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On some questions about composition
operators on weighted Hardy spaces

Pascal Lefevre, Daniel Li,

Hervé Queffélec, Luis Rodriguez-Piazza
Dedicated to Gilles Godefroy for its 70" birthday

October 31, 2023

Abstract. We first consider some questions raised by N. Zorboska in her thesis.
In particular she asked for which sequences 8 every symbol ¢: D — D with
¢ € H?(B) induces a bounded composition operator C, on the weighted Hardy
space H%(3). We give partial answers and investigate when H?(j3) is an algebra.
We answer negatively to another question in showing that there are a sequence
B and p € H?(B3) such that ||¢|l« < 1 and the composition operator C,, is not
bounded on H?(3).

In a second part, we show that for p # 2, no automorphism of I, except those
that fix 0, induces a bounded composition operator on the Beurling-Sobolev
space £%, and even on the weighted versions of this space.

MSC 2010. primary: 47B33 ; secondary: 30H10
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1 Introduction
Let 8 = (Bn)n>0 be a sequence of positive numbers such that

(1.1) liminf 8}/ > 1.

n—oo

The associated weighted Hardy space is the Hilbert space of analytic functions
f: D — C such that

(1.2) 117 = lan|?Bn < +00,
n=0

if f(z) = Y07 oanz". We shall denote a, = f(n) Note that condition (1.1)
ensures that those functions are indeed analytic on D.



If o: D — D is a non-constant analytic self-map of D, we say that ¢ is a
symbol. To each symbol, we associate the composition operator C, defined as
Cy(f) = f o for every analytic function f: D — C.

In [3], we characterized the weights 8 for which all composition operators
are bounded on H?(f3): this happens if and only if 3 is essentially decreasing
and slowly oscillating.

Definition 1.1. A sequence of positive numbers 5 = (Bn)n>0 is said to be
1) essentially decreasing if, for some constant C' > 1, we have

(1.3) B < CBy forallm>n>0;

2) slowly oscillating if there are positive constants ¢ < 1 < C such that

(1.4) cgﬂ—mgC when n/2 <m < 2n.

B

In her thesis, N. Zorboska [6] raised the following problems.
1) Determine the spaces H?(3) for which every symbol ¢, with ¢ € H?(3),
induces a bounded composition operator on H?(3) (Problem 2).
2) If ¢ € H?(B) and |||l < 1, is the composition operator C, necessarily
bounded on H?(3)? (Problem 3).
In the first part of this paper, we give a partial answer to the first problem
(Theorem 2.5), and a negative one to the second problem (Corollary 2.15).
First, for the first problem, we have the following necessary condition.

Theorem 1.2. Assume that lim,,_,~ 5,1/” =1.

If every symbol o € H?*(B) induces a bounded composition operator on
H?(B), then B is slowly oscillating.

Proof. For all a € D, we consider the automorphism T, defined by

a+z
1. Ta = .
(1.5) ()= 177

Let us point out that for every integer n > 1, we have
Ta(n) = (=1)""a" (1 = [a]*).

Therefore, all the symbols T, are in H?(3) if and only for every a € D,
we have Y 3,|al*™ < oo, which is equivalent to the fact that the Taylor series
S Bn2™ has a radius of convergence at least 1 i.e. limsup /™ < 1.

Since limy, 00 ﬁ,l/ " =1, the preceding remark implies that all the symbols
T, define bounded composition operators on H?(3), by the hypothesis. By [3,
Theorem 4.9], it follows that § is slowly oscillating. O

In the second part of this paper, we show that for p # 2, no automorphism
T, of D, with a # 0, induces a bounded composition operator on the weighted
Hardy space h?() (defined in Section 3), whatever 3.



2 H?*(B) as an algebra

In order to motivate the content of this section, we point out the following
easy fact.

Proposition 2.1. Assume that every symbol ¢ € H?(B) induces a bounded
composition operator on H?(S3). Then H*(8) N H™ is an algebra.

Proof. Tt suffices to show that f2 € H?(8)NH®> for every f € H*(3)NH>. Let
f € H?(B)NH®, not constant. If M > || f]|oo, then p = f/M is a symbol. With
en(z) = 2", we have, by hypothesis, " = Cy(e,,) € H*(3). Hence " € H*(B).
Since it is clear that f™ € H*, we are done. O

Remark. The conclusion of Proposition 2.1 can be obtained with a hypothesis
of a different nature.

