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REFINEMENT INVARIANCE OF INTERSECTION
(CO)HOMOLOGIES

MARTINTXO SARALEGI-ARANGUREN

ABSTRACT. We prove the refinement invariance of several intersection (co)homologies
existing in the literature: Borel-Moore, Blown-up, the classical one, . .. These (co)homo-
1logies have been introduced in order to establish the Poincaré Duality in various con-
texts. In particular, we retrieve the classical topological invariance of the intersection
homology as well as several refinement invariance results already known.

Let us consider a topological space X supporting two stratifications S and 7. We
say that (X,S) is a refinement of (X,7T) if each stratum of 7 is a union of strata of
S. In this work we answer the following question about the invariance property of the
intersection homology:

Can we find two perversities p and q such that
the identity I: X — X induces the isomorphism

H(X,8) =~ H,(X,T)? (1)

For pseudomanifolds and using the original Goresky-MacPherson perversities, an an-
swer comes directly from the topological invariance of the intersection homology [15]
Corollary pag. 148] (see also [19, Theorem 9]): it suffices to take p = g. In other words,
the intersection homology does not depend on the chosen stratification. We work in a
more general setting.

e Spaces. We do not work with pseudomanifolds, but with the more general notion
of CS-set (cf. Section . They are locally cone-like spaces, but their links are not
necessarily pseudomanifolds.

e Perversities (cf. Paragraph . We deal with the more general notion of per-
versity introduced by MacPherson in [21]: the M-perversities. This kind of perversity p
associates a number p(S) € Z = Z 1 {—00,0} to any stratum S of the CS-set, while a
classical perversity p associates a number p(codim S) to the codimension of the stratum.
An M-perversity strongly depends on the stratification and so the topological invariance
of the related intersection homology does not apply.

¢ (Co)homologies (cf. Section . We consider not only the intersection homology
H:, but also the following:

Date: July 30, 2020.
The author would like to thank Daniel Tanré for many helpful suggestions and comments in the
preparation of this work.
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2 MARTINTXO SARALEGI-ARANGUREN

+ Intersection cohomologies H H . The intersection cohomology H is the
cohomology of the complex defined by usmg the functor Hom over mtersectlon chains.
The version with compact supports is Hﬁ .

+ Tame intersection homology .62. A variation of the intersection homology
avoiding intersection chains who live in singular strata. We have 531 = H: when p
is smaller than the top perversity ¢. This homology is isomorphic to the blown-up
intersection cohomology with compact supports t%”5 *c through the Poincaré duality [5]
when one works with pseudomanifolds.

+ Tame intersection cohomologies Y);,YJ;C. The tame intersection cohomology
5’); is the cohomology of the complex defined by using the functor Hom over tame
intersection chains. The version with compact supports is ﬁ;c. We have f); = H; and

5”3; = H . when p < t. The cohomology Jﬁ is dual to f)fi through the Poincaré
duality [14, 8] when the coefficient is a ﬁeldEI and one works with pseudomanifolds. The
cohomology fJ; is isomorphic to the de Rham intersection cohomology through the de
Rham duality [22]. Here, we use real coefficients.

+ Borel-Moore intersection homology H*BM’E. Similar to the intersection ho-
mology using locally finite chains instead of finite chains.

+ Borel-Moore tame intersection homology ﬁBM’ﬁ Similar to 53* using locally

BMP—H pwhenp t.
+ Blown-up intersection cohomologies ,%” ,%” . These cohomologies are de-

fined by using simplicial cochains, inspired by Denms Sulhvan s approach to rational
homotopy theory. The compact supports version %”E _ (resp. closed supports version

finite chains instead of finite chains. We have 9,

c%”ﬁ * ) is isomorphic to the tame intersection homology ﬁﬁ (resp. Borel-Moore tame
intersection homology 5’_) ) through the Poincaré duality [3] (resp. cf. [23]) when one
works with pseudomamfolds. ‘We have jf% = 55 - and %”E .= szm_ when the coefficient
ring is a field! (cf. [3, Theorem F] and [5, Corollary 13.1]).

In this paper, we give two answers to the question ([1f).

— Pull-back. Given a perversity g on (X, T) we take p the pull-back perversity I*g on
(X,S) (cf. Paragraph[L.3). We prove

H(X,8) ~ H(X,T),

and similarly for the other (co)homologies used in this work (cf. Theorem [B)).

— Push-forward. Given a perversity p on (X, S) we take g the push-forward perversity
Lpon (X,T) (cf. Paragraph[1.3). We prove

H(X,8) =~ H,"(X,T),

and similarly for the other (co)homologies used in this work (cf. Theorem [A]). In this
case, we need the following conditions on p:

(K1) p(Q) <p(S) <p(Q) +1(S5) —Q),

L1p fact, following [17], locally D-torsion free.
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for any strata S,Q € S with S ¢ Q and S,Q < T for some stratum T € 7, and

(K2) p(Q) = p(9),
for any strata S,Q € § with dim S = dim @ and S, Q < T for some stratum 7" € Tﬂ

These results encompass some other already known results about invariance of inter-
section (co)homology:

The topological invariance of H f for pseudomanifolds [I5] and CS-sets [19, [13].

The topological invariance of ﬁi and .SﬁfM’ﬁ for pseudomanifolds [9, [11].
The topological invariance of JZ * and A *C for CS-sets [3, [5].

The refinement invariance of H f for PL-pseudomanifolds [24] using M-perversities.

The refinement invariance of Hz and ﬁi for CS-sets [6] using M-perversities.

Recently, the topological invariance of the intersection homology has been extended
to the more general setting of the torsion sensitive intersection homology (cf. [12]).

We end this introduction by giving an idea of the proof of Theorems [A] and [B] The
original proof of the classical topological invariance of the intersection homology given
by King in [I9] uses the intrinsic stratification S*. He proves that the identity map
I: X — X induces an isomorphism between the intersection homology of (X,S) and
that of (X,S8*). This gives the topological invariance since §* = T*.

The proof uses the Mayer-Vietoris technique in order to reduce the question to a local
one. Near a point x of X the identity I: (X,S) — (X,S*) becomes the stratified map

h:&(S™« L) — B™ x ¢L (2)

(cf. (10)). Here, B™*! = {z € R™*! | ||z|| < 1} and L denotes the link of z. Using the
usual local calculations of intersection homology one proves that h is a quasi-isomorphism
for this homology.

In our context, we don’t know wether the the identity map I: (X,S) — (X, 7T) has
the nice local description . We proceed in a different way. We construct a finite
sequence of CS-sets

(X,8) = (X,Ro) > (X,R1) 5 - (X, Re1) > (X, Re) = (X, T),  (3)

where each step is a refinement having the -local description (called simple refine-
ment). Now, we can follow the procedure of [19] in order to get the isomorphism between
the intersection homologies of (X,S) and (X, 7).

