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This work focuses on the vectorization of the magnetic anisotropy model for grain-oriented steel sheets by exploiting coenergy
computation and interpolation methods. The proposed approach is based on a modified representation of coenergy isocontours in
elliptical form. A novel method for measuring the 2D anhysteretic properties with a rotational single sheet tester is proposed. The
model precision is analyzed together with a reduced number of directions.

Index Terms—Grain-oriented electrical steel, Magnetic anisotropy, coenergy modeling, elliptical contours, vectorization.

I. INTRODUCTION

RAIN-ORIENTED electrical steels (GOES) are crucial

materials in energy-efficient electrical machines, where
magnetic anisotropy is a critical performance factor [1]. This
type of steel sheet is manufactured to exhibit a unique crystal
structure in which its grains are oriented toward one direction,
i.e., the Rolling Direction (RD). Understanding and accurately
modeling the anisotropy is important to improve such machine
designs and operations [2], [3]. Traditional scalar magnetic
models that have been applied so far turned out to be quite
effective for applications but lacked the capability of capturing
the vectorial behavior of magnetic fields, particularly when
energy-based analyses are involved. The coenergy approach
creates a promising framework for enhancing the precision and
applicability of such models [4]. Advances in computational
techniques have further enhanced the applicability of coenergy-
based models, enabling their integration into complex CAD
tools for electromagnetic design.

For a long time, modeling such anisotropy has been a
challenge. The early approaches used diagonal permeability
tensors to define the permeability along major directions such
as RD, Transverse Direction (TD), and Orthogonal Direction
(OD), assuming linear interpolation for the other directions,
which proved inaccurate [5]. The nonlinear elliptical models
were improvements but still did not capture the full character
of the complex anisotropic behavior [6]. The later models based
on the first magnetization curves had improved accuracy but
required extensive experimental data [7]. The orientation dis-
tribution theory models tried to minimize this dependency, but
the need for many nonlinear coefficients in those models made
them unsuitable for practical engineering use. Recent works,
inspired by [8], model the B(H) relationship using Gaussian
cumulative distribution functions; this approach has proved
promising in balancing accuracy and practicality [9]. However,
it considers only the amplitude and hence cannot fully capture
the full vectorial behavior of B(H) [10], [11]. This motivates
the development of methods that extend these models into a
vectorial framework, to fully represent anisotropic magnetic
behavior.

Early computational models, such as those based on stored
coenergy or energy density functions [12], provided founda-
tional methods to represent anisotropic B(H) curves.

Coenergy-based models have emerged, effectively describ-
ing the vectorial B(H) relationship and capturing key features
like decoupled magnetization at low fields and the difficult
direction at higher fields [4], [13], [14]. By taking advantage of
the fact that the relationship B(H) is equivalent to the coenergy
density w’(H), it provides an easy representation of anisotropy,
but still physical. The coenergy density w’(H) represents the
volumetric electromagnetic coenergy stored in the material as
a scalar function of the applied field H:

W (H) = /0 B(H)dH. 0

The B(H) relationship is derived directly as the gradient of
w'(H), respecting the energy conservation principles:
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The coenergy method simplifies the modeling of magnetic
anisotropy by reducing the degree of complexity in the repre-
sentation of the material’s behavior. Instead of a vectorial rela-
tionship B(H), this method uses contours of equal coenergy
density w’(H), naturally encoding the angular dependence of
the magnetic response. Such simplification reduces the level of
interpolating and parameterizing experimental data.

In this study, the magnetic anisotropy of grain-oriented
electrical steel sheets is modeled using a coenergy-based
formulation. The magnetic polarization (J = B — uoH)
is obtained by magnetic measurement over multiple angular
directions. These measurements were performed using a novel
2D spiral demagnetization method under DC bias, enabling the
acquisition of the anhysteretic vectorial magnetic characteris-
tics. The stored coenergg; is then computed by integrating the
scalar product, w’ = 0 J - dH, for each angle. From this
dataset, iso-coenergy contours are extracted and plotted in the
(H;, Hy) plane. These contours are fitted using a modified
elliptical equation, enabling the identification of anisotropy
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parameters as functions of energy levels. Finally, the mag-
netic flux density components B, B, are reconstructed by
numerically differentiating the coenergy with respect to H,
and H,, respectively after adding the vacuum contribution
pOH . This method provides a fully vectorial description of
magnetic anisotropy, surpassing traditional scalar approaches
and enabling accurate modeling in arbitrary in-plane directions.

II. METHODOLOGY

This work follows a coenergy-based approach supported by
experimental 2D anhysteretic measurements. The main steps
of the modeling process are described below.