Proposition 2.2. If (B,,/n%),>1 is a sequence of moments, then H*(3) N H>
s an algebra.

Proof. By hypothesis, 8, ~ n?vy,, where v, = fo tLw(t) dt Wlth w a posi-
tive measurable function on [0,1]. We have, for f(z) = ano anz™ (A is the
normalized area measure on D):

/If ES Zn2|an|2/ =24 (r%) 2r drr
Z 2|an\2/ t"lw(t) dt ~ Z lan|?Br -
n=1

Now, we observe that ||f||H2(5) ~ |f(0)|* + I(f) and that

1(f*) = /D4|f(2)|2 ()P w(l2]?) dA(2) < 4[| F115 I(f).
which clearly gives the result. O

A specific example (different from the Dirichlet space case (!), which corre-
sponds to w(t) =1 and ~, = 1/n) is:

Bo=p1=1 and B, =nlogn, forn>2,
for which Y7, ﬁ = 4o00. Indeed, if

w(t) =log™ <log(11/t)> , 0<t<1,

x

we have, making the changes of variables t = e~ and z = y/n:

1 n
1 1
Tn = / t"w(t)dt = —/ e Ylog n dy ~ ogn.
0 nJo ) n

When f3 is a bounded sequence, it is easy to see that H> C H? C H?(f)
(see [7, Proposition 2], for instance).



Proposition 2.3. Assume that 3 is a non-increasing sequence. Then H?(j) is
an H-module.

Proof. First of all, since 3 is then bounded, we have H> C H?(3). Moreover,
the shift S: H2(8) — H?(B), defined as (Sf)(z) = zf(z), is a contraction.
By von Neumann’s inequality, we have ||P(S)| < || P/« for all polynomials P.
Since P(S)f = Pf, it follows, by approximation, that

lgfllz28) < llgllooll fll 28

for all g € H* and all f € H?(3), and that proves that H?(3) is an H°°-
module. O

We will now study when H?(3) is an algebra, and we begin with an elemen-
tary remark.

Proposition 2.4. Assume that H*(3) is an algebra. Then
(i) Supy>o Bnt1/Pn < +00.

(ii) the sequence (5}L/”)n21 has a limit.

Proof. The shift, which associates to f € H?(8) the function z — zf(2), is
bounded from H?(j3) into H?(3). That means that sup,,~q Bn+1/8, < +00 and
(4) is proved. -

Since H?(B) is an algebra, there exists a positive constant C such that
1fgll < ClIfllllgl for all f,g € H*(B). Applying that to f(2) = en(z) = 2™
and g(z) = e, (2) = 2™, we get that, for all m,n > 0:

Bintn = llemtnll = llem enll < Clleml llenll = C Bmbr -

Setting a,, = C B,, that means that a4+, < amay, for all myn > 0, i.e. the
sequence (o, )n>0 is submultiplicative.
Now (ii) follows from Fekete’s lemma. O

Remark. Given ¢ > 1 and writing Bn = q¢"f3,, we have:

(2.1) H?(B) is an algebra if and only if H?(f) is an algebra.

Indeed, it is clear that f € H?(J) if and only if g € H?(j) where g(z) = f(,/qz).

As a consequence of this remark, we have the following partial answer of the
first question raised in the Introduction.

Theorem 2.5. Assume that H?(3) is an algebra. Let ¢ be a symbol which is
in H%(B). Then ¢ induces a bounded composition operator on H?(3) in the
following cases

1) when liminf, 711/” > 1;

2) when liminf, o A" =1 and (0) = 0;

3) when § is slowly oscillating.



Remark. We will see in Corollary 2.15 that we can have liminf,,_, i/ =1

without the boundedness of all the composition operators on H?(3) with symbol
in H2(p).

Proof. 1) Since liminf,,_, L/ > 1, the functions in H 2(D) are actually an-
alytic in a disk D(0, R) containing the closed unit disk D. Since H2(3) is an
algebra, we have H?(8) = .# (H?(fB)) (see (2.2)). By [4, Proposition 20 and
Corollary 1 of Proposition 31], the spectrum of each ¢ € H?(3), as an element
of the algebra H2(3) = .#(H?(B)) is ¢(D). If ¢ is moreover a symbol, we
have p(D) C D. By the analytic functional calculus, we have f(p) € H?(j)
for every function f analytic in an open neighborhood of D. In particular,
fop=f(p) € HX(B) for every f € HX(B).