The construction of this sequence uses the fact that any stratum of S € § is included
in a stratum 7 € 7. This gives the following dichotomy: S is a source stratum if
dim S = dim T and S is a virtual stratum if dim S < dim7T'. Somehow, the virtual strata
of S disappear in T while source strata become larger. The first step in the construction
of the above sequence is to eliminate the maximal virtual strata of S. In this way, we
obtain in the CS-set (X,R1). We continue applying this principle to the refinement

(X,R1) SN (X,T) and we eventually get (3).
What do we mean by “eliminate”? Let us suppose that S € § is the unique virtual
stratum. There exist two source strata Ry, R; € S with T = S U Ry u R; (maybe

2 Remark gives a relation between classical perversities and those verifying (K1), (K2).
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Ry = Ry). We replace the strata S, Ry, R1 of S by the stratum 7" in order to get
Ri, that is, R1 = {Q € S| Q # S,Ro,R1} v {T} (cf. Example for a richer
situation). A similar phenomenon appears in , relatively to S = {apex of ¢(S™ * L)}
and T = B™* x {apex of ¢L}.

Exceptional strata are singular strata of S included in regular stratal of 7. For
example, the apex of the open cone of the sphere S° (which is indeed an open interval)
is an exceptional stratum if we take T the one-stratum stratification of that interval.

This example is a limit case for the refinement invariance results we establish in this
work (see Remark [4.7)).

For a topological space X, we denote by cX = X x [0,1]/(X x {0}) the cone on X
and ¢X = X x [0,1[/(X x {0}) the open cone on X. A point of the cone is denoted by
[z,t]. The apex of the cone is v = [—,0].

We shall write B™ = {z € R™ | ||z|]| < 1} and D™ = {z e R™ | ||z]| < 1}, m e N.

Acknowledgements. We thank the anonymous referee for her/his comments and sug-
gestions.
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1. INTERSECTION HOMOLOGIES AND COHOMOLOGIES (FILTERED SPACES)

We present the homologies and cohomologies studied in this work. We
review their main computational properties which we are going to use in

the proof of Theorems [A] and

1.1. Filtered spaces. A filtered space is a Hausdorff topological space endowed with a
filtration by closed sub-spaces

g=X1XocXj€...€ X1 S Xy, =X.

The formal dimension of X is dim X = n. Any non-empty connected component S of
a X;\X;_1 is a stratum. We say that i is the formal dimension of S, written i = dim S.
We denote by S the family of strata. In order to avoid confusion we also write (X, S) the
filtered space. The n-dimensional strata are the reqular strata, other strata are singular
strata. The family of singular strata is denoted by S*™. Their union is the singular
part X.

A continuous map f: (X,S) — (Y, T) between two filtered spaces is a stratified map
if for each S € S there exists §' € T with £(S) « S’ and codim S” < codim S. The map
f is a stratified homeomorphism if f is a homeomorphism and f~! is a stratified map.
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1.2. Examples. Unless expressly stated otherwise, a manifold M is endowed with the
filtration ¥ € M. The associated filtration is denoted by Z = {M..}, where cc denotes
connected component. Consider (X,S) a filtered space.

+ An open subset U < X inherits the induced filtration U; = U n X;. The associated
induced stratification is Sy = {(S N U)e | S € S}. We write (U, S) instead of (U, Sy).

+ Given an m-dimensional manifold M the product M x X inherits the product
filtration (M x X); = M x X;_,. The associated product stratification is T x & =
{Mc x S| SeS}.

+ The cone ¢X inherits the cone filtration ¢X; = ¢X;_1, with the convention ¢ =
{v}. The associated cone stratification is ¢S = {{v}} u {Sx]0,1[, S € S}.

+ Let m € N. We consider the join S™ %+ X = D™*! x X/ ~, where the equivalence
relation is generated by (z,x) ~ (z,2’) if ||z]| = 1. An element of S™ x X is denoted by
[z,t]. We identify S™ with {[z,z] / ||z|| = 1} and X with {[0,z] / z € X}. The join
S™ % X is endowed with the join filtration S™ < S™ %« Xg--- < S % X1 € 97 % X,
The associated join stratification is Sy = {S™, B™! x S| S € S}.

1.3. Perversities. Consider (X,S) a filtered space. A M -perversity, or simply perver-
sity, on (X,S) isamap p: S — Z = Z L {—00, 00} verifying p(S) = 0 for any regular
stratum [21].

The top perversity is the perversity defined by ¢(S) = codim S — 2 for each singular
stratum S. The dual perversity of p is the perversity Dp defined by Dp =t — p.

A perverse space is a triple (X,S,p) where (X,S) is a filtered space and p is a per-
versity on (X,8). Given a stratified map f: (X,8) — (Y, T), a perversity g on (Y, 7)
and a perversity p on (X,S), we define

e the pull-back perversity f*q on (X,S) by: f*q(S) = Q(Sf) for each S € S5"9,

e the push-forward perversity f«p on (X,T) by: fip(T) = min{p(Q) | Qf = T} for
each T € 759 with inf ¢ = 0.

Notice that f*f.p < p.

We make a quick reminder of the intersection homologies/cohomologies deployed in
this work. They have been mainly introduced in order to study the Poincaré duality of
the intersection (co)homology in different contexts.

1.4. Tame and intersection (co)homologies. (cf. [3] [6]). We fix an n-dimensional
perverse space (X, S,p). Tame intersection homology is a variant of the classic intersec-
tion homology (cf. [15][16][19]). When the perversity p is greater than the top perversity
it is possible to have a p-intersection chains contained in the singular part 3 of X. This
fact prevents the Poincaré duality and the de Rham Theorem. For this reason the tame
intersection homology was introduced (cf. [6l 5] 8 22]).

A filtered simplex is a singular simplex o: A — X where the euclidean simplex A
is endowed with a filtration A = Ag * Ay -+ x A, called o-decomposition, verifying
oc1X; = Ao x Ay x--- % Ay, for each i € {0,...,n}. A factor A; can be empty with the
convention J *Y =Y. The filtered simplex o is a reqular simplex when Im o ¢ X, that
is, A, # .

We decompose the boundary of a filtered simplex A = Ag#--- % A, as 0A = Oreg A +
Osing\, where OregA contains all the regular simplices.
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The perverse degree of the filtered simplex o relatively to a stratum S e S, is

ol = —00, if Snlmo = &,
gls = dim(Ag # -+ - * Agimg), otherwise.

A filtered simplex o: A — X is p-allowable if |o|s < dim A — codim S + p(S), for
each S € §. Moreover, if Imo ¢ X then the simplex o is said to be p-tame.

The chain complex C’: (X;8) is the G-module formed of the linear combinations
£ = Zjej njo;, where each o; is p-allowable, and such that 0§ = » ., ngry, where

the simplices 74 are p-allowable. We call (C} (X;S),0) the p-intersection complex and
its homology, Hf(X ; S), the p-intersection homology. This designation is justified since
this homology matches with the usual intersection homology (cf. [6, Theorem Al).

The chain complex @i (X;8) is the G-module formed of the linear combinations & =
ZjEJ njo;, with each o; is Tz—tame, and such that reg§ = Dy, neTe, where the simplices
T are p-tame. We call (Qﬁ: (X;8),0 = 0Oreg) the tame p-intersection complex and its

p
since this horiklology matches with the usual tame intersection homology (cf. [6, Theorem
BJ]). We have H:(X;S) = ﬁi (X;8) when p <t (cf. [6l, Remark 3.9]).