1) 2D Anhysteretic Measurements
Anhysteretic measurements were performed on grain-
oriented electrical steel sheets using a 2D setup. The
magnetic field components H, and H,, as well as the
corresponding magnetic polarization components J,, and
Jy, are recorded for various angular directions covering
a wide range between the RD and the TD.

2) Computation of Iso-Coenergy Contours
For each angle, the coenergy w’ is computed from
the polarization curves using a trapezoidal numerical
integration. From the full set of computed coenergy
values, several coenergy levels are selected, uniformly
distributed between the lowest and the maximal value of
the coenergy. For each coenergy level, the corresponding
H, and H, values are gathered to form the iso-coenergy
contours.

3) Fitting the Modified Elliptical Equation
The iso-coenergy contours are fitted using a modified
elliptical equation of the form:

H, " Hy n_
<H) +<Hyo> =h ©)

where H,, and H,, are the intersections of the contour
with the RD and TD, respectively. n is an exponent
that controls the distortion of the contour and reflects
the degree of magnetic anisotropy (Fig. 1). An ellipse
is modeled with n = 2. It deforms as a rectangle as n
approaches infinity. These 3 parameters are interpolated
with respect to the coenergy level.

n — +0o0
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Fig. 1: Evolution of iso-coenergy contours as a func-
tion of the shape parameter n.

4) Reconstruction of the Magnetic Flux Density Compo-
nents
For a set of (H,, H,), the functional parameters
Hyo(w'), Hyo(w'), and n(w’) are unknown. The implicit
equation (3) is numerically solved to retrieve the coen-
ergy level corresponding to (H,, H,). Then, the coen-
ergy function, w’(H,, H,), is numerically differentiated
with respect to H, and H, to compute the magnetic flux
density components:

0w 0w

~ 0H, - 0H,

This final step allowed the reconstruction of the full

vectorial magnetic response based on the coenergy for-

mulation.

Ba: + MOHm By + ;UfOHy' (4)

A. Experimental Setup and Data Acquisition

Sample -~ .

\ Search coils (B, By)

A TMR sensors (H,, Hy)

U-shape magnetic core

(a) Layout of the 2D Single Sheet Tester (2D SST) showing
el(citatiog coils, search coils, and TMR sensors for measuring
H and B in the sample plane.

Search coils (B, By)

Search coils (H>)
GO steel

sheet (()A?)mm)_‘\ A
/B il

4 Field sensors
TMR (H, Hy)

Instrumental amplifiers
(b) Experimental setup with (0.3mm) grain-
oriented (GO) steel sheet, search coils, TMR

sensors, and instrumentation for acquiring vec-
torial magnetic measurements.

Fig. 2: 2D measurement system used to acquire anhysteretic mag-
netic data: (a) schematic illustration of the 2D SST, and (b) actual
implementation with the GO steel sheet and sensors.

To characterize the anisotropic magnetic behavior of
(0.3mm) grain-oriented electrical steel, 2D anhysteretic mea-
surements were performed using a customized (2D SST)



capable of controlling both in-plane magnetic field components
H, and H,, and measuring the corresponding magnetic polar-
ization components .J, and J, (see Fig. 2).

The anhysteretic response, representing the intrinsic re-
versible magnetic behavior of the material, was obtained using
a spiral demagnetization technique under DC bias conditions
(frequency of the demagnetization signal is 50 Hz). This
method generates a slowly decaying spiral trajectory in the
(H,, H,) plane, where the magnitude of the applied magnetic
field gradually decreases from the saturation while its direction
rotates continuously around the anhysteretic point. As the
excitation follows this shrinking spiral path, the magnetization
progressively approaches a stable anhysteretic state. The final
convergence point, reached when the magnetization ceases to
change, is recorded as a representative data point on the anhys-
teretic surface. This process is repeated for multiple spiral paths
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Fig. 3: The excitation coil are supplied with a demagnetizing voltage
and a DC bias so that U, (t) = Up, exp —t/7sin(2w ft) + Ux,
Uy(t) = Un exp —t/7 cos(2m ft) + Uy. The DC bias (Ux, Uy) is
first send to avoid the integration error by the integrator drift. It sends
the same flux as the one after the biased demagnetization signal. The
TMR sensor is able to measure a DC field, enabling the extraction of
the anhysteretic (J, H) curve.

oriented in different angular directions relative to the rolling
direction (RD), resulting in a dense set of anhysteretic points
covering the 2D magnetic space. In this work, measurements
are acquired for ten angular orientations: 0°, 10°, 20°, 30°,
40°, 50°, 54.7°, 60°, 70°, 80°, and 90°(see Fig. 4). To ensure
directional accuracy during the spiral demagnetization, the DC
voltage is precisely controlled to ensure the angular direction
of the field within F 0.5°. This control is essential to reduce
the noise in the measurements.