2) Let f € H%(3). Let ¢ > 1 and set En = q"B,; then liminf,, ~71/n > 1.

We set §(z) = \/q(2//q); we have ¢ € H?() and, since ¢(0) = 0, $ maps D
into D, by the Schwarz lemma, so ¢ is a symbol. We set now g(z) = f(z/,/q);

then g € H?(B) and, by 1), we have g o ¢ € H?(3). But

9l (2)] = fle(z/Va)l,

and saying that gop € H? (5) is equivalent to saying that fop € H?(3). Hence
C,, is bounded on H?(B).

3) By the parts 1) and 2), all the symbols ¢ € H?(3) with »(0) = 0
induce a bounded composition operator on H?(3), whatever 3. Now, if 3
is slowly oscillating, by [3, Theorem 4.6], all the automorphisms 7; induce
bounded composition operators on H?(3). It follows classically that then all
symbols ¢ € H?(3) induce bounded composition operators (if a = —¢(0), then
v=T,op=> ", T, (n)e™ is in H2(B) and ¥(0) = 0; the result follows since
=T 401 and C, =CyoCr_,). O

The space .# (H?()) of multipliers of H?(8) is, by definition, the set of all
analytic functions h on D such that hf € H?(B) for all f € H?(B). It is easy to
see (see [3, beginning of Section 6]) that .4 (H?(8)) € H>. Actually, we have

A (H*(B)) C H*(B) N H™.
Clearly H?(8) = .# (H?(B)) when H?(f) is an algebra; hence
(2.2) If H?(j3) is an algebra, then H*(3) C H™,
Theorem 2.6. We have H?(8) C H* if and only if > o, B%L < 400.

Note that this last condition implies that H?(3) C W (D), where W+ (D)
is the Wiener algebra of all analytic functions f: D — C such that Y |a,| <

oo if f(z) = D0y anz™.



Corollary 2.7. If H*(B) is an algebra, then Y o~ B%L < +o00.

Proof of Theorem 2.6. Assume that ﬁ% < +00. Then, for f € H?(8) and
f(z) =307y anz", we have, by the Cauchy-Schwarz inequality:

0o [es) 1/2 [eS) 1/2
n=0 n=0 n=0 Bn

Hence f € W*(D). Therefore H?(3) C W+(D) C A(D) C H*.

Conversely, assume that H?(8) C H*. Let (a,)n>0 be a sequence such that
o2 olanl?Bn < +o0o. Then, setting f(2) = > oo, anz™, we have f € H?(f).
Now, if g(z) = 307 lan| 2™, we have g € H?(8) and ||g|| = || f||. By hypothesis,
we hence have g € H*°. Then

sup = |l9lloo

lz|<1

Zlanlz

implies that > |an| < [|g]l. We have proved that >~ |a,| < +0co when-
ever 3007 [an|*B, < 400, That means that Y7 5~ < +oc. O

Theorem 2.8. If > ﬁi < +o0 and B is slowly oscillating, then H?(B) is
an algebra.

Using Theorem 2.5, we get the following corollary.

Corollary 2.9. If Y > BL < 400 and B is slowly oscillating, then all symbols
© € H?(B) induce bounded composition operators on H?(3).

In order to prove this theorem, we introduce the following notation:

Z 1
23 b= ,;) BB

Note that B,, > so inf,, >0 BBy > 0.

BoBn 5
The proof will follow from the next two lemmas.

Lemma 2.10. If > ﬁi < 400 and B is slowly oscillating, then B, < 1/8,,.
Proof. Set M =%, ﬁ . We have

But ﬁn% < C ,since n/2 <n—k <nfor0<k<n/2 and B is slowly

oscillating. Hence

1
B, <20— —<2CM— O

0<k<n/2



Lemma 2.11. If B, < 1/8,, then H?(B) is an algebra.