Associated cohomology is defined by using the functor Hom, as usual in algebraic
topology. We put the dual complexes C; (X;8) = hom(Cz(X;S);S) and QI; (X;S8) =
hom(@ﬁi (X;S8);S) endowed with the dual differential d. Their cohomologies are the
p-intersection cohomology H; (X;S) and the p-tame intersection cohomology 5’); (X;8).

Let U < X be an open subset . The relative homologies Hf(X, U;S) and ﬁz (X,U;S)
are defined from quotient complexes Cz(X, U;S) = C’f(X; S)/Cf(U; S) and sz (X,U;S) =
@i(X;S)/@i(U;S) ([6 Definition 4.5]). The relative cohomologies H; (X,U;S) and
5’); (X,U;S) are defined by using the functor Hom (cf. [8, Definition 7.1.1]).

The (tame) intersection cohomology with compact supports are defined by

H (X:8) =l HI(X.X\KGS)  and 9] (X38) = lim (X, X\K38), (4
KcX KcX

homology, $,(X;S), the tame p-intersection homology. This designation is justified

where K runs over the compact subsets of X (cf. [I4, Definition 6.1]).

1.5. Main properties for (tame) intersection (co)homology. We group here the
main properties of the (tame) intersection homology. We fix a perverse set (X,S,D).

a. Mayer-Vietoris. Associated to an open cover {U, V} of X we have the long exact
sequences
- Hk+1(X;S) - HUnNV;S)—>H (U;S)®H_(V;S) > H (X;8) — -,
7 7 7 7
(cf. [0, Proposition 4.1]).
b. Local calculations. We have the isomorphisms Hz(Rm x X,IxS8)= HZ(X, S)

and ﬁi (R x X, T xS8) = Sﬁi (X,S) where the isomorphism comes from the canonical

S
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projection pr: R™ x X — X. (cf. [6 Corollary 3.14]). If L is compact, we have the
isomorphisms
- H(L,S) if k < Dp(v),
H (R™ x ¢L,T x &8) = 0 if 0 # k > Dp(v),
G if 0= k > Dp(v),

Pomm o e . _ 53ﬁ(L§S) if k < Dp(v),
H (R™ x ¢L,T x ¢S) = { "0 if k > Dp(v)

where the isomorphisms (first line) come from the inclusion ¢: L — R™ x ¢L defined by
t(xz) = (0,[z,1/2]) (cf. [6 Proposition 5.1]).
c. Join. Suspension Using the above calculation (see also [7, Lemma 3.6]), one gets:

H(X,S) if £ < Dp(S™),

5 e - G if 0 = k > Dp(S™),
H, (5" % X,8m) = 0 if Dp(S™) <k < Dp(S™) +m+ 1,k # 0
L (X8 ifk=Dp(S™) +m+2,k#0

9, (X;8)  if k< Dp(S™),,
0 if Dp(S™) <k < Dp(S™) +m + 1,

97 (S™ % X, Sum)
(X,S8) if k= Dp(S™)+m+ 2,

f’)i

k—m—1
where the isomorphism comes from the inclusion ¢: X — S™ X defined by «(x) = [0, z]
Let us look at the case m = 0, that is, the suspension ¥ X. Previous calculations suppose
that the perversity p takes the same value at the north pole n and at the south pole s.
In the general case, if p(s) = p(n), we have
7 . _
H, (é(,é‘) }ﬁ lg < ]?p(%( |
P/ o0 _ if 0 = k> Dp(s),
H, ($"%X,8:0) = 0 if Dp(s) < k < Dp(n) + 1,k # 0

H' (X,8) ifk>Dp(n)+2k+#0

, §1(X;8) if k< Dp(s),,
532 (SO x X, 5*0) = B 0 if Dp(s) <k < Dp(n) + 1,
S (X,8) if k= Dp(n)+2,

d. Relative homologies. Let U be an open subset of X. We have the associated
long exact sequences for homology

P P P P

= 0 (U3 8) = 9, (X;8) = 6, (X, U;8) =, (U;S) — -+
(cf. [6, Definition 4.5]) and for cohomology
S HY(X,U;S) —> H (X;8) > H
P

k k
P P
k
2

(U;S) — H." (X, U;8) — -+

x —>55;(X7U;3) - H (X;8) = H_(U;S) —>Y);+1(X,U;3) —

k
2
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(cf. [8, Theorem 7.1.11])|ﬂ

e. Universal Coefficients Theorem. There are two natural exact sequences
0 — Ext(H, (X;8),R) — H. (X;8) — Hom(H, (X;S),R) — 0,
0— Ext(®_(X;8),R) - H.(X;S) — Hom(%. (X;S), R) — 0,

k

2
for every k € N. We find the proof of the second assertion in [8, Proposition 7.1.4]. But
the proof is the same for the first sequence.

1.6. Intersection homology from Borel-Moore point of view (cf. [0, 23]). The
Borel-Moore p-intersection homology HfM’p(X;S) and the Borel-Moore p-tame inter-
section homology 5’JfM’p (X;S) are defined in the same way as the homologies defined in
have been defined but considering locally finite chains instead of finite chains.

When X is compact, we have HfM’ﬁ(X;S) = H(X;S) and f_)fM’ﬁ(X;S) = ﬁZ(X;S).

1.7. Main properties for Borel-Moore (tame) intersection homology. We sup-

pose that X is a hemicompact space, that is, there exists an increasing sequence of

compact subsets Ko ¢ K; < --- K,, © --- such that, each compact K < X is included

on some K,. We have proved in [7, Proposition 2.2] that the Borel-Moore intersection

homology can be computed in terms of the intersection homology in the following wayﬁ
BM,p

HP'(X) = lim HY (X, X\K,) and  §°"7(X) = lm & (X, X\K,).  (5)
TeN neN

1.8. Blown-up intersection cohomologies (cf. [3]). Let N, (A) and N*(A) be the
simplicial chain and cochain complexes of an euclidean simplex A, with coefficients in
R. For each simplex F € N, (A), we write 15 the element of N*(A) taking the value 1
on F' and 0 otherwise. Given a face F' of A, we denote by (F,0) the same face viewed as
face of the cone cA = A« [w] and by (F, 1) the face cF of cA. Here, [w] = (J,1) = c
is the apex o f the cone cA. Cochains on the cone are denoted 1) for e = 0 or 1. For

defining the blown-up intersection complex, we first set
*

NY(A) = N*(cA) @ - @ N*(cAp_1) @ N*(A,,).
A basis of N (A) is composed of the elements 1(pe) = 1(5,,c0) @ @ L(p,_, ) ®1E,,
where ¢; € {0,1} and F; is a face of A; for i € {0,...,n} or the empty set with g; = 1 if
i <n. Weset |[1(pelss = 2o, (dim F; + &), with the convention dim ¢f = —1.
Let £€{1,...,n} and 1(p,) € N*(A). The l-perverse degree of 1(pe € N¥(A) is

—00 if En—v =1,
1 = .
H (F7E)H£ { |1(F,5)|>n—ﬂ if e,0=0.
Given w = >, Ao 1(, ) € N™(A) with 0 # X, € R for all b, the (-perverse degree is

Jelle = max 11z, e -

3Only the tame case is considered in this reference but the non-tame case can be treated in the same
way.

