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Study of the Combined Effects of the Air-Gap Transfer for Maxwell Tensor and the Tooth Mechanical Modulation in Electrical Machines

The Maxwell Tensor (MT) method is widely used to compute global forces or local surface forces for vibroacoustic design of electrical machines under electromagnetic excitation. In particular the air-gap Maxwell Tensor method is based on a cylindrical shell in the middle of the air-gap. This paper proposes to quantify the differences between the air-gap MT and the magnetic force wave experienced by the stator. In particular the air-gap to stator transfer and the tooth mechanical modulation effects are studied. A new formula is proposed to extend the tooth modulation effect to tangential forces. A numerical application is performed with a turbo-alternator to illustrate the respective and combined effects of both phenomena. The paper highlights that the tooth mechanical modulation is relevant even for electrical machines with a high number of teeth. Additionally the combination of the two phenomena has a clear impact on the calculated surface force. Therefore, it is recommended to take into account the air-gap transfer for any study of the tooth mechanical modulation effect.

I. INTRODUCTION

Maxwell Tensor (MT) is widely used to compute the magnetic forces that apply to electrical machines subjected to electromagnetic excitation. In particular the air-gap MT method is based on a cylindrical surface in the middle of the air-gap. In general the air-gap MT is used by electrical machine designers to compute accurately the global electromagnetic torque waveform.

This technique has been extended to the study of local magnetic forces experienced by the outer structure (generally the stator) for vibro-acoustic studies [START_REF] Valavi | Influence of pole and slot combinations on magnetic forces and vibration in low-speed PM wind generators[END_REF]: it gives an accurate harmonic content and it can be used to troubleshoot the electromagnetic vibrations. In order to improve the accuracy of this method, recent works [START_REF] Pile | Application Limits of the Airgap Maxwell Tensor[END_REF][START_REF] Pile | Transfer Coefficients from Air-gap to Stator Bore Radius for Magnetic Force Wavenumbers -Application to Electrical Machines[END_REF] suggest the use of transfer coefficients which allows to compute surface forces at stator bore radius based on the air-gap surface forces: magnetic field in the middle of the air-gap contains less numerical noise, which reduces the risk of incorrectly exciting natural frequencies. Moreover, analytical magnetic flux models are limited to the middle of the air-gap. Although the air-gap MT is a good approximation of magnetic forces for small air-gaps, its application to topologies such as turbo-alternators with relatively wide air-gaps could lead to significant errors for magnetic force calculations.
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Fig. 1. Magnetic surface force equivalent spectrum from air-gap to yoke Moreover, recent publications [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF][START_REF] Wang | Analysis of Zeroth Mode Slot Frequency Vibration of Integer Slot Permanent Magnet Synchronous Motors[END_REF] are looking for an equivalent magnetic surface force applied on the stator yoke neutral fiber as illustrated in Fig. 1. This equivalent force must have the same mechanical response as the air-gap surface force applied on teeth tips. The main phenomenon is that high spatial force wavenumbers at teeth tips are experienced as low wavenumbers at yoke level [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF]- [START_REF] Weh | Zur elektromagnetischen schwingungsanregung bei asynchronmaschinen[END_REF].

The main motivation of the paper is to improve the accuracy of vibroacoustic simulations based on cylindrical shell structural models of electrical machines. In particular, the paper aims at estimating tangential force contribution to the overall vibration based on the knowledge of the radial force response. The use of analytic mechanical model requires to calculate the equivalent surface force applied on the yoke. Even with numerical simulations such as Finite Element Analysis (FEA), the knowledge of this equivalent force could be useful to diagnose the origin of electromagnetic vibration in electrical machines at early design stage. For this purpose, this paper discusses the main phenomena which could alter the surface force signal between the air-gap and the yoke and two complementary solutions are discussed.

As an application example, a numerical simulation is performed for a turbo-alternator topology. This topology is interesting because it has a relatively high number of teeth and a large air-gap: air-gap width is the main parameter for air-gap transfer [START_REF] Pile | Comparison of Main Magnetic Force Computation Methods for Noise and Vibration Assessment in Electrical Machines[END_REF], while the number of teeth is the main parameter for tooth modulation effect [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF][START_REF] Weh | Zur elektromagnetischen schwingungsanregung bei asynchronmaschinen[END_REF].

