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ON THE DESCENT FOR QUADRATIC AND BILINEAR FORMS
AHMED LAGHRIBI' AND DIKSHA MUKHIJA?

ABSTRACT. This paper is devoted to the study of the descent problem in the spirit of conjectures
proposed by Kahn in characteristic different from 2 [15]. Descent problem seeks conditions
under which a K-form (quadratic or bilinear) is defined over F for a field extension K/F. We
study this problem in a complete manner for K -quadratic and bilinear forms up to dimension 4
when F' is a field of characteristic 2 and K is the function field of a projective quadric.

1. INTRODUCTION

Throughout this paper F' denotes an infinite field of characteristic 2. Let K be a field
extension of /. A general problem in the algebraic theory of quadratic (bilinear) forms consists
in studying the behavior of F'-quadratic (bilinear) forms after extending scalars to K. Another
problem, which we may consider as an opposite to the behavior study, is the descent problem
that can be formulated in a general setting as follows: Let ¢ be a quadratic (bilinear) form
over K. Under which conditions the form ¢ is defined over F' up to isometry (or up to Witt
equivalence)? Recall that the K-form ¢ is defined over F' up to isometry (resp. up to Witt
equivalence) if there exists an F-form ¢ such that ¢ ~ Y (resp. ¢ ~ Vk), where Vg is
the form 1/ considered as a form over K after scalar extension, and ~ (resp. ~) denotes the
isometry (resp. the Witt equivalence) of quadratic forms.

The descent problem is very difficult to study for an arbitrary field extension K of F'. The case
of an extension given by the function field of a quadric is very important because it is related
to other problems, mainly the isotropy problem and the classification of forms by height and
degree in the sense of Knebusch’s splitting theory. In [15] Kahn formulated some conjectures
on the descent problem over function fields of quadrics in characteristic not 2. The philosophy
of his conjectures is that when K = F(Q)), the function field of the quadric given by the F-
quadratic form (), then the K-quadratic form ¢ is defined over F' once it is Witt equivalent to
O for some F'-quadratic form 6, and the dimension of () is large enough than the dimension of
. Up to now only some positive answers to Kahn’s conjectures have been obtained (see [15],
[18]] and [14, Theorem 3.9]).

In this paper we study the descent for quadratic and bilinear forms in characteristic 2 in the
spirit of Kahn’s conjectures. Taking inspiration by the conjecture [15, Conjecture 2], we give
the following analogue for quadratic forms in characteristic 2 that takes into account the case of
singular forms:

Conjecture 1.1. Let Q) be an anisotropic F-quadratic form and K = F(Q). Let ¢ be a
quadratic form over K such that dim () > 2 dim ¢ and one of the two conditions holds:
(1) If ¢ is nonsingular, we suppose that ¢ + IJV'K € Im(W,(F)/IJ7'F —
Wo(K)/IJT K) and 2 > dim ¢ for some integer n > 1.
(2) If p is singular, we suppose that o ~ Ok for some F-quadratic form 6.
MSC: 11E04, 11E81
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Then, ¢ is defined over F.

Conjecture [I.1] is obviously true when ¢ is totally singular, this is due to the fact that the
anisotropic part of any totally singular F-quadratic form over any field extension K/F' is
defined over F' [10, Proposition 8.1(iii)]. Henceforth, we consider Conjecture for ¢ not
totally singular. Moreover, sometimes it happens that the condition dim(¢) > 2dimy in
Conjecture [I.1] is not optimal as we will see in Theorem [[.2] In fact, this condition can be
written as 2r + s > 2dim g, where (r,s) denotes the type of (). For some K-forms ¢ of
dimension < 4 we will take the weaker condition 4+ s > dim ¢ as the following result shows:

Theorem 1.2. Let () be an anisotropic F-quadratic form of type (r, s). Let @ be an anisotropic
K-quadratic form which is not totally singular. Suppose that 2 < dim ¢ < 4 and one of the
following conditions holds:
(1) dime =2, o+ K € Im(Wy(F)/I3F — Wy(K)/I}K) and r + 5 > 2.
(2) dimp = 3, ¢ ~ Ok for some F-quadratic form 0, and either (r = 0 and s > 4) or
(r>1landr+ s > 3).
(3) ¢ is nonsingular of dimension 4, p + I' K € Im(Wy(F)/I;F — Wy(K)/I,K) and
r+s>4
(4) @ is of type (1,2), ¢ ~ 0k for some F-quadratic form § and dim ) > 8.
Then, ¢ is defined over F.

For bilinear forms, the situation is more subtle comparing to that of quadratic forms. First,
for the field K’ = F'((Q) we have to distinguish between the cases where () is totally singular or
not. In fact, for () not totally singular, we get the descent of an F'(Q))-bilinear form B without
the hypothesis dim () > 2dim B as given in the following proposition.

Proposition 1.3. Let () be an anisotropic F-quadratic form of dimension > 2 which is not
totally singular, and K = F(Q). Let B be an anisotropic bilinear form over K such that
B+ "MK € Im(W(F)/I"M'F — W(K)/I" M K) for some integer n > 1 satisfying
2" > dim B. Then, B is defined over F'.

This proposition was noticed before by Laghribi and Rehmann when they tried to continue on
the descent results obtained in [28]. They used a sophisticated proof based on a lifting argument
to reduce the question to the descent in characteristic not 2. Here we propose a direct argument
based on transfer and the Hauptsatz.

However, for the field (), where () is a totally singular form, we must not restrict ourselves
to the analogues of the conditions given by Conjecture[I.1} Otherwise, Proposition[8.2] produces
a counterexample. In fact, by this proposition we should take into account the notion of the norm
degree of (). In this case, we formulate the following question:

Question 1.4. Let () be an anisotropic totally singular quadratic form over F, and K = F(Q).
Let B be an anisotropic bilinear form over K such that dim @Q > 2dim B and B + I""'K €
Im(W(F)/I""'F — W(K)/I"M K) for some integer n > 1 satisfying 2" > dim B and
ndegp(Q) > 2" Is it true that B is defined over F?

Our answers to Question [I.4]are given in the following theorem.

Theorem 1.5. Let () be an anisotropic totally singular F-quadratic form, K = F(Q) and B
an anisotropic bilinear form over K. Suppose that dim B € {2, 3,4}, dim@Q > 2dim B, and

one of the following conditions holds:
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(1) dimB =2and B+ I’K € Im(W(F)/I?F — W(K)/I*K).

(2) dim B = 3, ndegp(Q) > 8 and B € Im(W (F) — W(K)).

(3) B € GBPy(K)and B € Im(W(F) — W(K)).
Then, B is defined over F in cases (1) and (2). In case (3), there exists p € BPy(F') such that
B is similar to p. In particular, B is defined over F when B € BP(K).
(here GBP,,(F) denotes the set of F-bilinear forms similar to m-fold bilinear Pfister forms,
see below.)

Note that for the descent in dimension 2, we don’t need the hypothesis ndeg;(Q)) > 8, just
the condition dim () > 4 suffices. Moreover, the descent in dimensions 2 and 4 mentioned in
Theorem [I.5] was considered in [28, Theorem 1.3], but the proof there is incomplete as we will
explain at the beginning of Section (8| We propose new arguments and results to complete the
proof.

We finish this section by a result giving a relation between Conjecture [[.T]and Question I.4]
this is due to the fact that the Witt group W, (F') of nonsingular F-quadratic forms is endowed
with a structure of module over the Witt ring W (F') of regular symmetric F'-bilinear forms.

Proposition 1.6. Let s > 1 be an integer, () an anisotropic totally singular F'-quadratic form
of dimension > 2, and K = F(Q). Suppose that Conjecture is true for nonsingular K-
quadratic forms ¢ of dimension < 2s when dim () > 4s. Then, Question |1.4|is true for K-
bilinear B of dimension < s when dim QQ > 4s using only the hypothesis that B + I""1 K ¢
Im(W(F)/I""'F — W(K)/I"" K) where n > 1 is the smallest integer satisfying 2" >
dim B.

Note that the hypothesis ndeg,(Q) > 2", originally needed in Question becomes
superfluous in Proposition[I.6]as it is deduced from the hypotheses that dim B < s, dim @) > 4s
and 2" > dim B. In fact, if ndeg,(Q) < 2", then 4dim B < 4s < dim @ < ndegp(Q) <
271 Hence, dim B < 2", which contradicts the minimality of 7.

The rest of this paper is organized as follows. The next section is devoted to some
backgrounds on quadratic forms. In Section [3] we summarize all the cohomological kernels
needed for the proofs. After that we present the proofs of the two main results of the paper,
Theorems [I.2] and [I.5] This requires intensive tools, inspiration from the work of Kahn [[15],
and will be done case by case into two main parts talking about descent for quadratic forms and
bilinear forms separately.