4In the op.cit. the result is proved for the Borel-Moore tame intersection homology. The same proof
works for the Borel-Moore intersection homology.
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By convention, we set [|0]; = —o0.

Let 0: A = Ag#--- %A, — X be a filtered simplex. We set Kf: = N¥(A). If
d: A’ — A is an inclusion of a face of codimension 1, we denote by dyo the filtered
simplex defined by dpjoc = codp: A’ - X. If A = Ag*---x A, is filtered, the induced
filtration on A’ is denoted A’ = Afj * --- % Al,. The blown-up intersection complex of X
is the cochain complex N (X) composed of the elements w associating to each regular
filtered simplex o: Ag * --- * A,, — X an element w, € ]V: such that 6} (ws) = wa,o,
for any face operator d;: A’ — A with A/ # ¥. The differential dw is defined by
(dw)s = d(wy). The perverse degree of w along a singular stratum S equals

|w|s = sup {|we|codims | : A — X regular simplex such that Imo n S # &} .

We denote |w]|| the map S — ||w||s, where ||w||s = 0 if S is a regular stratum. A cochain
we N*(X;8) is p-allowable if |w| < P and of p-intersection if w and dw are p-allowable.
We denote N; (X;S) the complex of p-intersection cochains and fff(X ; §) its homology
called blown-up intersection cohomology of X for the perversity p.

A subset K < X is a support of the cochain w € Kr;‘ (X;8) if w, = 0, for any regular
simplex o: A — X such that Imo n K = ¢§. We also say that w =0 on X\K.

We denote N;c(X ;S) the complex of p-intersection cochains with compact supports

and A *C (X;8) its cohomology.

1.9. Main properties for blown up intersection cohomologies. We group here the
main properties of blown-up intersection cohomology. We fix a perverse space (X, S, D).

a. Mayer-Vietoris. Suppose X paracompact. Given an open cover {U, V} of X we
have the long exact sequence (cf. [3, Corollary 10.1])

o L (XS) > AL (UsS) @A (ViS) = AL (U ViS) = A (X38) = -

b. Local calculations. We have the isomorphism
A (R™ x X, T x &8) = A (X,T),
coming from the inclusion ¢: X — R™ x X defined by ¢(z) = (0,z) (cf. [8, Theorem D]). If L is
compact, we have the isomorphism

k . —
AR %L, Tx S) = | P (1S) 1Tk <Dv),
i 0 if & > p(v),

where the isomorphism (first line) comes from the inclusion ¢: L — R™ x ¢L defined by ¢(z) =
(0, [x,1/2]) (cf. [3] Theorem EJ).

c. Join. Using the above calculations, one gets the isomorphism:

. H(X,S) itk <B(S™),
A (S™ # X, Sami1) = 0 if p(S™) <k <p(S™)+m+ 1,
k—m—1

A (X,8) ifk=p(S™)+m+2,

where the first isomorphism comes from the inclusion ¢: X — S™ = X defined by «(z) = [0, z].

d. Relative cohomology. We consider an open subset U < X. The complex of relative
p-intersection cochains is N: (X,U;S8) = N: (X;S8) (—BN:f1 (U;S), endowed with the differential
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D(a,8) = (da, e — dB). Tts homology is the relative blown-up p-intersection cohomology of the
perverse pair (X, U, D), denoted by c%”; (X,U0).
By definition, we have a long exact sequence associated to the perverse pair (X, U, p):

o (X S) B AU S) > AT (XU S) S AT (X S)

i~

where pr: N:(X, U) — N:(X) is defined by pr(a,8) = a and 1: N_(X) — Kf:(U) is the
restriction map (cf. [3, Sec. 12.2]).
e. Injective limit. Analogously to the Borel-Moore intersection homology, the blown-up

intersection cohomology with compact supports can be computed through the relative blown-up
intersection cohomology by using an injective limit. Let us see that.

Proposition 1.1. Let (X,S8,P) be a normal and hemicompact perverse space. Then, there exists
an isomorphism

A (X;8) = lim A (X, X\K;S),
: KcX
where K runs over the family of compact subsets of X.

Proof. By hemicompactness there exists an increasing sequence of compact subsets {K,,} with
Kycint(Ky) c Ky cint(Ke)c Koo+ Ky < -+
and X = J,,>¢ K. In particular, the family {K,} is cofinal in the family of compact subsets of
X. So, it suffices to prove that the chain map
B: N (X;8) — h_n)NMVf (X, X\K,;S),
ne
defined by B(w) = {(w,0),m), where K, is a compact support of w, is a quasi-isomorphism.
An element ((a, 8),m) € lim K/': (X, X\K,;S) is characterized by these two properties:
- (a,B) € A (X, X\Kp; S), and
- (@, B),m) = (o, 8),m') if (@, B) = (o, B") on N (X, X\ K3 S) if m <m0
We proceed in several steps. ’
e Step 1. Bump functions.

Since X is normal then, for each each n € N, we can find a continuous map f,: X — [0,1]
with f, = 0 on K,41 and f, = 1 on X\int(K, o). Associated to f,, we have constructed a
cochain f, € Kfﬁo (X;8) verifying f, = 0 on K,., and f,, = 1 on X\int(K,2) (cf. [3, Lemma
10.2]). Consider the open covering U,, = {X\K,,,int(K,+1)} of X. Notice thatﬂ,

ve N (X\Kp;S) = fo— e N, (X;S) and f, — v =7 on X\Kp3. (6)

e Step 2. The operator B* is a monomorphism.

Let [w] € Ker B*. So, there exists m € N and {((v,n), m) € N: (X, X\Knn; S) with K,,, compact
support of w € Ng‘)c(X;S) and {(w,0),m) = (D(vy,n),m) = {(dy,v — dn), m). In particular, we
get w=dyon X and v—dn =0 on K\K,,.

We get the claim if we prove that py,, (w) = df for some 6 € Z\NZ;CM (X;S8) (cf. [3 Theorem

B]). Here, py,, c: J\Nf;C (X;8) — N:Cum (X;8) is the canonical restriction. It suffices to consider
0 = pu, (v) — d(fm — n), where py,, : N:C(X;S) — N:’um (X;8) is the canonical restriction,
since

5We refer the reader to (cf. [3, Section 4]) for the definition of the -—-product.
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(i) fm—neN"""(X:S) (cf. [©)).