II. APPLICATION OF MAXWELL TENSOR

The magnetic flux density B is related to the magnetic field H by B = µ(B)H in an incompressible linearly magnetizable media. Then the magnetic stress tensor reduces to the following form [START_REF] Rosensweig | Ferrohydrodynamics[END_REF]:

T m = -µ H • H 2 I + µH ⊗ H (1)
with I the identity tensor. Applying Stoke's theorem along a closed boundary Γ including a volume V gives the total magnetic force F m acting on this volume. For electrical machines, it is often applied on a cylindrical surface in the middle of the air-gap -radius R ag -as in Fig.

2 [START_REF] Valavi | Influence of pole and slot combinations on magnetic forces and vibration in low-speed PM wind generators[END_REF][START_REF] Ren | Comparison of Different Force Calculation Methods in 3D Finite Element Modelling[END_REF][START_REF] Gieras | Analytical prediction of noise of magnetic origin produced by permanent magnet brushless motors[END_REF]:

F m = V ∇(T m ) dV = Γ - µ 0 2 H 2 n + µ 0 H n H dΓ (2)
with n the local normal to the boundary Γ and H n the scalar product between H and n. The air-gap surface force method assumes the term under the integral to be the magnetic surface force density. Developing this term in the polar coordinate system leads to:

P r (R ag , θ) = - 1 2µ 0 B r (R ag , θ) 2 - µ 0 2 H θ (R ag , θ) 2 P θ (R ag , θ) = -B r (R ag , θ)H θ (R ag , θ) (3) 
with P r the radial magnetic surface force density, P θ the tangential magnetic surface force density, B r the radial magnetic flux density, and H θ the tangential magnetic field. For the vibroacoustic study, it is more practical to decompose the force into Fourier series:

P r (R ag , θ) = n+∞ n=-∞ Pr,n (R ag )e jnθ P θ (R ag , θ) = n+∞ n=-∞ Pθ,n (R ag )e jnθ (4) 
with Pr,n and Pθ,n the radial/tangential complex amplitude.

III. METHODS FOR AIR-GAP MAXWELL TENSOR

The aim of this section is to present recent methods to compute the magnetic force waves experienced by the stator from the air-gap surface force.

A. Transfer of surface forces

This study is based on recent research works about transfer coefficients [START_REF] Pile | Application Limits of the Airgap Maxwell Tensor[END_REF][START_REF] Pile | Transfer Coefficients from Air-gap to Stator Bore Radius for Magnetic Force Wavenumbers -Application to Electrical Machines[END_REF]: the magnetic field and flux in the middle of the air-gap are more reliable and can be analytically studied to troubleshoot vibroacoustic issues.

The n th wavenumber of the surface force applying on the stator bore radius R s can be computed from air-gap surface forces at radius R ag according to the transfer law for Pr,n and Pθ,n : where S n is the self-transfer coefficient and C n the crosstransfer coefficient:

Pr,n (R sbo ) = S n Pr,n (R ag ) + jC n Pθ,n (R ag ) (5) Pθ,n (R sbo ) = S n Pθ,n (R ag ) -jC n Pr,n (R ag ) (6) 
S n = 1 2 Rag Rsbo n+2 + Rag Rsbo -n+2 (7) 
C n = 1 2 Rag Rsbo n+2 - Rag Rsbo -n+2 (8) 
This transfer law is valid for any topology with a circular air-gap band, in particular for wide air-gap topologies where (3) highly depends on the radius of application. For n = 0, electromagnetic torque is independent of the radius [START_REF] Pile | Comparison of Main Magnetic Force Computation Methods for Noise and Vibration Assessment in Electrical Machines[END_REF].

In electrical machines, radial force is often much higher than the tangential force for lowest wavenumbers such that the cross-transfer C n can be accurately neglected in [START_REF] Wang | Analysis of Zeroth Mode Slot Frequency Vibration of Integer Slot Permanent Magnet Synchronous Motors[END_REF]. However C n is generally neglected as well in [START_REF] Weh | Zur elektromagnetischen schwingungsanregung bei asynchronmaschinen[END_REF] which can lead to incorrect estimation of tangential forces [START_REF] Pile | Transfer Coefficients from Air-gap to Stator Bore Radius for Magnetic Force Wavenumbers -Application to Electrical Machines[END_REF].