2. BACKGROUND

Recall that any quadratic form ¢ over F' can be written up to isometry as follows:
@ ~ [ay,b1] L ]ag,bo] L ... L[a,,b] L {c1,...,¢s), (2.1)

where L denotes the orthogonal sum of quadratic forms, and [a,b] (resp. (a)) denotes the
quadratic form ax?® + xy + by? (resp. az?). Obviously, dim ¢ = 2r + s (the dimension of ¢).
The quadratic form (¢, . .., ¢;) is unique up to isometry, we call it the quasilinear part of ¢, and
denote it by ql(). As in equation (2.1)), the form ¢ is called:

e nonsingular (resp. singular) if s = 0 (resp. s > 0),

e totally singular if » = 0,

e semisingular if » > O and s > 0.



Any quadratic form ¢ uniquely decomposes as follows: ¢ ~ ¢,, L i x [0,0] L j x (0).
The form ¢, is called the anisotropic part of ¢, and the integer ¢ (resp. j) is called the Witt
index and denoted by iy () (resp. the defect index and denoted by i4()). The total index of
¢, denoted by 7;(y), is the integer iy () + iq(p).

Let ¢ and v be quadratic forms of underlying vector spaces V' and W, respectively. We
say that ¢ is dominated by v, denoted by ¢ < 1, if there exists an injective F'-linear map
oV — W such that p(v) = (o (v)) for all v € V. We refer to [10, Th. 3.4] for an explicit
formulation of this relation.

We mention the completion lemma due to Hoffmann and Laghribi which will play a crucial
role in many proofs.

Lemma 2.1. ([10, Lemma 3.9]) Let R and R' be nonsingular quadratic forms over F, and
¢i,Cydi € F, 1 <i<n.Supposethat R L {(c1,...,c,) ~ R L {c\,...,c). Then, there exist
dy,....d, € Fsuchthat R L [c;,dq] L ... L[c,,dy]| ~ R L[d,d]] L... L[, d]

n’'n

For a,b € F with b # 0, we denote by [a,b) the quaternion F-algebra generated by two
elements i and j subject to the relations: i? +i = a, j2 = b and jij ' = i + 1. Quaternion
F-algebras satisfy the following relations in the Brauer group Br(F') of F":

la1 + az2,b) ~ [a1,b) ®F [as, b),
[CL, ble) ~ [Cl, bl) ®F [CL, b2>

Let ¢ be an F'-quadratic form of underlying vector space V. The Clifford algebra of ¢,

denoted by C'(¢), is the algebra

Cle) =T(V)/,
where T'(V') is the tensor algebra of V/, and I is the two-sided ideal of 7'(V') generated by
v®v — p(v) forall v € V. The algebra C(¢p) is central simple over F' and admits a Z/27-
grading C(¢) = Co(p) ® Ci ().

The subalgebra Cy(¢) of C(y) is called the even Clifford algebra of ¢. Recall that
dimp C(p) = 24m% and dimp Cp(p) = 24me=1,

If ¢ is nonsingular, then C(¢p) is a central simple F-algebra. Its class in Br(F'), denoted by
(), is called the Clifford invariant of . Moreover, the center of Cy(¢p) is a separable quadratic
algebra F[x]/(z* + z + ) for some § € F. The class § + p(F) in F/p(F) is called the Arf
invariant of ¢ and denoted by A (). Explicitly, if o ~ a[1,b1] L as[1,b] L ... L a,[1,b,] for

ai,...,a, € F*and by, ..., b,, then we have C(p) ~ Q! [b;, a;) and A(p) = > b; + p(F).
i=1

We will prove some results on bilinear forms after reducing to nonsingular quadratic forms
defined over the Laurent series field F'((¢)). More specifically, we will need the notion of
residue forms that we recall below.

Let K be a field with a discrete Henselian valuation v. We denote by A its ring, 7 a
uniformizer and £ = A/mA the residue field. Let ¢ be an anisotropic K-quadratic form
(possibly singular) of underlying vector space V. For each integer : = 0, 1, 2, we attach the
set V; = {v € V | p(v) € n'A}, this is an A-module [30, page 342]. The induced residue
forms @y and @7 are the k-forms given by:

pi : %/WH — k

v+ Vig = ().
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The form @y (resp. 1) is called the first residue form (resp. the second residue form)
of ¢. Clearly, these forms are anisotropic and could be singular. If ¢ is nonsingular, then
dim ¢ = dim @y + dim Py [30, Theorem 1].

We recall some results needed for the proofs. The first one is the “Hauptsatz” of Arason-
Pfister:

Theorem 2.2. ({7, Theorem 23.7])
(1) Let p # 0 be an anisotropic quadratic form lying in I} F. Then, dim ¢ > 2"
(2) Let B # 0 be an anisotropic bilinear form lying in I F. Then, dim B > 2".

We recall some results on the isotropy over function fields of quadrics.

Proposition 2.3. ([19] Corollary 3.1]) Let v and )" be an anisotropic quadratic forms over F of
dimension > 2. If 1 is totally singular and 1)" is not totally singular, then 1y is anisotropic.

As a corollary we get:

Corollary 2.4. Let ¢ and )’ be an anisotropic quadratic forms over F' of dimension > 2.
Suppose that v is not totally singular. If 1y is isotropic then iy (Ypyy) > 1.

Proof. Suppose that ¢r () is isotropic. The corollary is trivial if ¢ is nonsingular. So suppose
that ¢ is singular. Since v’ is not totally singular, it follows from Proposition that 1) is not
totally singular and ql(v)) gy is anisotropic. By the uniqueness of the quasilinear part, we get

iw (Vry) > 1. O

Theorem 2.5. ([11, Theorem 1.1]) Let @ and 1) be anisotropic quadratic forms over I such
that dim ¢ < 2" < dim for some integer n > 0. Then, ©r(y) is anisotropic.

Lemma 2.6. ([11, Lemma 2.11]) Let ¢ be an isotropic quadratic form over F'. Then, any form
Y satisfying 1 < @ and dim ¢ > dim ¢ — i4(p) + 1 is also isotropic.

Recall that an Albert quadratic form is a nonsingular quadratic form of dimension 6 and
trivial Arf invariant. We will often use the following result on the isotropy of an Albert form:

Proposition 2.7. Let v be an anisotropic Albert form over F', 1) an anisotropic quadratic form
of type (r,s) such that either (r = 0 and s > 4) or (r > 1 and r + s > 3). Then vp(y) is
anisotropic.

Proof. (1) Suppose » > 1 and r + s > 3. Then, ) dominates a form ¢’ of dimension 5

and type (1,3). Moreover, iy (¢p(y) > 1 (Corollary 2.4). Hence F(¢')(v)/F(¢') is purely

transcendental. Since, yp(y) is anisotropic by [19, Theorem 1.1], we conclude that vp(y) is
anisotropic.

(2) Suppose that r = 0 and s > 4. Again, [19, Theorem 1.1] implies that vy is anisotropic.

0

Corollary 2.8. Let D be a division biquaternion algebra over F' and 1 an anisotropic F'-
quadratic form of type (v, s) such that either (r = 0and s > 4) or (r > 1 and r + s > 3). Then,
D ®@p F(v) is a division algebra.

Proof. Let ~y be an Albert quadratic form over F' such that C'(y) ~ D. By Proposition
YF(y) 18 anisotropic. It follows from [31] that Dp(y) is a division algebra. O

Nonsingular forms in /7 F" and I} F are classified by their Arf and Clifford invariants.
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Theorem 2.9. ([33, Theorem 2]) Let ¢ be a nonsingular quadratic form over F. Then, we
have:

(1) ¢ € IqQFiﬁA(go) =0.

(2)If € IZF, then ¢ € I3F iff C(p) ~ 0.

Lemma 2.10. Let () be an anisotropic F-quadratic form, and K = F(Q). Let ¢ € W (K)
and ¢ € Wo(F) be such that ¢ 1 ¢ € I7K. Then, A(p) = r + o(K), where v € F is a
representative of /\(1).

Proof. This is because ¢ L ¢x € I7K implies A(p) = A(¢k). O
The following lemma will be helpful for computing the even Clifford algebra.

Lemma 2.11. ([29, Lemma 2]) Let ¢ be a nonsingular F'-quadratic form and a € F*. Then,
Colp L (a)) =~ Claw).

3. COHOMOLOGICAL KERNELS

Let W, (F') be Witt group of nonsingular quadratic forms over £, and W (F') the Witt ring of
regular bilinear forms over F'. It is well known that W,(F") is endowed with a W (F')-module
structure induced by tensor product [S]]. For any integer m > 1, let /™ F' denote the m-th power
of the fundamental ideal I F of W (F'), and I]"*'F = I"™F ® W,(F) (we take I°F = W (F)).

The quotients 7"+ F/I™2F and I"™ /™ F are denoted by T, F and T"F .

Forcy, -+, ¢y € F¥,let(cy,- -+, cn), denote the diagonal bilinear form ;" | ¢;x;y;. Forn >
1 an integer, an n-fold bilinear Pfister form is a bilinear form isometric to (1, a1), ®- - -®(1, a),
for ai,---,a, € F*. We denote this form by ((ai,---,a,)),. The form (1), is called the
O-fold bilinear Pfister form. An (n + 1)-fold quadratic Pfister form is a form isometric to
({(ar, -+, an)), ®[1,b] for some ay,---,a, € F* and b € F, we denote it by ({ay, - - - an; b]].
Let P,(F) (resp. BP,(F)) be the set of forms isometric to n-fold quadratic Pfister forms (resp.
the set of forms isometric to n-fold bilinear Pfister forms). We take GP,(F') = F* - P,(F') and
GBP,(F) = F*- BP,(F).