Proof. Tt suffices to show that f2 € H?(B) for all f € H?>(3). Let f € H?(B)
and write f(z) =Y o7 an,z". We have

FEE=Y (Zk k)

n=0
By the Cauchy-Schwarz inequality, we have

oo oo n n 1
Z Z (Z |akank|2ﬂkﬁnk> (kz_o 5k5n—k> B

n

§ ApGp—k
k=

> <Z |akank|25k5nk>
n=0 k=0
e} 2
= (Shals) =181 < +oe.
7=0
which says that f2 € H?(f3). O

Proposition 2.12. If H?(3) is an algebra, then Y >~ B, B2 < 400.

Proof. Let f(z) => 7", ﬁi z™; we have || f||? =00, ﬁ% < 400, 50 f € H2(B).
Since H?(f3) is an algebra, we have f% € H?(8). But [f(2)]? = Yoo, Bnz™, so
we get Y.~ B2S3, < 400. O

The necessary conditions of Corollary 2.7 and of Proposition 2.12 are not
sufficient.

Proposition 2.13. There exists a sequence 8 such that Y .~ 3, B2 < +o00,
hence Y~ o l% < 400, but for which H?(B) is not an algebra.

Proof. We take 8, = n" for n even and 8, = n? for n odd, where 1 < 7/ < vy
and 29 > v+ 1 (for example, v/ = 3 and v = 4). Since B, +1/8x is not bounded,
H?(j) is not an algebra. It is clear that >~ ﬁi < +o0.

Now
2n 1
Boy,
2 kZ:O BrBon—k

o (2n)7B3, < (QH)W*W
Similarly (2n + 1)7 32n+1 2n+1)77

Since v — 29 < —1 and 7/ > 1, we obtain the convergence of the series

ZZOZO Bn B ]



Actually, we can improve Proposition 2.13, with the additional requirement
that BnJrl//Bn n:zo 1.

Theorem 2.14. There exists a sequence 8 such that Bni1/Bn 2 1, and for
which:

1) Y0lo 5 < +oo; so H*(B) C H™;

2) H?(B) is not an algebra.

Corollary 2.15. There exist a sequence B such that Bni1/Bn — 1, and a
symbol ¢ such that ¢ € H?(B) and ||¢|l < 1, but C, is not bounded on H?(B).

Proof of Corollary 2.15. We use the sequence obtained in Theorem 2.14. There
exists p € H?(3) C H* such that ¢? ¢ H?(3); we can assume that ||¢[/ec < 1.
Clearly C,, is not bounded on H?(3) since z? € H?(f) and C,(2%) = ¢?. O

Proof of Theorem 2.14. Take my = 3* and

5mk = mi
B2mk = mz b
and
5 B mi/mkﬁn for mp <n < 2my —1;
+1 =
" (Q/mk)3/mkﬁn for 2my <n <mgi1 — 1.
Since B, > n?, we have Z:O:O Bi < +o00. Since mi/m’“ k—) 1, we have
" —00
Brn+1/Bn — 1. Moreover, setting e, (z) = 2™, we have
n— o0
||€7%Lk||2 _ ||627nk-||2 _ Bka _ mg _ 33k — s 4o00:
||emk ”2 ||emk ”2 ﬁmk F k—ro0 7

hence H?(j) is not an algebra, since otherwise, we would have a positive con-
stant C' for which || fg|| < C||f||lg]| for all f,g € H?(B). O

We now see that 3 slowly oscillating is not necessary for H2(3) to be an
algebra.

Example 2.16. Let 3, = eV™ for alln > 0. Then H?(B) is an algebra, though
B is mot slowly oscillating.

That 3 is not slowly oscillating is clear. To see that H?(3) is an algebra,
we will prove a more general result: Theorem 2.19 below. Let us give right now
the following consequence, using Theorem 1.2.

Corollary 2.17. There exist a sequence 3 such that H*(B) is an algebra, and
a symbol ¢ € H*(B) for which Cy, is not bounded on H?(3).

The following notion will be used.



Definition 2.18. A function 7: Ry — Ry is said good if 7(0) =0 and
1. 7 is C' on (0,+00) with 7 > 0 and 7' decreasing;

2. liminf 2% > 1;
r—+oo 1087

T/ (tx)
3. Sumel W tjoo 0.