(ii) v — d(fm —n) @ v —dn =0 on X\K,, 3, giving that K,,,3 is a compact support of 6,
(ili) do = dpu,, (v) = P, (W) = Py, c(W)-

e Step 3. The operator BYm .
For each n,m € N we define ]\7>l< XL X\K S) = *um(X S)®N_
Definition 9.6]). We consider the chain map

* 1”771(

X\Kp;S) (cf. [3]

*,Um ~ 3k, Um

BUm;N (X;8) = lim N7 (X, X\K,; S),

nEN

defined by BY" (w) = ((w,0), p),, , where K, is a compact support of w (cf. [5, Definition 2.6]).
We have the commutative diagram

sk
P

L(X58) —Flim N (X, X\K i3 S) (7)

J/Pum c ipum

NA (x58) E tim N (X X\K; )

where the vertical maps are defined by restriction. Both are quasi-isomorphisms. It suffices to
apply [5, Proposition 2.6] (for the left one) and the fact that inductive limits commute with
cohomology and [3, Theorem B] (for the right one).

e Step 4. The operator B* is an epimorphism.

Let £ = ((v,n),m) € lim_ N: (X, X\K;S) beacycle. Then (D(vy,n),m) = ((dvy,y —dn),m) =
0. The cochain 0 = py (7) — d(fm — n) is a cycle of N:’Cum (X;8) since (i), (ii) and df =
dpu,, (v) = 0. In fact,

B[] - [<(9,0),m+3>um]—[<(Wm(”)‘d(fmV”)’O)’m+3>um]

o (G 3), | = W ) + 3,

= low, (v m +3)] =) [ply,, ((vsm),m)] = o, [E].

where =(1) comes from D(fm — 1,0) = (d(frn — 1), —fm — 1), =(2) from fro =1 0n X\K,, 2

and =3y from the fact that e N*(X\K ).

The properties of the previous diagram ({ . ) give the existence of [w] € jfﬁ (X;8) with
gl

pum,c[ w] = [#] verifying p’bjf"L (B*[w]) = BYm-* (/’u,,“c[ w]) = BYm*[0] = puﬂ[ Wthh gives
[E] = B*[w]. L)

2. STRATIFIED SETS AND REFINEMENTS

A refinement of a stratified space (X, S) is another stratified space (X, 7) whose
strata are formed using the strata of the original stratification. We prove that
it is possible to go from S to T by modifying just a discrete family of strata:
the simple refinement.
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2.1. Stratified spaces. A stratified spaceﬁ is a Hausdorff topological space X endowed with a
partition S, whose elements are called strata, verifying the following conditions (S1)-(S6).

(S1) The family S is locally finite.

(S2) An element of S is a connected manifold.

(S3) Frontier Condition. Given two strata S, S’ € S, we hav SnS #@F=Scg.
(S4) Given two strata S,5’ € S, we have: SnS #Fand S # S = dim S < dim 5".
(S5) The family {dim S € S} is bounded.

Stratified and filtered spaces are related as follows.

Lemma 2.1. Let (X,S) be a stratified space. Then the filtration @ =X 1€ Xg= X1 S ... S
Xno1 € X, =X, given by

X =u{SeS|dimS <k},
(cd. (S5)) defines a filtered space on X whose associated stratification is S.

Proof. For the first statement it suffices to prove that each Xy is a closed subset of X. Let us
consider z € Xj. Property (S1) gives 7 € X, = {Se€S|dimS <k} = {Se S| dimS < k}.
So, there exists S € S with z € S and dim S < k. If S’ is the stratum of S containing = then
condition (S4) give dim S’ < dim S and therefore x € Xj,.

We have Xp\Xj_1 = u{S € S| dimS = k}. Again, conditions (S1) and (S4) imply that the
elements of the RHS of the equality are closed subsets of X;\X,_1. So, the stratification of the
filtered space is S. &

These are not equivalent notions since, for example, the strata of a filtered space are not
necessarily manifolds.

The relation S < S’ defined by S < 9, is an order relation on S (see [4, Proposition A.22]).
The notation S < 5" means S < 8" and S # S’. So, condition (S4) is equivalent to

(S4) S <S8 = dimS < dim §’.

The depth of a family of strata &’ < S is depthS’” = sup{i € N | 355 < 51 < -+ <
S; with Sp, ..., S; € §'}. Conditions (S4) and (S5) give

Lemma 2.2. Let (X,S8) be a stratified space. Then depthS’ < o0.

In this work we shall use the formula
S=5u|]@ (8)

Let us see that. The inclusion D is clear. Let € S. Consider Q) € S containing z. Since
QNS # & then we get < from (S3).

The examples of induced, product, cone and join stratification, are also stratified spaces,
if we begin with a stratified space (X,S). Any point z € X, with {z} ¢ S, can be added as a
new stratum. This gives the stratification S, = {x} u {(S\{z})cc | S € S}.

The following result will be important for the understanding of the local structure of the
stratified spaces we are interested in.

Proposition 2.3. Let (X,S) be a stratified space and let m € N*. Then, there exists a stratified

homeomorphism
hi (8(S™ # X), ESam) — (B™ T x ¢X, (T x &8)(0.v))- (9)

6This definition is not a standard one in all sources. For example, it is more restrictive than that of
[4 8]
"This condition is equivalent to say that the closure of a stratum is the union of strata.
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Proof. We find in [2] 5.7.4] the homeomorphism h: ¢(S™ % X) — B™*! x ¢X : defined by
{ (2rz, [y, r]) si |[z]] < 1/2

(rz/llzl], [y, 2r(L = [[z[D]) st []2]] = 1/2.
Let us verify that h preserves the stratifications. We write u the apex of the cone ¢(S™ = X).
We distinguish three cases.
+ h(u) = (0,v).
+ h(S™x]0,1[) = (B™ x {v})\{(0,v)} since h([[z,y],7] = (rz,v) if ||z]| = 1.
+ The restriction h: B™*! x X x]0,1[— B™*! x X x]0,1[ is given by

h([[z,y],r]) = (10)

(2rz,y,r) si||z]| <1/2
(Z7y7r) g .
(rz/llzll,y, 2r(L = ||2[]))  si[lz]] = 1/2.
It is clearly a stratified homeomorphism. &

2.2. Refinements. We say that the stratified space (X, S) is a refinement of the stratified space
(X, TP written (X,8) < (X, T),if S # T and

(S6) VS eS 3T €T such that S is embedded submanifold of 7.
The stratum 7 is also denoted by S ", We have

dim S < dim S" and codim S" < codim S, foreach SeS. (11)

Notice that | |
S,QeSwithS<Q=5 <Q (12)

(cf. (S3)). In this work, we shall distinguish several types of strata.
Definition 2.4. Let (X,S)< (X, T) be a refinement. A stratum S € S is a source stratum  if

dim S = dim S". In this case, we also say that S is a source stratum of T € T, if T = S'. We
also use the following types of strata:

- A={5€8/ dimS =dimS"}: source strata.
-V={SeS/ dimS < dim SI}: virtual strata.
- M = {mazimal strata of V with dim M ! mazimal}: v-maximal strata.
-O0={SeA/IMeM with M <S,M =5"}: stable strata.

The refinement (X,S) < (X, T) is simple when depthV = 0. We always have depth M = 0.