To any bilinear form B of underlying vector space V', we associate a totally singular quadratic
form B defined on V as follows: v — B (v,v) for all v € V. A quasi-Pfister form is a
totally singular quadratic form isometric to B, where B is a bilinear Pfister form. Recall that
a quadratic (bilinear) Pfister form is isotropic iff it is hyperbolic (metabolic). A (quasi-)Pfister
form ¢ is round which means that ¢ represents a scalar o € F™* iff ¢ >~ ap.

A quadratic form ¢ is called a Pfister neighbor if there exists a quadratic Pfister form 7 such
that ¢ < 7 and 2dim ¢ > dim 7. In this case, the form ¢ is not totally singular and for any
field extension L/F, one knows that ¢, is isotropic iff 7, is isotropic. We define in the same
way the notion of quasi-Pfister neighbor for totally singular quadratic forms[[10, Section 8]. The
notion of Pfister neighbor also exists for bilinear forms but we don’t need it here.

We recall the famous Kato’s isomorphisms [16] that will play a crucial role in some results.

O T'F = vp(m)

((ar,...,am)), — —AN...N— 3.1




and
Fm+l m+1
emir T TF o HPTL(F)
d da,,
({(ay,...,am;b]] — ey i (3.2)

aq (07

where Hy"*'(F) (resp. vp(m)) is the cokernel (resp. the kernel) of the Artin-Schreier operator
o — Qr /7! such that Q7 is the space of m-differential forms over F' and d is the
differential operator.

For any field extension K/F, let Hy"**(K/F) denote the kernel of the restriction map
HYY(F) — Hy'™"'(K). Similarly, we define the kernels 7, (K/F) and T"" (K/F).

We summarize in this section the cohomological kernels that will be needed. We start with
an injectivity result in the setting of Kato cohomology due to Aravire and Baeza.

Proposition 3.1. ([2, Lemma 2.17]) Let L/F be a purely transcendental extension. Then,
HYL/F) = 0.

We prove a general result that is helpful for the descent over function fields of singular
quadratic forms.

Proposition 3.2. Let L be an arbitrary field extension of F', and ¢ an anisotropic F'-quadratic
form of dimension > 3 such that
(1) o= [1,a] L ¢, or
(2) p=(1) L ¢,
for a suitable quadratic form @' of dimension n. Let (o, v, B1, -+, B,) € L2 be such that:
— In case (1) we suppose (a1, az) # (0,0) and o3 + aqag + aas + @' (1, -+, Bn) = 0.
— In case (2) we suppose i + ¢'(B1,-++,Bn) = Oand p == X* + ¢'(B1,---,B,) €
F(By, -+, Bn)|X] irreducible.
Then, HY" " (F(p)/F) C Hy""Y(L/F) for any integer m > 0,

Proof. In case (1) we see that iy () > 1 because (v, as) # 0. Hence, the extension
L(p)/L is purely transcendental. Now if w € Qp satisfies w € Hy"''(F(p)/F), then
wy, € HytY(L(p)/L). It follows from Proposition 3. 1] that @ € Hy* ™ (L/F).

Now suppose we are in case (2). We propose another argument since we don’t know if the
condition iy () > 1 is satisfied. The function field of the affine quadric given by ¢ is as

follows: F(p) = F(z1, -, 2n) (/¥ (21, +, 2n)), Where zy, - - -, z,, are independent variables
over Fl. Let K = F'(z1, -, z,).
Let w € QF be such that w € HY(F(p)/F)). Since wWx €

HIM Y (K (\/¢' (21, -, 2,))/K), we get by the norm theorem for differential forms [32]
that

d<X2 + 90/(217 B '>Zn))
X? +§0/(Zla T 7Zn)

w A =0¢€ H'"?(K(X)).

In particular, we have

d(X2 + spl(zla ) Zn))

X2+ (21, 2n)
7
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Consider on the field K (X, f3,) the (2, — (3,)-adic valuation and take 7 = 2, — (3, as an

uniformizer. Applying the residue map . given in [6, Page 15] to equation (3.3]), we get

d(X2 + ¢,(Z17 Ty Rn—1, Bn))
X? + 90/(217 crty Zn—1, ﬁn)

w N\

:OEHSPFQ(F(ZM'">Zn717X7ﬁn))' (34)

Now repeating the same argument successively for the variables 21, - - -, 2,1, we obtain
dp m+2
w/\?:OEH2 (F (B, B, X)). (3.5)

Since the polynomial p € F(f3,-- -, 3,)[X] is irreducible, we get by the norm theorem [32]
that w = 0 over the field F'(f1, - - -, 5,)(p), which is isomorphic to F'(aq, f1, - - -, 5,), a subfield
of L. Hence, w € Hy"™ (L/F). O

As a consequence, we get the following corollary:

Corollary 3.3. Let ¢ be an anisotropic F-quadratic form of dimension > 3, and ) an F-
quadratic form of dimension > 2 dominated by @. Then, Hy" ™ (F(¢)/F) C Hy""Y(F () /F)
for any integer m > 0.

Proof. Ifiw (pp@y)) > 1, then we are in case (1) of Proposition and thus Hy" " (F(p)/F) C
H"tY(F(4)/F). So suppose that iy (pr(y)) = 0. Then, ¢ is necessarily dominated by ql(¢).
In particular, we have ¢ ~ ) | ¢ for some quadratic form ¢’. Without loss of generality
we may suppose 1 € Dp(1), and put v = (1,¢1,---,cs). The function field of the affine
quadric given by v is F(v)) = F(zy,- -+, z,)(a), where o = y/c123 + - -+ + c,22. Obviously,
v:= (a,x1, -+, 2,0, -+, 0) is an isotropy vector of ©F(y). Since v is anisotropic over I, the
polynomial X2 + >°°  c;a? € F(xy,---,x5)[X] is irreducible. Consequently, we are in the
conditions of case (2) of Proposition[3.2] and thus Hy"*'(F(¢)/F) C Hy" " (F(v)/F). O

The following corollary is an immediate consequence of Corollary [3.3 and the Kato’s
isomorphism (3.2).
Corollary 3.4. Let ¢ be an anisotropic F-quadratic form of dimension > 3, and i an F-
quadratic form of dimension > 2 dominated by . Then, 7?+1(F(¢)/F) C TZLH(F(w)/F) for
any integer m > 0.

Another result that will play an important role is the following proposition.

Proposition 3.5. ([22, Corollary 4.11]) Let ¢ € I;““F for some m > 0, and ) an anisotropic
totally singular F-quadratic form of dimension > 2. If ¢p(y) € I;””“F(w), then @ € I(;””F.

In other words, TmH(FW)/F) = {0}.

q

We deduce the following corollary:

Corollary 3.6. Let p € ];”“ F' for some m > 0, and v an anisotropic F-quadratic form of
type (r,s) such that v + s > 2™ If pp(y) € I"F2F (1)), then € I"+2F.

In other words, TZLH(F(w)/F) = {0}.

Proof. Since 1 is of type (r, s), there exists ¢ a totally singular form of dimension r + s such
that ¢/ < 4. Corollary [3.4implies that I;**'(F(¢)/F) C I;"*'(F(y/)/F). Since dimv)’ =
r 4+ s > 2™, it follows from Proposition that 1" (F(¢')/F) = {0}. This proves the

corollary. 0
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We extend the previous corollary to the case of a compositum of two function fields of
quadrics.

Corollary 3.7. Let 1) be an anisotropic singular F-quadratic form of type (r, s) such that r+s >
2™ for some integer m > 0. Let 6 be an anisotropic F-quadratic form satisfying one of the
following conditions:

(1) 0 is not totally singular.
(2) 0 is totally singular and the type (1',s") of (Vp(9))an satisfies 1’ + s > 2™.

Then, T, " (F(0)(v)/F) C T, (F(0)/F).
Proof. (1) Suppose that § is not totally singular. If 15 is isotropic, then iy (Vp@) > 1
(Corollary 2.4). Hence, F(0)(¢))/F () is purely transcendental, and thus the corollary is
verified. If 1 p () s anisotropic, then the corollary is a consequence of Corollary
(2) Suppose that @ is totally singular and the type (1, s") of (¢p(9))an Satisfies r’ 4 s > 2™,
If iw(Q/JF(g)) > 1 or ¢p(g) is anisotropic, then we conclude as in case (1). So suppose
that ¢p) is isotropic and iw(¢Yp@) = 0, then i4(YpE) > 0 and thus F(0)(y) is

purely transcendental over F'(0)(¢)’), where ' = (¢p9))an. Hence, TZLH(F(Q)W)/F) C
m—+1 . .

fgnH(F(@)(w’)/F). _\?’nﬁ}ll the hypothesis on the type of ', we get by Corollary
L, (FO)W)/F)cl, (F(O)/F). 0

Below we give another kernel that will be needed to study the descent for quadratic forms of
dimension 4.