Examples.
> 7(x) =alog(z+1), with a > 1;
> 7(z) =2 with0<a<1;
We now have the following result.

Theorem 2.19. Let 7 be a good function and B, = ™™ . Then, H*(B) is an
algebra.

For 7(xz) = alog(z + 1) with @ > 1, we have the weighted Dirichlet space
D,.

Note that if, moreover, we have lim ~& =0, then lim A5/" = 1.
T—r+00 T n—oo

Proof. By Lemma 2.11, it suffices to show that the sequence of numbers

I, = Z exp [— (T(k) +7(n—k)— T(TL))]

1<k<n/2

is bounded.
We set, for each n > 2 and x € [1,n/2]:

k(x)=1(x)+7(n—2) —7(n).

Let p > 1 such that liminf % > p. There exists some ng > 1 such that

T—+00

7(x) > plogz for every x > ng.

Fix € > 0 so that (1 —e)p > 1. By the goodness condition 3, we can choose

an integer A = A, > 1 such that for every z > 1 and every t > A, we have
7' (tr) < e7'(z).

Take n > (A + 1)ng. Then, with A =1/

—~

A+1), we have, for 1 <z < An:

n—x

=~ 1> _1=4a.
X

> =

T
Therefore

n—x

1<z<in = T’(n—x):T’( ~x)§57"(x).

Hence

K@)y=1(z)—7(n—2)>(1-¢)7(x) forl<z<An.



Moreover, k'(x) = 7'(z) — 7/(n — x) is positive on [0,n/2], since 7/ is de-
creasing. Hence & is increasing on [0,7/2]. Since x(0) = 0, we get also that « is
positive on [0,n/2].

Now, we consider N the integer part of An, and we have, for 1 < k < N < \n:

k k
(2.4) H(k)z/l ﬁ’(t)dtz(l—s)/l Pty dt = (1— ) (k) — 7(1)).

Summing up, and using the condition 2, we get

N N N
(2.5) Ze"‘(k) < Zexp[—(l —e)7(k)] <ng+ Z exp[—(1 —€) plog k]
k=1 k=1 k=no

which is bounded since (1 —¢)p > 1.
On the other hand, we already pointed out that s is increasing on [0,7n/2],
and we get, using (2.4):

n/2

(26) D e <ne " Spexp[—(1 - g)r(An)] Sn' P =0(1),
k=N+1

using the condition 2 and the fact that n > (A + 1)ng (i.e. An > ng) and
T(An) > p log(An) = p logn — plog(}),

and once more that p(1 —¢) > 1.
Putting (2.5) and (2.6) together, that proves the theorem. O

The function 7 defined by 7(z) = x/logx for > 1 is not a good function
(because the condition 3 is not fulfilled). Nevertheless, it induces an algebra.

Proposition 2.20. For §(n) = e"/'98" n > 2 (and By = By = 1, for instance),
the space H?(B) is an algebra.

Proof. The proof follows the same lines as that of Theorem 2.19.

We set 7(0) = 7(1) = 0 and 7(z) = ;57 for > 1. We wish to control

ILn= Y exp[—(r(k) +7(n—k) —(n))].

1<k<n/2

We have, for z > 1, 7/(2) = —L—+ in particular 7/(x) > 0 for = > e.

logz ~ log2z’
Since + — L5 > ﬁ if X > 2 we have 7/(z) > if x > 8 > e2. Hence,

X T X2
for y > z#, we have

_1
2logx

1 2
> > 27'(y)-
2logx ~ logy

T'(x) >

Let n > 23 be an integer. For every z > 8 such that 22* < n, we have n—z > z*
hence 7/(z) — 7'(n —z) > 7'(x)/2.