Definition 2.5. Let (X,8) < (X,T) be a refinement. A stratum S € S*™9 is exceptional if
S" e Tres. Moreover, if codim S = 1 we say that S is an 1-exceptional stratum.

Any exceptional stratum is a virtual stratum.

Definition 2.6. A simple decomposition of a refinement (X,8) < (X, T) is a finite sequence of
simple refinements: (X,S) = (X, Ro)<---<(X,Rp) = (X, T).

Example 2.7. A key result of this work is the Proposition [2.10] giving the existence of simple
refinements. The relevance of these kind of refinements is given by Proposition where we get
a nice local description of the a simple refinement in the framework of CS-sets.

Before proving these results, we give an example of a refinement (X,S) <1y (X, T) described
as composition of two simple refinements (X,S) < (X,8’) and (X,S8’) <k (X,7T) through a
stratified space (X,S’).

8We also say that (X, T) is a coarsening of (X,S).
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@ Mg : s G
| @1 d |
:Sl So ! Sy
Ry Sy R SR
(X.9) QMg (X,7)
‘ Q1 K
\ 351 SQ /
P
(X,8)
Refinement J Refinement [ Refinement K
A\O = {Q1,Q2,Q3, R1,51,52} A\O = {Qs3, Ry, 51,5} A\O = {Q3, R4}
V=M = {S3} VWM = {Q1,Q2} V=M={Q1,Q2}
O = {Ry, R3} M = {Ss} O = {R1, 5,52}
0= {RQa R3}

In the simple refinement J (resp. K) a stratum of M melts into a stratum of &’ (resp. 7) and,
for each of them, 1 or 2 strata of O also disappear into a bigger stratum with same dimension:
S3, Ro, R3 ~ Ry (resp. Q1,51,S2 ~ S or @2, Ry ~ Rs5). Among the strata of V those of M are
the first to disappear.

The objective of the following Lemmas is to prove Proposition [2.10} a refinement can be
decomposed as a sequence of simple refinements.

Lemma 2.8. Let (X,8) < (X, T) be a refinement with S # T. Then

(a) M # &.

(b) For each S € S there exists a source stratum P € S of S" with S < P.

(c) Given two strata R,Q € T with R < Q there exist two source strata R',Q' € S of R and Q
respectively with R < Q'.

Proof. (a) Since & # T then there exists a stratum S € S with S # S If M = & then
V = @ and then S = u{P e A| P' = 5"}, open connected subsets of S* (cf. (S6)). By
connectedness of S* we conclude that {PeA| P = SI} contains just one element, necessarily
S. The contradiction S’ = S implies that M # ¢F.

(b) By definition we have

5’:u{PeA\P’:S’}u(u{PewPI:sI}), (13)

where the elements of the first term are open subsets of S ". This decomposition is locally finite
(cf. (S1)). By dimension reasons, O = u{P e A| P’ = S'} = Li{source strata of §'} is an open
dense subset of S (cf. (S4), (S6)). Condition S = O implies the existence of a source stratum
P of §" with S n P # . Property (S3) gives (b).

(c) Item (b) gives a source stratum R’ € S of R. Since U {source strata of Q} = L;e7Q; is an
open dense subset of Q then R’ ¢ R < Q = L;crQ; =(s1) VierQi- So, there exists Q; € S, source
stratum of @, with R’ n @Q; # &J. Since R’ < Q; (cf. (S3)) we end the proof taking Q' = Q;. &
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The subsets M, we study now play an important réle in the construction of the simple de-
composition of a refinement. They are the new strata on the first step of this decomposition.

Lemma 2.9. Let (X,8) <7 (X, T) be a refinement. Consider a stratum M € M. We define
M, =u{Q|QeOuMandQ =M }.

Then

(a) M, is a connected open subset of M.
(b) Q is an embedded sub-manifold of M,, if Q € M and QI = MI, and
(c) Q is an open subset of M,, if Q € O and QI =M.

Proof. Without loss of generality we can suppose X = M ' We have S" = M' for each S € S.

(a) The subset F = 1i{S € V\M} is a closed subset of X (cf. and (S4)) not meeting M, .
Given S € V\M we have dim S # dim X (since S € V) and dim S # dim X — 1 (since S ¢ M).
Then, F' it is a locally finite union of sub-manifolds of X whose codimension is at least 2 (cf.
(S1), (S4)). So, Y = X\F is a S-saturated connected open subset of M containing M,.

By construction, we have Vy = M, that is, Sy = M u A. Let us suppose A # O. By
dimension reasons, if S € A\O then S = S (cf. and (S4)). Property (S2) gives S =Y and
then S = M which is impossible. So, Sy = M 1 O. Then M, =Y which is a connected open
subset of M.

(b) Condition (S6) implies that @ is an embedded sub-manifold of M'. Since Q = M, then
(a) gives the result.

(c) Finally, dim @ = dim QI = dim M’ implies that @ is an open subset of M’ (cf. (S6)).
Since Q < M,, condition (a) gives (c). &

Proposition 2.10. Any refinement (X,S) < (X,T), with S # T, has a simple decomposition.

Proof. Let us define ds v+ = dim M " where M € M. This number is independent of the choice
of M by definition of M. Condition & # 7T implies M # & (cf. Lemma (a)) and therefore
ds,7 = 0. We proceed by induction on ds 7. If ds+ = 0 then the dimension of the strata of M
is 0. Then V = M, which gives depthV = 0. We conclude that the refinement is simple.

Now, in the inductive step, we can suppose that ds 7 > 0. It suffices to construct a chain of
refinements (X,S) < (X, R) < (X, T), where the first one is simple and dg 7 < ds, T

Let M, N € M be two strata with M, n N, # . This implies M AN % & and therefore
M =N'. So, M, = {QeOuM|QecM}=0{QeOuM|Qc N} =N, We
get the dichotomy M, = N, or M, n N, = #. In order to avoid repetitions, we fix a family
{M; c M |ie V} such that U{M, | M € M} = u{M, , | ie V}, We define

R=S\(OuM)ui{M,, |ieV}. (14)
Let us verify all the properties.

¢ (X,R) is a stratified space. By definition of stable strata we have L{Q | @ € O L M} =

u{M, , | ie V}. Then R is a partition of X. Condition (S1)s gives condition (S1)z. Condition
(S2)r comes from (S2)s and Lemma (a). For the proof of (S3)g and (S4)x, it suffices to
prove:

= Sc PanddimS < dim P.

= Sc M, and dim S < dim M,,
()SnM, =7 = 8>M, and dim M, < dim S,

= M, =N,.

) a

where S, P € S\(O u M) and M, N € M. Let us see that.
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(a) It follows directly from (S3)s and (S4)s.
(b) Locally finiteness of S (cf. (S3)s) gives M, = U{Q | Q € S and Q = M, }. So, there exists
QeOUMwithQ =M and S~ Q # &. So, S < Q < M, (cf. (S3)s). Since S ¢ O LM we

S4 (L1 emma [2.9)a
get S # @ and then dim S ( <)S dim Q 2 dimQI —dimM" " a B-Ha) dim M, .