Theorem 3.8. ([1, (6.2)] for k = 1, and [3, Theorem 1.5] for k = 2)
Let T € P, F anisotropic such that k = 1 or 2. Then, for any integer m > 1, we have
(F(1)/F)=1""1"*F®rT.

—m+1

]q

In the case k = 2, this theorem is mentioned in [3]] for a function field of a Pfister neighbor ¢
of 7 of dimension 3. Our formulation of Theorem [3.8|involving the field F'(7) is possible using

Proposition [3.1| and the fact that the extensions F'(7)(y)/F(7) and F(¢)(T)/F(y) are purely
transcendental because 7r(,) and @ () are isotropic.

Using the Kato’s isomorphism (3.2)), we deduce from [[13| Theorem 5.6] the following:

Theorem 3.9. Let T be an anisotropic F'-quadratic form of dimension > 3. Then, we have

I_q3(F(7')/F) ={p+I,F | p € PsF and 7 C p for some x € F*}.

In particular, this kernel is trivial if dim7 > 8, or 5 < dim7 < 8 and 7 is not a Pfister
neighbor.

We recall the kernel of the function field of a bilinear Pfister form, it is a consequence of [2,
Theorem 4.1] and the Kato’s isomorphism (3.2)).

Theorem 3.10. Let B = ({ay, - - -, a,)), be an anisotropic bilinear Pfister form over F. Then,
for any integer m > 1, we have

B®I}1"*”+1F ifm>n
0 ifm<n.

I,"N(F(B)/F) = {



We finish this section with some kernels in the setting of bilinear forms. Recall that for L/F'
a purely transcendental extension, the natural map 27 — 7' is injective by [2, Lemma 2.2].
Similarly, this map is also injective for L/F separable because a 2-basis of F’ stays a 2-basis
of L. In particular, in both cases, we get the injectivity of the natural map vg(m) — vy (m).
Using the Kato’s isomorphism (3.1]), we deduce that

I"(L/F) = {0}. (3.6)
This injectivity result applies to the case of quasi-Pfister neighbors as follows:

Proposition 3.11. Let m be an anisotropic quasi-Pfister form over F, and () a quasi-Pfister
neighbor of . Then, I" (F(Q)/F) = I (F(r)/F) for any integer m > 0.
In other words, if B € I"™F then Br(yy € I F(y) iff Br) € I™ F(Q).

Proof. Since () is a quasi-Pfister neighbor of , the forms 7p ) and Qr(r) are isotropic.
It follows from [4, Proposition 7.7] that F(x)(zy, -+, zs) = F(Q)(y1,---,y;) for some
independent variables x1,---, s, Y1, - -,y over . Now it is clear from equation that
I (F(Q)/F) =1 (F(m)/F). 0

As for Theorem [3.10} the kernel of the function field of a bilinear Pfister forms was also
computed by Aravire and Baeza in the setting of the graded-Witt group of bilinear forms. We
need this kernel in the following specific case:

Theorem 3.12. ([2, Theorem 2.2]) Let B = ({(a1, - - -, ay)), be an anisotropic bilinear Pfister
form over F'. Then, we have

-n

L(F(B)/F) = {1, -, @n))y [ 21, 20 € Flay, -+, an)"} U{0}.

In the setting of Witt ring, we have the following theorem:

Theorem 3.13. ([20, Theorem 1.2]) Let () be an anisotropic totally singular F'-quadratic form
of dimension > 2, and ndegr(Q) = 2% Then, an anisotropic F-bilinear form B becomes
metabolic over F(Q) iff B ~ cym L -+ L agmg for some integer s > 1, where a; € F* and
m; € BPyF such that w; ~ 0 for all 1 < i < s, where 0 is the quasi-Pfister form associated to
the norm field of Q). In particular, diim B is divisible by 2°.

4. PROOF OF THEOREM [I.2} THE CASE OF TYPES (1,0) AND (1, 1)

Let ) be an anisotropic F-quadratic form of type (r,s), and K = F(Q). Let ¢ be an
anisotropic K'-quadratic form which is not totally singular such that dim ¢ € {2, 3}.

1. Suppose dim ¢ = 2 and r + s > 2. Set ¢ ~ a[l, b] for a,b € K* and suppose we have

o Lk e DK 4.1)
for some nonsingular F'-form . By Lemma [2.10, we may suppose b € F'. Moreover, using
Theorem 2.9, we get C(p L k) ~ 0, that is, C(1x) ~ [b,a). It follows that C'(¢)) k(a) ~ 0,
where o? + a = b. Taking the Clifford invariant, this means c(v)) € TE(K (a)/F). Since

r4+s>2, Corollaryimplies that c(¢)) € Tz(F (o) / F). Hence, there exists u € F™* such that

c(¢) is the class of [b,u) in Br(F). Theorem 2.9|implies that ¢» | u[1,b] € I7F. Extending
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this relation to &', and combining with equation 1} yields o L u[l,b|x € I, ;”K . It follows by
the Hauptsatz that ¢ ~ u[l, b] k.

2. Suppose dim ¢ = 3 and either (r =0and s > 4) or (r > 1 and r 4+ s > 3). Let us write
¢ ~ a[l,b] L {(c) for a,b,c € K*, and suppose that ¢ ~ 1, for some F-quadratic form .
By the uniqueness of the quasilinear part, we may suppose ¢ € F* and ql(¢)) = (c¢). Without
loss of generality, we may suppose ¢ = 1. Taking the even Clifford algebra in the equivalence
p ~ Vg, we get by Lemmaf2.11

CO(¢K) ~ OO(G[Lb] 1 <1>) ~ C(a’[lab]) ~ [b7 a)'

Hence indCy(1x) < 2. We get by Corollary indCy(1) < 2. Thus, there exist scalars
e, f € F* such that Cy(v)) ~ [e, f). So we get [b,a) ~ [e, f)k. Since the two quaternion
algebras are isomorphic if and only if their norm forms are isometric, we get:

all,b] L [1,b] ~ ([1,e] L f[1,€])k-
Adding (1) to the previous equation and canceling [0, 0], we get:

all,0] L (1) ~ (f[L €] L (1))x.

5. PROOF OF THEOREM 1.2} THE CASE OF TYPE (2,0)

Let ) be an anisotropic F-quadratic form of type (r,s), and K = F(Q). Let ¢ be
an anisotropic K -quadratic form of type (2,0). We suppose r + s > 4 and ¢ + [ 3F €
Im(W,(F)/I;F — W,(K)/I;K). Let ¢ be an F-quadratic form such that

p Ly e I'K. (5.1)

We treat two cases according to A(y) = 0 or not.

1. Suppose dim p = 4 and A\ (p) = 0. Taking the Clifford algebra in equation yields
C(p) ~ C(vk). Since, ¢ € GP,(K) anisotropic, we have indC(¢) = 2. Thus, we get
indC(¢)k = 2. By using Corollary 2.8 we get indC(¢)) = 2. Hence, there exists @y € P (F)
such that C'(¢)) ~ C'(pp). Theorem [2.9]implies that

¢ L€ LF. (5.2)
Passing to K, we obtain i L (po)x € 1, SK . Combining with equation |l we get
¢ L (po)x € IIK. (5.3)

Further for any scalar x € K™, we have ¢y L z¢y € Ig’K. We choose a scalar z € Dk (p),
adding o L z¢y € I3K to equation (5.3), we get:
Note that since ¢ and x both represent x, thus ¢ 1 xyq is isotropic. Hence, we get by the
Hauptsatz ¢ ~ (x¢g) k. Consequently, K (¢) = K(po).
Now extending equation (5.1)) to K (), we get
P (o) L Vk(po) € I, K (0)-

Since K(¢) = K(po) and ¢ € GPy(K), we have @,y ~ 0 and thus 1) € 17K (o).

Since (©o) k(o) ~ 0, it follows (v L o) k(pe) ~ V(o) € 13K (o). To sum up, we have
B



Y L g€ IZF and (¢ L ©o) k(o) € I K (p0). Hence,

b Lo+ IEF € T, (K (o) [ F). (5.4)

Recall that K (¢g) = F(¢o)(Q) (since the polynomial given by @) stays irreducible over
F (o), see [10, Section 4.2] for details). Since r + s > 4, we apply Corollary 1) to get

Lo+ ITF €1, (F(v0)/F).
Hence, by Theorem [3.8] there exists p € I F such that
Y Lo Lp®@ygyeIF. (5.5)
Let r € F™* be a representative of det p. Since p L (1,r), € I*F, it follows from equation

G.3):

¥ Lo L (L), ®p€l,F.
Consequently, ¢» L 7¢o € I}F. Passing to K and combining with equation (5.1), we get
¢ L (reo)x € I;K. The Hauptsatz implies ¢ ~ (), as desired.