The impact of coefficients [START_REF] Pile | Comparison of Main Magnetic Force Computation Methods for Noise and Vibration Assessment in Electrical Machines[END_REF][START_REF] Rosensweig | Ferrohydrodynamics[END_REF] on the computed magnetic surface force is presented in Fig. 3. S n and C n are polynomials of order n function of R sbo /R ag . Thus the effect of air-gap transfer on the magnetic surface force increases with n. It is usually assumed that the lowest wavenumbers are the only ones of vibroacoustic significance. Nevertheless, next section explains how high wavenumbers can contribute significantly to the overall vibration because of the modulation effect.

B. Radial Tooth Mechanical Modulation

The idea that stator teeth could perform a spatial sampling of magnetic forces is not new [START_REF] Weh | Zur elektromagnetischen schwingungsanregung bei asynchronmaschinen[END_REF]: continuous Shannon theorem applies between air-gap surface forces and equivalent yoke surface force. It is called the tooth mechanical modulation effect -or slot aliasing effect -and it can have significant impact on the vibroacoustic behaviour [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF][START_REF] Wang | Analysis of Zeroth Mode Slot Frequency Vibration of Integer Slot Permanent Magnet Synchronous Motors[END_REF]. [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF]. In this paper, the following modulation law is deduced from [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF][START_REF] Wang | Analysis of Zeroth Mode Slot Frequency Vibration of Integer Slot Permanent Magnet Synchronous Motors[END_REF] to compute the modulated radial surface force:

P r,m (R sy ) = K m,n Pr,n (R sbo ) (9) 
with K m,n = m n sin( nπ Zs )/ sin( mπ Zs ) the modulation coefficient. The main physical interpretation from [START_REF] Ren | Comparison of Different Force Calculation Methods in 3D Finite Element Modelling[END_REF] is that the displacement generated by a wavenumber higher than Z s /2 can be deduced from the displacement generated by a wavenumber below Z s /2. For example, an air-gap force of wavenumber n = 44 with Z s = 48 contributes to displacement of order m = 44 -Z s = -4. The modulation coefficient K m,n is plotted in Fig. 4. The result is symmetric for n < 0. According to this model, K m,n = 0 when n = kZ s , ∀k ∈ Z. An attempt to solve this issue by taking into account the slot opening is discussed by [START_REF] Wang | Analysis of Zeroth Mode Slot Frequency Vibration of Integer Slot Permanent Magnet Synchronous Motors[END_REF].

C. Tangential Bending Modulation

Air-gap tangential surface force also contributes to radial yoke displacements. Indeed tangential surface force on the tooth tip can be modelled by an equivalent radial force on the yoke [START_REF] Roivainen | Unit-wave response-based modeling of electromechanical noise and vibration of electrical machines[END_REF] based on the bending moment of the tooth:

P r,n (R sy ) = -2jZ s R sy -R sbo 2πR sy sin(nπ/Z s ) Pθ,n (R sbo ) (10) 
This paper proposes a combination of [START_REF] Gieras | Analytical prediction of noise of magnetic origin produced by permanent magnet brushless motors[END_REF] with modulation effect (9) to estimate the contribution of high tangential wavenumbers on the yoke radial displacement: It means that the displacement generated by a tangential force wavenumber n can be deduced from the displacement generated by a radial force with the wavenumber m. Addition of ( 9) and ( 11) allows to build an equivalent radial surface force at the yoke level:

P * r,m (R sy ) = K m,n P r,n (R sy ) (11) 
Pr,m (R sy ) = P r,m (R sy ) + P * r,m (R sy ) (12) 

IV. APPLICATION TO A TURBO-ALTERNATOR

In the next sections, simulations are carried out with the electrical turbo-alternator presented in Fig. 2 andTable I.

A. Bending Modulation Validation

The numerical validation of the formula ( 11) is performed with mechanical FEA. The mechanical model is loaded on teeth tips with a tangential force wave. The high number of elements per tooth allow to correctly capture the 44 wave excitation. The results are presented in Fig. 5: • Y θ,44 is obtained by direct FEA simulation with a unit tangential surface force wave Pθ,44 = cos(44θ). It is the reference.

• Y r,-4 is obtained by direct FEA simulation with a unit radial surface force wave Pr,4 = cos(-4θ).