B. Computation of Coenergy and Iso-Coenergy Contours

To characterize the anisotropic magnetic energy behavior of
the material, the stored magnetic coenergy w’ was computed
for all the measured angular directions of the magnetic field
H.

H
w’z/ J. dH (5)
0

The integration is realized with the trapezoidal rule along the
measured magnetization paths (Fig. 5).
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Fig. 4: Experimental B(H) curves measured at ten different angular
directions ranging from 0° (RD) to 90° (TD).
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Fig. 5: Stored coenergy curves computed from experimental data at
different angular directions.
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Fig. 6: Extracted iso-coenergy contours in the H, — H, plane, used
for fitting the anisotropy model.

As expected, the results of the coenergy in the (RD) ex-
hibits the highest magnitude, indicating it is the direction
of easiest magnetization. Conversely, the (TD) displays the
lowest coenergy, confirming it as the direction of most difficult



magnetization.

To identify the model functional parameters, 20 different
contours of coenergy are constructed from the computed 3D
curves of coenergy (Fig. 6). The coenergy contours are not
overlapping, which confirms a positive-definite behavior, es-
sential for finite element implementation. At higher coenergy
levels, the required H, in the 40° direction becomes slightly
higher than in the 0° direction (H, ). This reflects the increased
difficulty of magnetization rotation in intermediate directions,
while remaining physically consistent with the anisotropy of
the material. Hence, the modified elliptic model should not
be able to accurately represent the coenergy near the material
saturation. These contours serve as the foundation for identi-
fying the anisotropy through fitting with the modified elliptical
equation.

C. Fitting of Iso-Coenergy Contours

The functional parameters H,, (w’) and H,,(w’) can be
easily retrieved without the contours from the measurements
along the RD and the TD.

The functional parameter n(w’) is identified from the co-
energy contour by fitting the elliptical equation (3) to the
measured one. In order to limit the number of experiments, we
propose to investigate the relevant orientations. The contours
were fitted using different subset of the experiment:

o Three directions: RD (0°), TD (90°), and one intermediate

direction

o Four directions: RD, TD, and any two additional direc-

tions,

o Five directions: RD, TD, and three additional directions.

Beyond the numerical error comparison, the geometric
evolution of the iso-coenergy contours themselves provides
valuable insight. At low coenergy levels, the contours exhibit
elliptical shapes, but as the coenergy increases, they gradually
becomes closer to a rectangular shape. This implies that the
expected values of the shape exponent n should begin close to
2 and increase with coenergy level, but remain finite.

This trend was confirmed during the fitting process using
three directions. We systematically tested each angle from
10° to 80° as the third direction, keeping 0° (RD) and 90°
(TD) in our dataset. When using either 50° or 54.7° as the
third direction, the fitted contours aligned closely with the
experimental iso-coenergy contours, and the extracted values
of n followed the expected progression: starting near 2 and
increasing smoothly. A similar observation was obtained in
[4]. Fig. 7b shows the evolution of the fitted values of n
across iso-coenergy levels using 50° as third directions. These
results (see Fig. 7) are consistent with the physical expectations
of anisotropy and demonstrate that a carefully chosen three-
direction fitting strategy is sufficient to achieve accurate and
reliable parameter identification.

In contrast, using other directions as the third input led to
poor fitting performance. In those cases, the values of n showed
inconsistent behavior—initially increasing, then decreasing or
converging back toward the lower bound of 2. The resulting
fitted contours failed to match the deformation observed in
the measured data: they started as rectangular, then became
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(a) Comparison between iso-coenergy contours and
the fitted model using 50° as the third direction. The
curves represent the model at each coenergy level
and the points (computed coenergy at each angle)
marked in X for validation
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(b) Behavior of the shape exponent n across coenergy
levels using 50° as the third direction.

Fig. 7: Example for the fitting performance using 50° as the third
direction: (a) the convergence between the model and the iso-coenergy
contours, and (b) the evolution of the fitted shape parameter n.

nearly elliptical, indicating a misrepresentation of anisotropy.
This mismatch was visually evident in the overlay of the fitted
model and experimental contours. In Fig. 8 we will present two
graphs, results when using 40° as third direction as an example:
one showing the convergence between the experimental iso-
coenergy contours and the fitted model, and another showing
the evolution of the fitted shape exponent n with respect to
the coenergy level. The overlapping contours indicate a non-
physical representation of the anisotropy with a non positive
definite incremental susceptibility tensor 0.J /0 H.