2. Suppose dim ¢ = 4 and A(p) # 0. Recall that we have ¢ L ¢x € I, F by equation .

By Lemma [2.10} we have A(p) = r + p(K) for some r € F \ p(F) satisfying A(y) =
r+ p(F). Let L = K(«) be such that a® + o = r. Taking Clifford algebra in equation (5.1)),
we get C(¢) ~ C(¢k). In particular, C'(¢r) ~ C(r). Note that o, € GP»(L) because
r € p(L). Hence, indC(¢1) < 2. Moreover, we have L = F(«)(Q). By Corollary 2.8 we get
indC(¢p(a)) < 2. Thus, either indC'(¢)) < 2 or indC(¢)) = 4. We carefully consider the two
cases separately:

(1) If indC'(¢)) < 2, then there exists a,b € F* such that C'(¢)) ~ [b, a). In particular, C(1)) ~
[r,1) @F [b,a).

(2) If indC(¢) = 4, then there exists an Albert form v such that C'(¢)) ~ C(v). Since
indC(Vr)) = indC(Yrw)) < 2, the form yp(q is isotropic. We get, by [19, Théoréme
1.12)], v ~ z[1,r] L y[l1,t] L z[1,r + t] for some scalars z,y, z,t € F*. Now we write C(7)
explicitly:

C(y) =C(x[1,r] Ly[l,t] L z[1,r+t])
~ [ ) @ [t y) @r [r+1,2)
~[r2) ®p [ty) ©F [, 2) @F [t 2)
~[rzz) @F [t yz).
Thus, in both cases we can write C'(¢)) ~ [r, s) @ [b, a) for suitable scalars a, b, s € F*. We

now consider 7 = s(a[l,b] L [1,b+ r]|) and compute its Clifford algebra:
C(r) = C(as[1,b] L s[1,b+1])
~ [b,as) @p [b+T,5)
~ [b,a) @p [b,s) ®p [b,s) @p [r, 5)
~ [b,a) ®F [r,s).
Hence, we have C'(¢)) ~ C(7), and thus, by Theorem 2.9 we get
Y Lrel’F (5.6)
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Passing to K, we get i L 7 € [ ;';K , and adding to equation we get:
v 1L 71K GIS’K. 5.7
We now have an F'-quadratic form 7 of dimension 4 such that p 1 75 € [ g’K and A(p) =
A(Wg) = ANTk) =+ p(K). We pass equation to K(7) to get:
Pr() L T € K(T).
Since dim(7x(7))an < 4, We obtain by the Hauptsatz
(o L)k ~0 (5.8)
that is, Yx () =~ Tk (r). Hence, pg (- is isotropic, and thus by [19, Theorem 1.3], ¢ ~ x7f for

some scalar z € K*. Consequently, K (¢) = K (7).

Summarizing, we have our initial hypothesis ¢ 1 ¢y € [ ;*K (equation || for some F'-
quadratic form 1), another F'-quadratic form 7 of dimension 4 such thaty L 7 € [ g’F (equation

(5.6)) and E := K(p) = K(7).

We extend equation (5.1) to E, to get (¢ L ¢))p € I, E. In other words, Y5 ~ ¢p L 7 for
some form 7 € I E. In particular, we have (¢ L 7)g ~ ¢p L 7z L 7. But we have seen
before that ¢ L 7 ~ 0 (equation (5.8)), hence (1) L 7)p € IJE. Sincey) L 7 € IJF, we
conclude that

o L7+ I'FeT.(E/F). (5.9)

Note that £ = K(7) = F(7)(Q). Since r + s > 4, it follows from Corollary 3.7(1)

o L1 eT,(F(r)/F).
By Theorem [3.9] there exists p € P3(F) such that
v L7 LpelF, (5.10)

and x7 C p for some x € F*. We write p ~ x7 L 0 for some F'-quadratic form 6. Since 7p(;)
is isotropic, the Pfister form pp(; is hyperbolic, and thus 0, is isotropic. Again using [19,
Theorem 1.3], we get a scalar y € F* such that § ~ yr, and thus p ~ x7 L y7. Hence, we
derive from equation (5.10) the following

v Layr €l ;LF i
Extending this last equation to K, and combining with equation (5.1)), we get:
o laytg €1 ;lK .

It follows from the Hauptsatz ¢ ~ (xyT)g, as desired.

6. PROOF OF THEOREM 1.2} THE CASE OF TYPE (1,2)

The proof we will give is quite trickier than the previous cases and we will use a different
line of approach. We recall a preliminary result.

Proposition 6.1. ([21, Corollary 2.13]) Let p € F[X] be an irreducible polynomial. For any
dim vy
2

anisotropic totally singular F-quadratic form -y, we have i4(Vp@)) < | |, where [m] denotes

the integer part of m.
13



Corollary 6.2. Let () be an anisotropic F-quadratic form of dimension > 8. Let p € F[X| be
an irreducible polynomial, and (1', s") the type of (Qrp))an- If iw (Qr () = 0, then '+ 5 > 4.

Proof. Let L = F(p) and (r, s) the type of (). We have i4(Q) = i4(ql(Q)1). Let (', s") be the
type of (Qr)an- Since iy (Qr) = 0, we get r = 1’

(1) Suppose that s = 2k. By Proposition we have iq(ql(Q)r) < [3] = k. So, we have
s' = dim(ql(Q)r)an = s —ia(al(Q) ) > k. By our hypothesis dim ) = 2r +s = 2r 42k > 8,
and thus in this situation ' + s’ > r + k > 4.

(2) Suppose that s = 2k + 1. Again, as we did in (1), i4(ql(Q)z) < [5] = & and thus
s'=s5—ig(ql(Q)r) > s — k =k + 1. Moreover, dim Q) = 2r + s = 2r + 2k + 1 > 8, that is,
r+k>4. Wethushaver' +s >r+k+1>4. O

dim ¢

Definition 6.3. A singular quadratic form o is called quasi-hyperbolic if i,(¢) > =3

We also need the following lemma:

Lemma 6.4. ([26, Corollary 2.7]) Let ¢ = R L ql(p) be an anisotropic quadratic form over
F, and 7 a quasi-Pfister form such that ql(¢) ~ m ® v for some totally singular form ~y. Let
1, -+, ¢s € Dp(m) be such that (cy, - -, cs) < . Suppose that 1 € Dp(R). Then, there exist
dy,---,ds € F and R anonsingular form such that p ~ [cy,dy] L -+ L [cs,ds] L R L ql(y).
In particular, dim R > 2s.

The descent for quadratic forms of type (1, 2) will be based on the following corollary that
answers the quasi-hyperbolicity over inseparable quadratic extensions.

Corollary 6.5. Let ¢ = R L ql(p) be an anisotropic semisingular F-quadratic form. Let
d € F\ F? and suppose that ¢ is quasi-hyperbolic over F(\/d). Then, dim R > 4, and for any
scalar o € Dp(R), there exist a nonsingular form R’ of dimension dim R — 2 and a € F such
that

p~a(l,d),®[l,a LR Lgl(p). (6.1)

Proof. Let L = F(\/c_l) and V' the underlying vector space of ¢. We may suppose a = 1.
Since ¢y, is quasi-hyperbolic, then the uniqueness of the quaslinear part implies that ql(¢)r,
is quasi-hyperbolic. Hence, ql(p) ~ (1,d) ® p for some totally singular form p [9, Theorem
7.7]. Moreover, 22 4 d is a norm of ©r(z) [23]. Hence, pp@) (v) = x* + d for some vector
v eV ® F(x). We may suppose v € V ® F|[z] [7, Theorem 17.3]. Since ¢ is anisotropic, we
may write v = vy + xv; for vo,v1 € V. Hence, the condition ¢r(,) (v) = 2? + d implies the
following relations: p(vg) = d, ¢(v1) = 1 and B,(vo,v1) = 0, meaning that (1,d) < ¢. It
follows from Corollary [6.4|that dim R > 4, and we have the following isometry:

e~ [1,a] Ld[1,b] L6 L dql(y),

where a,b € F' and 0 is a nonsingular quadratic form of dimension dim R — 4. The previous
isometry can be re-written as follows:

SO ~ <17d>b ® [1,&] J— R, J— ql(gp%

where R’ = d[1,a + b] L 6 is of dimension dim R — 2. Hence the corollary. O
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For the rest of this section, we fix () an anisotropic F'-quadratic form of dimension > 8§,
K = F(Q), and ¢ an anisotropic K -quadratic form of type (1,2) such that ¢ ~ 1 for some
F-quadratic form 0. We will prove that ¢ is defined over F' in many steps.

Set ¢ ~ a[l,b] L (1, x) for some scalars a, b, z € K*. By the uniqueness of the quasilinear
part, we have ql(¢)x ~ (1, x), and thus we may suppose € F* and write ¢ ~ 0 L (1, x) for
some nonsingular F'-quadratic form 6. So we have

o~ (0L (1x))k. (6.2)
Note that K'(v/x) = F(y/x)(Q) as the polynomial given by @ remains irreducible over F'(1/z).

