of the six research groups involved in [13]

includes the convective acceleration term and enables the
full resolution of an electrohydrodynamics model within a
FEM framework. The proposed method was validated against
an analytical solution for a benchmark advection-diffusion
problem. Furthermore, its application to a 2D axisymmetric
streamer simulation in air confirmed its capability to capture
the dynamics of a streamer propagation, with results similar
to other research groups. Future work will focus on extending
the model to include additional physical phenomena such
as photoionization, as well as adaptive meshing strategies to
enhance computational efficiency: given that there is already a
mesh-to-mesh projection in the POSS method, the additional
cost of an adaptive mesh would, in principle, be limited.
However, it will be necessary to confirm the relevance of an
adaptive mesh in terms of stability and accuracy.
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