Moreover, increasing the number of fitting directions to five
or seven did not significantly improve the results unless 50° or
54.7° were included. In fact, cases that excluded these angles
continued to exhibit fitting deviations and weaker convergence
in both the shape of the contours and the final reconstructed
magnetic flux density. In Fig. 9 we plotted the evolution curves
of the parameter n when using 50° and 54.7° as one of
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(a) Comparison between iso-coenergy contours
and the fitted model using 40° as the third
direction.
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(b) Behavior of the shape exponent n across coenergy
levels using 40° as the third direction.

Fig. 8: Example of poor fitting performance using 40° as the third
direction: (a) weak convergence between the model and the iso-
coenergy contours, and (b) irregular evolution of the fitted shape
parameter n.

these directions. The curves show consistent behavior with
minimal variation, confirming that three well-chosen directions
are sufficient for accurate fitting.

It was observed that using only three directions is sufficient
to produce an accurate fit, provided that the third direction
is carefully chosen. Among the tested candidates, directions
such as 50° and 54.7° provided the lowest error, suggesting
they capture the essential curvature of the iso-contours between
RD and TD. This justifies our final modeling choice: a three-
direction fitting approach using RD, TD, and either 50° or
54.7° as the third angle. It provides a good balance between
accuracy and experimental efficiency.

D. Computation and Comparison of B, and B,

After validating the use of three well-chosen directions
for fitting the iso-coenergy contours, we used the parameters
obtained from the modified elliptical equation to numerically
compute the magnetic flux density components. This was

6
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——3 directions
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2

0 2000 4000 6000
W' [J/m?]

Fig. 9: Evolution of the shape exponent n across iso-coenergy levels
using 3, 5, and 7 directions, including either 50° or 54.7° as one of
the selected directions.

achieved by differentiating the coenergy function w’(Hy, H,)
with respect to H, and H, using a central finite difference
scheme:

7 — ow' w'(Hy+d6H, Hy) —w'(H, —0H,Hy)
* T 9H, 20H ’
ow'  W(Hy, Hy+0H)—w'(Hy,Hy — 6H)
Jy = 2 ©)
0H, 20H

To evaluate the overall fitting accuracy, we computed the Ab-
solute Error (AbsError) between the measured and computed
components B, and B, for each test angle. Fig. 10 shows
the absolute error obtained when using 3 fitting directions.
The results when using only three well-chosen directions
(including either 50° as a third direction) provide a level of
accuracy comparable to using more directions, with minimal
error increase.

The flux density components were reconstructed using the
coenergy-based expressions (Equation 4). To evaluate the ac-
curacy of the model, we plotted the computed B, (H,) and
By(H,) curves and compared them with the experimental
measurements. Fig. 11 shows this comparison for two repre-
sentative angles: 70° and 90°.

The results demonstrate good agreement, particularly in the
By(H,) curves, where the model accurately reproduces the
shape and magnitude of the measured data. The B, (H,)
component also shows good consistency, though with some
deviation in amplitude due to the low field magnitude along
that axis at these angles. This is expected, as in directions close
to the transverse axis, H, becomes small, and B, may exhibit
more measurement noise or numerical sensitivity.

Overall, the computed curves reflect the anisotropic behavior
well, confirming that the coenergy-based modeling approach,
combined with the modified elliptical fitting using three di-
rections, is capable of reliably reconstructing the full vectorial
magnetic response of the grain-oriented material.

III. CONCLUSION

This paper presents a coenergy-based methodology for mod-
eling the magnetic anisotropy of grain-oriented electrical steel.
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Fig. 10: Absolute Error between measured and computed B, and B,
components for 3 fitting directions and including using 50° as a fitting
direction.

Using a novel 2D anhysteretic measurement procedure, iso-
coenergy contours are extracted and fitted with a modified
elliptical model to capture anisotropic behavior. Although
the exctracted isocoenergy contours can not be adequately
represented by a modified ellipse when the material approaches
the saturation, the reconstructed magnetic flux density presents
a good agreement with experimental data, offering a practi-
cal and consistent alternative to scalar models. Besides the
measurement along the TD and the RD, the hard direction
(54.7°) is essential to adequately fit the modified elliptic
model. Thanks to the novel 2D anhysteretic measurement
method, the characterization along this hard direction is easily
accessible.

In the future, we should look after a more accurate model of
the coenergy and expand our new measurement methodology
to different magnetic materials.
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