Proposition 6.6. We keep the same notations as mentioned before. Then, there exist k,| € F*
such that

Yr(vp) = (K[L1] L (1, 2))kym)- (6.3)

Proof. (1) Suppose iy (Qp(/z) > 0. Then, the extension K(y/z)/F(y/x) is purely
transcendental, so we write K(\/z) = F(y/x)(t1,---,t,) for some independent variables
1, -, tpover F(y/x). Let L = F(ty,---,t,).

Extending equation (6.2) to K (1/x), canceling the form (0), and using the excellence of the
extension L(+/z)/L, we get a nonsingular L-quadratic form § of dimension 2 such that

0 LW)reym ~ (0 L (1) Lm): (6.4)

Since in equation (6.4) we have nondefective forms and F' is infinite, we can apply [17,
Proposition 2.9] by specializing ¢, - - -, ¢, to suitable scalars in F', getting scalars k,[ € F*
such that

(0 L (1) pym ~ (B[L1 L (1) pm)- (6.5)
After extending equation (6.5)) to K (/) and adding the form (0), we get

Now combining with equation yields gz >~ (K[1,1] L (1)) k() as desired.
(2) Suppose iy (Qp(,/z) = 0. Extending equation to K (1/z), and canceling the zero form
(0), we obtain
(a[1,0] L (1) (ym ~ (0 L (1)k(m)- (6.7)

We will apply to equation the descent for forms of type (1,1). Let Q" = (Qr(yz))an-
Since iw (Qp(yz) = 0, the extension F'(\/z)(Q)/F(y/x)(Q') is purely transcendental when
Q () 18 isotropic. Moreover, by Corollary the type (17, s') of @)’ satisfies ' + s > 4. So
without loss of generality, we may suppose that () is anisotropic over F'(1/z). By the descent
for forms of type (1, 1), there exists a nonsingular F'(1/z)-quadratic form 7 of dimension 2 such
that

(a[L,0] L (D)km ~ L W)k (6.8)
~ (0 L (1)km-
By abuse of notations, we identify A(n) and A(6) with their representatives. Applying the

completion lemma to equation (6.8, we get (1 L [1, An)])k(ym) ~ (0 L [1, A(0)])k(ym)» and
thus

K(
K(

(n Lo L[1,An) l—;_ AO)]) k(ym) ~ 0.



This implies that n L 6 L [1,A(n) + A(0)] 4 I F(y/x) belongs to I_q2(K(\/E)/F(\/E))
Applying Corollary [3.7(2), we deduce
nLo L[ A+ AW0) € LK)
Hence, C'(n) ~ C(0)p(,/z), and thus indC(0) p(/z) < 2. Then, there exists 7, := ((k,[]] € B F
and e € F' such that
C(0) ~ C(n) @ [e, x).
Passing to F'(y/x), we obtain
C(n) ~Cln L[L,AM]) ~ LK)
Hence, n L [1,A(n)] = (k[1,]] L [1,]])p(/z)- Adding the form (1), - and canceling the
hyperbolic plane yields
n L (1) = (K[1,1] L(1))rm- (6.9)
Now extending equation to K(y/z), and combining it with equation , we get
(a[1,b] L (1) k(ym) =~ (K[1,1] L (1))k(ym)- In particular, we obtain
This proves the proposition. U
From equation (6.3), it is clear that we have
(a[1,0] L K[LI] L (L)) ks =2 x H L (1,0), 5, (6.10)

which means that the form a[1,b] L (k[1,1] L (1, z))x becomes quasi-hyperbolic over K (/).
Moreover, over K, we have

e :=iw(a[l,b] L k[1,]x L (1,2),) € {0,1,2}.
We will discuss on each value of € to descent ¢ to F'.
Lemma 6.7. We keep the same notations as mentioned before. Then, we have € # 1.

Proof. Suppose € = 1. This implies
a[l,0] L (k[1,1] L (1,2))k ~10,0] L as[1,b1] L (1,2), (6.11)

for some scalars a;,b; € K*. Tt is clear from (6.11) and (6.10) that iy ((ai[1,0] L
(1,2))k(ym) = 1, meaning that A\ := ai[1,0:] L (1,7) is quasi-hyperbolic over K (y/z).
But this is not possible by Corollary because the regular part of A\ has dimension smaller
that 4. O

Lemma 6.8. We keep the same notations as mentioned before. If ¢ = 2, then  is defined over
F.

Proof. The condition ¢ = 2 means that a[1,b] L k[1,l]x L (1,2), ~ 2 xH L (1,2).
Adding on both sides the form k|1, ] and canceling the form 2 x H, we get ¢ ~ (k[1,{] L
(1,2)) k. O
Proposition 6.9. We keep the same notations as mentioned before. If € = 0, then we have:

(1) There existu € K* and y € IgF such that

all,b] L (K[1,0] L (L, 2))x ~ k(l,z),®[L,u] L (1,2),

~ (v L (L )k
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(2) If ((z, k, u)] is isotropic, then y is defined over F.
(3) Let L/ F be a field extension and n € G P, (L) with n > 3. Suppose we have

(n L (L a))kr ~ (k{1 2),®[Lu] L(1L2)kL.

Then, nk.1, is isotropic iff ((x,k,u)] ; is isotropic. When ny 1 is anisotropic, we
necessarily have dimn = 8, i.e.,, n € GP5(L).

Proof. (1) Since a[l,b] L (k[1,1] L (1,z))x is anisotropic over K, and becomes quasi-
hyperbolic over K (1/z), it follows from Corollary

all,b] L (k[1,0] L (1,2))x ~ k{1,z),® [1L,u] Lo[l,w] L (1,2),  (6.12)

for some scalars u,v, w € K*. Passing to K(+/x), we conclude that (v[1,w] L (1,2))x( =)
is quasi-hyperbolic. Hence, using again Corollary [6.5] and taking into account the dimension
of the regular part, we necessary have v[1,w| L (1,z), isotropic. Consequently, v[1,w] L
(1,z), ~ (1,2), because (1, z), is anisotropic. Now equation could be written as:

a[l,0] L (k[ L(1,2))r ~k(l,z), ®[1,u] L (1,2),. (6.13)
Recall our initial hypothesis a[1,b] L (1,z) ~ (6 L (1, x))x, and substitute in equation (6.13),
we obtain:
(0 LA[11 L (1,2))x~k(La),®[Lu L(1,1). (6.14)
Passing to K (y/x) and cancelling (0), gives us
(6 LKL L A1) k(ym) ~ (1)
Now we obtain by completion lemma:
(0 L kL1 L[11+A0)])kym ~ 0.
Hence, 6 L k[1,1] L [1,I+ A(9)] + IJF € I_qQK(\/E) Recall that we have either

iw(Qr(yz) > 0or (iw(Qp/z) = 0 and the type (', s") of (Qp(/z))an satisfies ' 45" > 4
(Corollary[6.2). Hence, we get by Corollary [3.7(2)

0 LK[1,1] L[1,1+A0)] + IPF € I, F(/7).
By Theorem [3.10] there exists a nonsingular F'-quadratic form p such that

0 LE[LDL[LI+A@)]L(lz),®pelF.
Because p L [1, A(p)] € I2F, we have

O LELINLLI+A®DO)]~ (1z),®[1,A(p)] L7,
where v € [ S’F . We now pass to K, add (1, x) and cancel the hyperbolic planes, we obtain:
0 LELIL1x)k~(yL (1 2)k.
Combining this equation with and yields
all,b) L (K[, L(1,2))x ~ k(l,z),®[1u] L (1,2), (6.15)
~ (v L (L o))k

This completes the proof of statement (1). For the rest of the proof, let 7 denotes the form

({(x,k,u]] € P3(K).
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(2) Suppose that  is isotropic, then it is hyperbolic. Hence, k (1, 2) ® [1,u] ~ (1, 2) ® [1, u].
This implies that & (1, 2) ® [1,u] L (1, z), ~ (1, z), and by equation (6.15)

all,b] L (K[1,1] L (1,2))x ~ (1,2) .

Hence, ¢ ~ (k[1,1] L (1,x))k is defined over F.
(3) Let L be a field extension of F' and n € GP, (L) with n > 3. Suppose we have

(n L (La))kr ~ k(1 2), ®[Lu] L(1,2)kL
If nk 1 1s isotropic, then it is hyperbolic. Hence, we get
<1ax>K.L ~ (k <17:C>b ® [L,u] L (1,2))k.r-

Consequently, 7k 1, is isotropic because & (1,z), ® [1,u] L (1,z) < m. Conversely, if 7k s, is
isotropic, then the same argument as in the proof of (2) gives (k (1, z), ® [1,u] L (1,2))xk.r ~
(1,x) ;. and thus
(n L (L))o~ (L), -

Then, iw((n L (1,2))k1) = dgﬂ. Lemma implies that any form dominated by (n L
(1,2)) k.1 and having dimension > di% + 3 is isotropic. Hence, 7y, is isotropic because
dimn > di% + 3 since dimn > 8.