(c) Condition S~ M, # ¢ implies the existence of Q € MO with Q' = M and Q < S (cf.
(S3)s). By definition of stable strata we can suppose that € M, which implies S € A since

(112)
S¢ M. If M =S then S € O, which is impossible. So, M" # S". Since M' = Q" < S’ then

S4
M' < S" and we get dim M" ( <)T dim S" .
Let us consider a virtual stratum V e V i?cludegl in S'. There exists a maximal stratum
W eV with V < W (cf. Lemmal2.2). Since V' < W' (cf. ([Z)) then we have

. I . 1 . 1 ($4)s I
dmM <dimS =dimV < dimW ,
which is impossible by definition of M. So, the subset S " does not contain any virtual stratum.

By connectedness of S " the formula implies that S " contains just one stratum of S, that

. 1 I I =T — . . I . 1(54)5 . I
is, S =5 Weget M\,c M =@ <S5 =SanddimM, =dimM =dim@ < dimS =

dim S (cf. Lemma (a)).

() If N, n M, # & then N' n M' # & and therefore M < N' (cf. (S3)7). Lemma [2.9
(a), (S4)7 and give dim M, = dim M' <dimN' = dim N, . By definition of M we get that
previous < becomes =. Finally, condition (S4)7 gives M " — N and therefore M ,=N,.

e (X,8)< (X,R) is a simple refinement. The strata of S\(M u O) remain equal. The
other strata verify condition (S6)s & following Lemma So, (X,8) < (X,R) is a refinement.
The only strata whose dimension increases when passing from S to R are the strata of M:
dim M < dim M,. So

Vsr=Msr=M=Msr (15)
which gives depth Vs g = depth Mg 7 = 0.

e (X,R)< (X,T) is a refinement with dgr,+ < ds,7. A stratum @ € S\(O u M)
goes to QI7 where it is an embedded sub-manifold from (S6)s z. The strata M,, M € M, are
open subsets of M. So, (X,R)< (X,T) is a refinement. Since dim M, = dim M, for each
M e M, then M, € R is a source stratum. The same is true for the strata of A\O. This gives
Ve = VWM = Vs 7\Ms 7 and therefore dg 7 < ds, 7. &

3. CS-SETS

The invariance result we study in this work applies to CS-sets, a weaker notion
than that of stratified pseudomanifold. Here, a link of a stratum is not neces-
sarily a CS-set but a filtered space [8, example 2.3.6]. We also describe the local
structure of a simple refinement between two CS-sets.

3.1. CS-sets. A filtered space (X,S) is a n-dimensional CS-set if any regular stratum is an
n-dimensional manifold, and for any singular stratum S € S and for any x € S there exists a
stratum preserving homeomorphisnﬂ

0: (R x ¢L,T x cL) — (V,S),

9A homeomorphism which is also a stratified map. The involved stratifications are described in

Example .
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where

(a) V < X is a open subset containing x,
(b) (L; L) is a compact filtered space,
(c) ©(0,v) =z and (R x {v}) =V n S.

The pair (V, ) is a S-conical chart, or simply conical chart, of x. The link of ¢ is (L, L).
Since the links are always non-empty sets then the open subset X\X is dense. Closed strata of
S are exactly the minimal strata of S. On the other hand, the open strata of S are the maximal
strata of X, they coincide with the n-dimensional strata of X.

A perverse CS-set is a triple (X, S,p) where (X, S) is a CS-set and P is a perversity on (X, S).

We find in [20] a comparison between different notions of stratification. In this work we need
the following property.

Proposition 3.1. Any CS-set is a stratified space.

Proof. Conditions (S2) and (S5) come from definition. Property (S1) is proved in [8, Lemma
2.3.8]. Let us verify (S3) and (S4). Since it is a local question, we set X = R? x ¢L with
S = R? x {v}. We can suppose S # S’ and therefore S’ = R* x @x]0, 1[ for some @ € L. Since
S" =R’ x cQ we get S = S’. We also have dim S < dim 5. &

Consider a refinement (X,S) < (X, T) between two CS-sets, which makes sense following
previous Proposition. The identity I: (X,S) — (X, 7)) is in fact a stratified map (cf. (II)). We
write (X,S) <7 (X, 7).

Simple decompositions and CS-sets are compatible.

Proposition 3.2. A refinement (X,S8)<(X,T) between two different CS-sets possesses a simple
decomposition made up of CS-sets.

Proof. It suffices to prove that the first element (X, R) of the simple decomposition constructed
in the proof of Proposition is a CS-set.

We use the following notation: (X,S)<;(X,R)<;(X,T) and (X,S)<g(X,T) the original
refinement. We know that the manifolds X\Xs and X\X7 are dense open subsets of X. So,
dim(X,S) = dim(X, 7).

It remains to construct a R-conical chart of any point z € ¥s. We consider the strata S € S
and S € R containing x. We distinguish two cases.

+ SeAsr. Let p: (R™ x ¢L,T x ¢L) — (V,S) be a S-conical chart of x with link (L, £).
Since dim S = dim S then SAV =85 AV = e(R™ x {v}). A stratum of Ry g7 is a union of
strata of Sy\g, then it is of the form ¢(R™ x]0,1[xe). So, there exists a filtration £’ on L such
that : (R™x]0,1[xL,Zx T x £') — (V\S",R) is a stratified homeomorphism. This is also the
case for ¢: (R™ x ¢L,T x ¢L') — (V,R). We get that (¢, V) is a R-conical neighborhood of z
with link (L, £).

+ S € Vs r. Notice first that Vs g = Mg 7 (cf. ) By construction of R, the stratum
of R containing the point z is S, (cf. (T4)). Let ¢: (R™ x ¢L,T x ¢L£) — (V,T) be a T-conical
chart of x with link (L, £). It suffices to prove that (V,T) = (V,R).

Since S, is an open subset of s (cf. Lemma (a)) we can suppose

S, AV =8 AV =pR"x {v}). (16)

By definition of Ms 7 we have that the only virtual S-stratum on V' is V' n S. So, there are no
virtual (S, T)-strata on V\Sl. We conclude from Lemma (a) that (V\SI,S) = (V\SI,T)
and therefore (V\S',8) = (V\S",R). Using we get the claim (V,T) = (V,R). &
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Remark 3.3. Notice that the coarsening of a CS-set is not necessarily a CS-set. Let us give an
example.

On the CS-set (X,S) the link of the strata
of Xy (resp. of the stratum Xp) is S! (resp.
T?). This lack of uniformity implies that the
X, X, X, coarsening (X, 7)) is not a CS-set.

X,
(X,8) (X,7)

We construct a CS-set Y by adding a cone on each boundary of M. This CS-set has two
singular points: P; and Ps.

The following result describes the construction of compatible conical charts associated to a
simple refinement.

Proposition 3.4. Let (X,S)<; (X, T) be a simple refinement between two CS-sets. We consider

a point x € Xg and we write S € S and S" € T the strata containing x. We distinguish three
cases.

(a) S is a source stratum. Then there exists
- a S-conical chart (p,V) of x, whose link is (L, L), and
- a T-conical chart (¢,V) of x, whose link is (L, L") for some filtration L on L.