10



Now we consider the function, defined for x € [1,n/2], as
En(x) =7(x) +7(n—2) — 7(n).
We first point out that liril 7'(z) = 0, hence, for each x > 1, the sequence
T—r+00

(kn(x))y is bounded and there exists M > 0, not depending on n, such that
kn(k) > —M for every 1 < k < 8. In particular, we have

Z e rnlk) < 7M.
1<k<7

Let k,, be the integer part of (n/2)!/*, we have s/, (z) > 7/(x)/2 for 8 <z <
ky, hence, for every 8 < k < k,,, we get

k 1 [ 1
kn(k) > Kn(8) +/ ki () dt > K, (8) + 5/ '(t)d>-M + 3 (T(k) —7(8)).
8 8
Therefore,
kn 0o .
e () < exp (M +7(8)/2) Ze_ﬂogk < 4o0.
k=8 k=8

Now, 7’ is decreasing on [8,4+00), so x, () > 0 when 8 < x < n/2, and
1
kn(k) > kn(kn) > c+ iT(kn) for k, <k <n/2, where ¢c € R. We get
Yoo g ne TeiE = O(1).
kn<k<n/2
That finishes the proof. O
Actually the problem to know whether H?(f) is an algebra or not can be
formulated in terms of Schur multipliers acting on a family of Hankel matrices.

Theorem 2.21. H?(f) is an algebra if and only if the map

v: 2 — B(?

u = ( ?’:Eﬁ)
k,l

3

1s bounded.

Let us point out that Lemma 2.11 also follows from the previous theorem.
Actually condition B, < 1/, is equivalent to the fact that ¥ is bounded from
(2 to HS(¢?) C B(¢?) (where HS(£?) stands for the space of Hilbert-Schmidt
operators on £2).

Indeed, for every u € ¢2, we have ||¥(u)|%g = Z || Br B -

n

This remark gives a hint on the gap between the sufficient condition B,, < 1/8,
and a potential characterization.

11



Proof of Theorem 2.21. The vector space H?() is an algebra if and only if
fg € H?(B) for all f,g € H?>(B). In other words, H?(j3) is an algebra if and

only if
2

whenever > |a,|?B, < +oo and Y o |bn|?Bs < +o0o. Equivalently,

n

Eapnp

,Bn<+oo

2

a;g
sup E E \/ﬁlﬁtl < +oo
a,bel

lall=[p)=1 "=0AHi=n
or, in other words,
Z Z /5k+l
sup 5 akblun B < 400
a,buct n=0 k4l=n

llall=[bll=][ul=1

Let us point out that

Z Z aibruy, g:g Zakszlbl Z (‘I’( )(b))k

n=0k+l=n k=0 = k=0

B+

BB
Therefore, H2(/3) is an algebra if and only if

where MkJ = U1

sup H\I/(u)(b)H < +00.
b,ucl?
lloll=llull=1

and the result follows. O

3 Composition operators induced by the auto-
morphisms on h”(J)

For 1 < p < oo, the Banach space ¢*; = h? (a copy of (7, called the Beurling-
Sobolev space in [5]) is the space of all analytic functions f(z) = >~ ja,z" on
the unit disk D such that

oo
112 =D lan]” < +oo.

n=0

If B = (Bn)n>0 is a sequence of positive numbers satisfying (1.1), the
weighted space h?(f3) is defined by the finiteness of

A1 = lanl? B -
n=0

12



Observe that h? is none other than the usual Hardy space H?, and that h?(3) =
H?(B). But note also that kP, for p # 2, has nothing to do with the usual Hardy
space HP, even if, for example, H? C h*°. But in the spirit of our recent work
[3], the case of hP seems a natural one to consider.

Remark that (1.1) is equivalent to the inclusion h?(5) C (D) and allows
to treat the elements of h?() as analytic functions on D.

For p = 2, it is easy to check that all the composition operators Cr,, for
a € D, generated by the automorphisms Ty, defined in (1.5), (and actually all
composition operators, by Littlewood’s subordination principle) are bounded
on H2. We recently studied [3] the weighted version H?(j) of this space and
gave a complete characterization of those weights 8 = (3,) for which either C,
is bounded on H?(f3) for all automorphisms, or for all symbols. In this section,
we show that this is never the case for p # 2. We mention in passing that this
boundedness issue was previously considered by Blyudze and Shimorin [1] in
the case when the initial space is h' and hP is the target space. In that case,
the authors show that Cr, : h! — hP is bounded if and only if p > 2. This has
been made much more precise in [5].

We will prove the following result.

Theorem 3.1. Let p € [1,+00], with p # 2. Then Cr, is unbounded on h? for
all a € D\ {0}.

Moreover, Cr, is never bounded on h? (), whatever the choice of § satisfying
(1.1).

S. Charpentier, N. Espouiller and R. Zarouf informed us that they proved,
independently, Theorem 3.1 for 8 = 1, using [5] (see [2]).