Suppose that 7k, is anisotropic. Hence, mx ; is anisotropic, and thus its Pfister neighbor
(k(1,z), ® [1,u] L (1,x))k.r is also anisotropic. Then, j := i,((n L (1,2))k.r) = iw((n L
(L, 2))k.p) = dimn _ 9. Since 7k 1, is anisotropic and dominated by (n L (1,z))k., it follows

from Lemmathat dimn <dimn+2—-j+1= di’;" +5,1i.e.,dimn = 8. O

Proposition 6.10. We keep the same notations as mentioned before. If ¢ = 0, then ¢ is defined
over F.

Proof. Suppose ¢ = 0. We will prove that ¢ is defined over F'. We have by Proposition[6.9]
all,b] L (K[, L(L,2))x ~ k(l,z),®[1,u] L (1,2), (6.16)
~ (7 1 <17 x>)K7
for some v € K* and v € [, 3F . Without loss of generality, we may suppose 7y anisotropic,
and thus dim~ > 8 by the Hauptsatz. Also, we may suppose, by Proposition [6.9(2), that
7 := ((z, k, ul] is anisotropic. Let A = ((x, k)) and p = k (1,2), ® [1,u] L (1,2) .

Let (F},7:)o<i<n be the generic splitting tower of ~, where h is the height of . Let d be the
degree of v and ™ € P,(F),—,) its leading form. So we have vz, _, ~ 27 for some z € F}_,.
We discuss on the height h of ~.

(1) Suppose h = 1. This means that y is similar to 7. By Proposition dimy = 8 since 7
is anisotropic. Moreover, T, 7z isotropic implies that v, z) is isotropic (Proposition @, and
thus (/7 is hyperbolic. In particular, 7 4+ I7F € I_qs(K (v/x)/F). Corollary 2) implies
that vp(,z € I;F(y/x), and by the Hauptsatz vp(,z ~ 0. Consequently, v ~ y(1,z), @ T
for some y € F* and 7 = ((p, q]] € Py(F). Now since iy ((y L (1,2))x) = 2 (by equation
(6.16)), the form (y L (1)) is isotropic. Using the roundness of a Pfister form, we get

(v L (W)x = (L), @7 L (1)k.
Consequently,

(v L (L z))kx ~ (p[L, C{]gL pr[l,q] L (1,7))k.



Substituting in equation (6.16), we obtain
a[l,0] L (1,z) ~ (k[1,1] L p[1,q] L px[l,q] L (1,2))k.
Since dim @ > 8, it follows from Theorem [2.5]that a[1,b] L (1, z) is defined over F'.
(2) Suppose h > 1. Extending to K.F},_1, we get
(2 L(1,2))k.p,, ~ (k(L,2), ® [1,u] L (1,2))k.pm,_,, (6.17)

for some z € F)_,. Moreover, m remains anisotropic over K.F}_; because dim~; > 8 for
all # < h — 1. Hence, equation (6.17) and Proposition imply that 7x , , is anisotropic
and dim 7 = 8. Moreover, since Tx () is isotropic, the form 7x f, ,(x) is isotropic (again by
equation and Proposition . Hence, Ty r, , ™~ Tk.F, ,- This implies

(,-)/ 1 7r)K~Fh71 € [3K.Fh71
because 7, , ~ 27. In other words, v L 7 + I K € Tz(K.Fh_l/K). We claim that
vk LmellK. (6.18)

In fact, if v;,_o is isotropic over K.F},_o, then K.F,_,/K.F}_5 is purely transcendental, and
hence v L 7w + I;‘K € Yz(K.Fh_g/K). If 7,,_o is anisotropic over K.F}, o, then we get the
same conclusion by Corollary Repeating the same argument for the forms ; fori < h — 2,
we get the desired claim.

Now equation (6.18) gives vx(n) € I?K()\). Corollaries 2) and |6.2| imply that yr()) €
I3F(X), thatis, v + I F € Tz(F()\)/F) Hence, there exists by Theorem [3.10|a scalar v € F
such that

v LA®[1,0] € IF. (6.19)
We extend (6.19) to K and we substitute in equation (6.18]), we obtain 7 L A ® [1,v] € ](‘;K.
We get by the Hauptsatz
T~ (A®[1,v])k. (6.20)
Adding on both sides of equation the form (1, z) ., and canceling the hyperbolic planes,
we deduce
(k(L,z),®[1,v] L (1,2))r 2 k(1,z), ® [1,u] L (1, ).
We combine this isometry with equation (6.16)) to get
a[l,0] L (1,z) ~ (k[1,1] Lk(1,2), ® [1,v] L (1,2))k.
Since dim Q) > 8, it follows from Theorem [2.3]that ¢ is defined over F'. OJ

7. PROOF OF PROPOSITION 3]

Let () be an anisotropic F-quadratic form which is not totally singular, and K = F(Q). Let
B be a bilinear form over K such that B + ["™' K € Im(W (F)/I""'F — W(K)/I""'K)
for some integer n > 1 satisfying 2" > dim 5. We will prove that B is defined over F'.

Since ( is not totally singular, we may write X' = L(«), where L/F is purely transcendental
and o® + « € L\ p(L). Let s : K —» L be an L-linear map satisfying s(1) = 0, and let
s. : W(K) — W(L) be the transfer map induced by s. By [7, Corollary 34.17], we have
s, (I"K) C I"™ L. Let C € W(F) be such that

Bl CkelI"K. (7.1)
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Applying the map s, to equation (7.1), we get s.(B) € I""'L. Since dims,(B) =
2dim B < 2"*1, we conclude by the Hauptsatz that s,(B) ~ 0. By [7, Corollary 34.15], there
exists an L-bilinear form D such that B ~ Dy. Since K/L is excellent and B anisotropic, we
may write‘B ~ Dyg. We then have D | Cx € I"™'K. Moreover, for any integer 7 > 1,
we have I' (K/L) = {0} by equation Qi because K /L is separable. So, after iterating this
kernel, we obtain from Dy | Ck € I K the following

D1 C,el" L.

Let p € I""'L be such that D L C; ~ p. The field F is infinite, so we specialize D and p
to suitable F'-bilinear forms Dy and py, respectively (we specialize the variables defining L to
suitable scalars in F' so that our bilinear forms D and p have “very good reduction” in the sense
of Knebusch [17, Proposition 2.2]). Hence, we get

(Do) L Cp~po € "L
Extending scalars to K, and combining with equation yields
(Do)g L Be I"K.
It follows from the Hauptsatz that B ~ (D).

8. PROOF OF THEOREM

The descent for bilinear forms of dimension 2 or 4 has been studied in [28]], but it turns out
that the proof for these two cases is incomplete. In fact, it was considered that any element «
of Tz(F(\/E)/F) belongs to [ F ® (1,x + a?), for some scalar a € F, while o must be in a
finite sum ), I*~'F ® (1, x + a?),. Here we will proceed in a different way. For the descent in
dimension 2 (Proposition [8.1), we use a generic argument to reduce to nonsingular forms, and
thus apply Theorem [I.2] This reduction has the advantage to conclude the descent taking the
group Im(W (F)/I*F — W(K)/I?*K) instead of Im(W (F) — W/(K)). For dimensions
3 and 4 (Propositions [8.2] and [8.4), to avoid the obstacle caused by the finite sum mentioned
before, we work with a kernel TQ(F(Q’ )/F) for @)’ a totally singular F-quadratic form of
dimension 3, so in this case each nonzero element of the kernel is reduced to a symbol (Theorem
B.12). Moreover, we use a recent result that states the extension F(Q')/F is excellent for
bilinear forms ([27, Theorem 1]), and we work with the group Im(W (F') — W(K)) instead
of the group Im(W (F)/I*F — W(K)/I*K). Taking into account these new changes, the
other arguments that we will use are similar to those used by Laghribi and Rehmann, which are
themselves inspired from Kahn’s method in characteristic not 2 [15]].

Proposition 8.1. Let () be an anisotropic totally singular F-quadratic form of dimension > 4,
and K = F(Q). Let B be an anisotropic bilinear form over K of dimension 2. If B+ I’K €
Im(W(F)/I’F — W(K)/I?*K), then B is defined over F.

Proof. We keep the same notations and hypotheses as in the proposition. Let ¢ be a variable
over K and ¢ = B ® [1,¢7!] defined over K := K ((t)) the field of Laurent series over . The
form ¢ is anisotropic over K. Let F' denote the field F'((t)).

The condition B + I’K € Im(W (F)/I*F — W(K)/I*K) implies that det B is defined
over F' by a scalar d € F*. Hence, B ~ «(l,d), for some o« € K*. Moreover, we have
o+ I'K € Im(W (F)/I*F — W(K)/I*K). It follows from Theorem [1.2|that o ~ 1) for

some quadratic form ¢ over F. Clearly « (1,d) is the first residue form of ¢ with respect to
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the ¢-adic valuation of K. Similarly, the first residue form of ¢ is given by 1, where ¢’ is
the first residue form of ¢ with respect to the ¢-adic valuation of F. Since a (1, d) ~ 9}, we

deduce that «v (1, d) represents a scalar 5 € F*. Using the roundness of a Pfister form, we get
B ~ (8(1,d),)k, and thus B is defined over F. O

Proposition 8.2. Let () be an anisotropic totally singular F-quadratic form of dimension > 6
such that ndeg(Q) > 8. Let K = F(Q) and B an anisotropic K -bilinear form of dimension
3 such that B € Im(W (F) — W(K)). Then, B is defined over F.