• Y * θ,44 is obtained by applying the bending modulation [START_REF] Roivainen | Unit-wave response-based modeling of electromechanical noise and vibration of electrical machines[END_REF] to the result of Y r,-4 . It can be observed that the phase of the method ( 11) is correct, as well as the order of magnitude of the displacement wave amplitude. This observation stays true at any frequency. The model could be improved in order to adjust the amplitude, for example by taking into account the tooth geometry. This would be the matter of future research work.

B. Transfer and Modulation Combination

The previous sections present several methods denoted TR (5), MOD-Rad (9) and MOD (12) which allow to improve the accuracy and understanding of magnetic force calculation (see Fig. 1) based on the air-gap surface forces (3) denoted AG. The goal of this section is to perform a numerical application of the previous formulas in order to estimate the impact on vibroacoustic results. In particular, the successive application of TR then MOD is called TRMOD. The studied topology is interesting for two reasons:

• The relatively wide air-gap increases the impact of the air-gap transfer.

• The high number of teeth suggests that the modulation effect should stay negligible according to previous research [START_REF] Fang | Modulation effect of slotted structure on vibration response in electrical machines[END_REF][START_REF] Weh | Zur elektromagnetischen schwingungsanregung bei asynchronmaschinen[END_REF]. Regarding the time-dependency, the air-gap transfer (5) and the modulation effect [START_REF] Meeker | Femm 4.2[END_REF] are independent of temporal harmonics. Although the vibration spectrum should depend on the excitation's frequency, the goal of this first numerical study is to have a qualitative analysis of the TRMOD method. For these reasons, the simulation is performed using FEMM software [START_REF] Meeker | Femm 4.2[END_REF] at only one time-step. It allows to remove the uncertainty due to time discretization and rotative mesh. For this simulation, the total number of nodes is 176337 and total number of elements is 352312. The magnetic field in the air-gap is obtained using the FEMM interpolation [START_REF] Meeker | Femm 4.2[END_REF] feature on a circular contour: the fineness of the mesh size in the air-gap plays an important role in the air-gap surface force calculation on which all the previous transformation TR and MOD are based.

Fig. 6 focuses on magnetic surface force density wavenumbers of interest for vibroacoustic. All previous methods are compared on the turbo-alternator topology. It can be observed that the tooth mechanical modulation neglecting tangential force MOD-Rad has a negligible impact on the surface force spectrum. It can be observed in Fig. 6 that TR transformation alone has little impact on the surface force wavenumbers, in particular the 4 th wavenumber. However, it can be observed with TRMOD that the modulation can highly amplify the effect of the transfer law TR. Indeed, the transfer effect mainly has an impact on the highest wavenumbers, which are then modulated on the lowest wavenumbers. This confirms the complementarity of the two methods TR and TRMOD.

The direct use of the above methods for vibroacoustic prediction should be done with caution. Indeed, the purpose of the paper is to investigate new tools to estimate the impact of each phenomena on vibroacoustic results. A rigorous numerical validation with the principle of virtual work [START_REF] Ren | Comparison of Different Force Calculation Methods in 3D Finite Element Modelling[END_REF] will be the subject of future work.s V. CONCLUSION In this paper, the application of the Maxwell Tensor in the air-gap for vibroacoustic purpose is discussed. The goal is to obtain an accurate image of the equivalent surface force applying on the yoke which should give the same displacement. For this purpose, two phenomena are studied. The first one is the air-gap transfer, which allow to get surface force applying on the stator bore radius from the airgap surface force. The second one is the modulation effect, which is the transformation of the tooth tip surface force into an equivalent vibroacoustic surface force applying on the yoke. It allows to improve accuracy and reduce mechanical computation time. A new formula is proposed to estimate the contribution of tangential magnetic forces to the overall vibration, based on the radial force response. The formula is interesting for estimating noise with equivalent cylinder mechanical models. The effect of each model was estimated on a numerical application with a turbo-alternator topology. It can be observed that the air-gap transfer amplifies the modulation effect on wavenumbers which have vibroacoustic significance. It is recommended to take into account both phenomena for studying the vibroacoustic impact of high wavenumbers. Future research work will address the issue of slot width. It is also in the scope to perform a comparison of the vibroacoustic predictions with experiments.
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 23 Fig. 2. Turbo-alternator topology with a relatively wide air-gap for numerical study of air-gap transfer and modulation effect.
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 45 Fig. 4. Modulation coefficient depending on the wavenumber for Zs = 48
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 6 Fig.6. Comparison of several methods for magnetic surface force to be applied on the teeth tips.