Nevertheless, we present below a self-contained argument, more elementary,
directly relying on our paper [3], and which works for all weights .

Proof. Set
I=11/2,2/3] and J=[a"1q],

(o = 5/4 for instance).

As in [3, Proposition 4.2], the rotation invariance of h?(f) allows us to claim
that, if Cr, is bounded on h?(3) for some a € D, a # 0, then there exists a
constant K such that

(3.1) ICr,|| <K, Vael.

Now, everything will rely on the matrix A = (@ n)m,n, Where

o = T ) (52 "

which represents C, on the canonical (Schauder) basis of h?(3). If this matrix
defines a bounded operator, its columns and rows (the columns of the transposed
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operator) are respectively uniformly bounded on 7 and on the dual space £7 (g
the conjugate exponent of p), that is (with some R independent of a € I):

(3.2) C, = Z | n|? == satisfies supC, < R < +o00,
n

and

00 q/p
(3.3) L, = Z |G n|? (gm) satisfies sup L,, < R < 400.
n=0 n m

We will show that, for p # 2, one of the necessary conditions (3.2) or (3.3)
fails. We will hence separate two cases.

We need an auxiliary result. Recall first the following elementary lemma
(see [3, Lemma 4.16]).
Lemma 3.2. Let f: [A, B] = R be a C2-function such that |f'| > & and |f"| <
2 M(B-A4)
< 3 + "

M. Then
‘/B £ (2)
e\ dx
A 42

This lemma implies the following extended version of [3, Proposition 4.12].

Proposition 3.3. Ifr € J = [a~ !, a] and s > 1, it holds, when r = m/n:

(3.4 [T doz ([ 1Timlda) =602,

Proof. The first inequality in (3.4) is just Holder’s inequality. For the second
one, we proved in [3, Proposition 4.14] that

(3.5) |@(m)| > 5n—1/2’ cos(n@br(a) + 7r/4)| +0 (n_3/5) )

where ¥, = f satisfies the assumptions of Lemma 3.2. Moreover, we have the
classical Fourier expansion

|cosz| =c+ Z&lcoslnc7
=1
with ¢ > 0 and § = O (I72). Hence (actually Y, |§;] < 400 would suffice):
(3.6) |Ta7l(m)| > §n /2 (c + Z & cos (I(ntr(a) + 77/4))) +0 (n3/%).
=1

We now apply Lemma 3.2 with f(a) = l(nwr(a) + 7r/4). Here, for given [, we
have |f'| > énl and |f”| < Mnl on I, so that

’/Icos (Unyy(a) + 7/4)) da Sc(nllJrnZ;z) _ %
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It now follows from (3.2) that

_ <15
/I |5 (m)| da > 6~ 1/2 <c+ oy |nll|)> + O (n3/5)
=1

> 6cn—1/2 + o) (n—3/5) > 5/ n—1/2 ,
and this ends the proof. O

We now come back to the proof of Theorem 3.1. We will reason by contra-
diction, and separate two cases.

We set J; = [I/va, Ve ll.
e Case p < 2.
It follows from (3.2) that, for n € J;, we have

S [Famp 2 <R
meJ; ﬂn

Integrating on I and using Proposition 3.3 give, since m,n € J; (hence m/n € J)
have the same size as [

~
n

1—P/2 Z B <R.
meJ;

Now, summing up over n € J; further gives
l—p/2< Zﬁk> ( Zﬁkl) < RI.
keJ; keJ;
But, by the Cauchy-Schwarz inequality:

PSP < (Zm)(Zﬁgl),

kedJ; ked;

and we get 12°?/2 < Rl or R > 1'7P/2,
Since 1 — p/2 > 0, we have a contradiction for large [.

e Case p > 2.
The proof is nearly the same. It now follows from (3.3) that, for m € J;:

/
> (T (m)) (g”)g "<n.

neJ;

,g/p and proceed as in the case p < 2 to get

lq/Q( > %) ( > 7;21) <RI,
keJ; keJ;

or, again by the Cauchy-Schwarz inequality, 12~%/2 < Rl or R > ['79/2,
Since this time 1 — ¢/2 > 0, we have again a contradiction for large . O

Set Ye =
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