Proof. We keep the same notations and hypotheses as in the proposition. We can write F'(Q)) =
L(Q’), where L/F is purely transcendental and ()’ is an anisotropic totally singular L-form of
dimension 3.

Let C' € W(F) be such that B ~ Cf. In particular, B ~ (Ck ).,. The extension L(Q")/L
is excellent for bilinear forms ([27, Theorem 1]), hence there exists an L-bilinear form C’ of
dimension 3 such that (C )an >~ C%. Consequently, (C' L C")1(qy ~ 0. Since dim Q' > 2, we
getdet Cp =detC’,and thus C, L. C" € [ 2. Consequently, we have

Cp LC'+PLeT (LQ)/L). (8.1)

Let p € BP(L) be such that ' is similar to a subform of p (i.e., @v’ is a quasi-Pfister neighbor

of p). By Proposition , we get C, L C'+ IPL € TQ(L(p)/L). Hence there exists, by
Theorem 3.12} a form C” € BP,(L) such that

C,LC LC"el’L. (8.2)

Now since L/F is purely transcendental and F' is infinite, we specialize the equation (8.2)),
as we did in the proof of Proposition|[I.3] to get
CLC,LC e’
for suitable F'-bilinear forms C] and C7 such that dimC] = 3 and C} € BP,(F). Let x €
Dr(CY). Since C7 L xCYy € I’F, we deduce
C 1O, LxC) e PF.

Let D = (C] L 2CY)an. Since we chose © € Dp(C"), we have dim D < 5. Passing to K
and keeping in mind our initial hypothesis B ~ C, we get

B | Dy € IP’K. (8.3)

If dim D = 3, then simply using the Hauptsatz on equation (8.3), we get that B ~ Dy, as
desired. So suppose dim D = 5.

Letdet D = d, v = D L (d), (an Albert bilinear form) and § = B L (d), € GBP»(K).
Then, we have:

0 L vk € IPK. (8.4)

Passing to K(), we get by the Hauptsatz yx@ ~ 0. Since @ is anisotropic, we have
ndeg, () = 4. It follows from Theorem that dim(7g )., is divisible by 4. Hence, i
1s isotropic.

(1) Suppose that - is isotropic. Then, v ~ p for some p € GBP»(F). Lety € Dg(p). Since
p L dyp € I?F, it follows from equation

B L ({d), L dyp)k € I’K.

Since A := ((d), L dyp)an has dimension < 5, we conclude by the Hauptsatz that B ~ \f.
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(2) Suppose that v is anisotropic. Note that ndeg,(7) = {8,16} because  is anisotropic.
Moreover, we have ndeg.(7) > ndegr(Q) > 8 because yx is isotropic (a consequence of
[10, Proposition 8.13]). Hence, ndeg,(7) = 16. Consequently, v isotropic implies that () is
similar to a subform of 7 [24, Theorem 1.1], which is not possible since dim () > 6. O

Below we present an example showing that Proposition [8.2 fails in general when dim @) > 6
but ndeg,(Q) = 8.

Example 8.3. Tuke F' = Fy(x,y, z) the rational function field in the variables x,y, z over a
field Fy of characteristic 2. Let n = (x,y,zy, 1 +z, 2, (1 + 2)2), L (yz),. Then, we have the
following:

(1) n is anisotropic over F, and ndeg (1) = 8.
(2) dim(npe))an = 3 and (Np(y))an is not defined over F.

Proof. (1) Using the standard isometry (a, b) ~ (a,a + b), we deduce

n={r,y,zy,1+zz2(1+)2) L (y2)
~ (z,y,zy,1,z,22) L (yz)
= {(z,y)) L z(Lz,y).
Thus, 77 is anisotropic over F' and it is a quasi-Pfister neighbor of the quasi-Pfister form
{(x,y,2)). The norm field of 77 is F*(z,y, z), hence ndeg (1) = 8.

(2) Let v denote the Albert bilinear form (z,y, zy,1 + z, 2, (1 + z)z),. Since 7 is a quasi-
Pfister neighbor of dimension 7, it follows that id(ﬁF(n)) = 3 [10, Theorem 8.11(ii)]. But, by
[12} Proposition 1], we know iy (np;)) = ia(nr@) ), thus we obtain iy (k) > 2.

(i) Suppose iw (Nru)) = 2. Then, B := (Np(;))an is an F'(n)-bilinear form of dimension 3.
Suppose that B is defined over F'. Then, there exists an F-bilinear form C' of dimension 3 such
that B ~ Cp(,). In particular, (n L C)pq) ~ 0, that is

(v L (yz), L C)pgyy ~ 0.

Moreover, the condition ndeg(77) = 8 implies, by Theorem 3.13] that dim(y L (yz), L C)an
is divisible by 8. The form v L (yz), L C'is not metabolic, otherwise we would get

v~ (yz), L C

and thus 7 would be isotropic over F'. Hence, dim(y L (yz), L C),, = 8, and we have by
Theorem [3.13]
~(yz), L C L,

for some m € GBP3(F). Since dlmv 6, we get iy ((yz), L C L m) = 3. Thisis a
contradiction, since (yz), L C € GBP,(F) and 7 € GBP;(F), this Witt index must be a
power of 2 by [23) Theorem 3.7].

(ii) Suppose iw (1r@;)) = 3. Then, comparing determinants yields npu;) ~ ((y2),)r@m)-
Adding (yz), on both sides, we get:

Yr@m) ~ 0.

This is not possible by Theorem [3.13|because dim + is not divisible by 8 = ndeg (7).

Hence, we deduce from the two cases (i) and (ii) that dim(nF(n))an = 3 and (np(n))an is not

defined over F'. O
22



Proposition 8.4. Let () be an anisotropic totally singular F-quadratic form of dimension > 8,
and K = F(Q). Let B € GBP,(K) be anisotropic such that B € Im(W (F) — W(K)).
Then, we have:

(1) There exists p € BP,(F) such that B is similar to pg.
(2) If B € BP,y(K), then B is defined over F.

Proof. We write B = z0, where x € K* and § € BP,K. Let C € W(F) be such that
B ~ Ck. We write K = L(Q’) such that the extension L/F' is purely transcendental and
()’ is an anisotropic L-bilinear form of dimension 3. Using the fact that K/ L is excellent for

bilinear forms and following the same arguments as in the proof of Proposition [8.2] we prove
the existence of C', € GBP,(F') and C7 € BP,(F') such that

C LC LyC! e IPF, (8.5)

where y € Dp(C1). Let D = (C} L yCY)an. We have D € I?F of dimension < 6. Extending
equation (8.5) to K and using B ~ C, we get

x8 L Dy € PK. (8.6)

It follows from the Hauptsatz that D 5y ~ 0. We have two cases:

(1) If dim D < 6, then necessary dim D = 4, otherwise by the Hauptsatz and equation
(5 would be isotropic. Hence, D ~ zp for some z € ["* and p € BP»(F'). Then, from equation
,we getd L pxg € I?K. By the Hauptsatz § ~ pg.

(11) If dim D = 6, then the condition Dy ) ~ 0 implies that ndeg K(g) = 4 divides dim D
(Theorem [3.13)), which is not possible.

This concludes the proof of statement (1). This proof also shows that B is defined over F
when B € BP5(K). O

9. PROOF OF PROPOSITION

Let s > 1 be an integer, () an anisotropic totally singular F'-quadratic form of dimension
> 2, and K = F(Q). Suppose we have the following hypothesis: “Conjecture is true
for nonsingular F(Q)-quadratic forms ¢ of dimension < 2s when Q) is a totally singular F-
quadratic form such that dim () > 4s”.

Let B be an anisotropic K -bilinear form such that dim B < s. Suppose dim () > 4s and
B+ "MK € Im(W(F)/I"™'F — W(K)/I"™ K) such that 2" > dim B. Our aim is to
prove that B is defined over F'.

Let ¢ be a variable over K, K = K((t)), F = F((t)) and ¢ = B ® [1,t7*]. The form ¢
is anisotropic over K and satisfies: ¢ -+ I"+2F € Im(W,(F )/I”“F — W, (K )/I;‘”[?),
dim ¢ < 2s and 2" > dim .

Since dim @ > 4s and 2"** > dim ¢, we deduce from our hypothesis that ¢ ~ 1z for
some [- -quadratic form ). On the one hand, the first residue form of ¢ with respect to the
t-adic valuation of K is B, the totally singular form associated to B. On the other hand, the
first residue form of ¢ is give by 0, where 0 is the first residue form of 1) with respect to the
t-adic valuation of F'.

Since 6 is defined over F', we deduce that B represents a scalar ¢ € F**. Hence, B ~ (c), L C
for some K -bilinear form C. The form C' satisfies the same conditions as 53, and thus we apply
to C' the same argument as we did for B. We continue step by step until we prove that B is

defined over F'.
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