(b) S is an exceptional stratum. Let b = dim S" —dim S = 1. Then there exists
- a S-conical chart (¢, W) of z, whose link is (S*~1,T).

(¢) S is a virtual stratum and S' is a singular stratum. Let b = dim S  — dim S > 1. Then
there exists

- a T-conical chart (v, W) of x, whose link is (E; &), and
- a S-conical chart (p, W) of z, whose link is (S*~! x E,Ep_1).

Proof. The case (a) has been studied in the proof of Proposition since S € A.

We treat the cases (b) and (c¢), where dimS < dim S'. We have S € V = M, since the
decomposition is simple. Notice that depth M = 0. Then we can suppose that M = {S}, since
(b) and (c) are local questions. In other words, S = {S} L. A. This implies S = 7 on X\S and

therefore on S I\S . The stratification S induces on S’ the stratification
{5, (5"\8)ec} with S < (S'\S)ee (17)

(b) Since S is an embedded sub-manifold of S ! (cf. (S6)) then there exists a homeomorphism
¢: R xRb = R® x ¢S~ — W, where W — S" is an open neighborhood of x and ¢(R* x {v}) =
S n W, with a = dim.S. Do not forget that S is a regular stratum of 7, which implies that
W is an open subset of X. From (I7), we conclude that ¢: (R® x ¢S*=1, 7 x ¢Z) — (W, T) is a
stratified homeomorphism an therefore (¢, W) is a T-chart of  whose link is (S*~1,Z).

(c) Without loss of generality we can suppose that: (W, 7T) = (R x ¢E,T x ¢€), ¢ = 1d,
S" = Rt x {v} and = = (0,v). Since S is an embedded sub-manifold of S' (cf. (S6)) then
we can suppose S = R®* x {0} x {v}. From we get that the stratification S induces the
stratification {R® x {0} x {v},R® x (R®\{0})ee x {v}} on §" = R+ x {v}.
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Since all the strata of (S, W\S) are source strata then S = T on W\SI = R+t x (CE\{v})
(cf. Lemma (a)). This gives that ¢: (R* x (R® x ¢E),Z x (T x &€) ) — (W,S) is a
stratified homeomorphism. We consider the homeomorphism g: R? — B’ given by g(z) =
2arctan(||z||) - /m. Finally, we define

p=vo(d xg ! xId)o(Id x h): (R* x &(S*"L % E),T x ¢€Ep_1) — (W, S),

which is a stratified homeomorphism (cf. Proposition [2.3). We get the S-conical chart (¢, W) of
x whose link is (S*™1 % E,E,p_1). &

3.2. Charts and perversities. Consider a CS-set (X,S) and a conical chart
p: (R™ x ¢L,T xcl) — (V,S)

of a point z € S, where S € §™9. A perversity p on (X,S) induces a perversity on the LHS
which is described as follows. By restriction, p determines a perversity on (V,S) still denoted by
P. We call again P the perversity induced on (R™ x ¢L,Z x ¢L) by the stratified homeomorphism
©. A such perversity is determined by a perversity on the link (L, £), also denoted by p, and by
the number p(S) following these formulae:

PR™ x @x]0,1[) =p(Q) =p(R), and PR™ x {v}) =p(v) = p(S), (18)
=,VnR
where v is the apex of ¢L.

We study the behavior of the perversities concerning the charts of Proposition More
precisely, if T: (X,8) — (X, 7T) is the stratified map induced by the refinement (X,S)< (X, T)
and P is a perversity on (X,S) we study the relation between p and I,p under the previous
conventions following the three cases presented in Proposition

(a) The map I: (V,S) — (V,T) becomes (R™ x ¢L,Z x L) — (R™ x ¢L,Z x L), given by
x — x, which is a stratified map. Recall that ¢(V nS) = R™ x {v} = o(V n SI) (cf. (T6)).
Previous conventions give the equalities

B(S) = BR™ x {v}) = p(v) and LB(S ) = LBR™ x {v}) = LB(v) (19)

(b) The map I: (W,S) — (W, T) becomes the stratified map (R x ¢S*~1, T x ¢T) — (R%*°, 7)
given by (z,[z,7]) = (z,971(rz)) where g(z) = 22<tanllzl) . 5 The strata S, (S'\S)ee € S and

e
S" € T become respectively R® x {u}, R x (571, x]0,1[ and R**", where u is the apex of the
cone ¢S*~1. We have I,p = 0 and previous convention gives the formula

p(S) = p(R" x {u}) = p(u) (20)
(¢) The map I: (W,S8) — (W, T) becomes the stratified map
Yplog: (R x &(SP7 1% E), T x ¢Epp1) — (R* x R® x ¢B,T x T x ¢£)

given by
(z,971(2r2), [y, 7]) si ||z]] <1/2

(2, g7 (rz/ll21); [y, 2r (L= [[zID]) i [[2]] = 1/2.

The strata S, (S'\S)ec € S and S' € T become respectively R® x {u}, R® x (5=1).. x]0,1[ and
R® x R? x {v}, where u is the apex of the cone ¢(S*~! % E) and v is the apex of the cone ¢E.

(z, [[Z,y],’l“]) = {
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The other strata oh the LHS are source strata. Previous convention gives the formulae

B(R) = BR*x D" xQx]0,1) = Q)
=3VNR
LB(R) = LPR" xR xQx]0,1) =  LB(Q),
=y VnR' (21)
B(S"\S)ee) = PR x (S*1)_ x]0,1)) = B((S*1),)
p(s) = B(R® x {u}) = p(u)
Lp(S) = LpR*xRPx{v}) = Lp(v),

where R e R with R # S".

3.3. Comparison tools. The invariance results we prove in two final sections follow the same
pattern: a stratified map induces an isomorphism in (co)homology. To achieve this objective we
use these two results. The first one is used with compact supports (cf. [6, Theorem 5.1]) and
the second one is used with closed supports (cf. [3, Proposition 13.2]).

Proposition 3.5. Let Fx be the category whose objects are (stratified homeomorphic to) open
subsets of a given CS set (X, S) and whose morphisms are stratified homeomorphisms and inclu-
sions. Let Aby be the category of graded abelian groups. Let Fy, Gy : Fx — Ab be two functors
and ®: Fy — Gy a natural transformation satisfying the conditions listed below.

(a) Fy and Gy admit exact Mayer-Vietoris sequences and the natural transformation ® induces
a commutative diagram between these sequences,

(b) If {Ua} is a increasing collection of open subsets of X and ®: Fy(U,) — G« (Uy,) is an
isomorphism for each a, then ®: F*(0,Uy) — G*(UoUy) is an isomorphism.

(¢) Consider (p,V) a conical chart of a singular point x € S with S € §. If ®: F*(V\S) —
G*(V\S) is an isomorphism, then so is ®: F*(V) — G*(V).

(d) If U is an open subset of X contained within a single stratum and homeomorphic to an
Euclidean space, then ®: F*(U) — G*(U) is an isomorphism.

Then ®: F*(X) — G*(X) is an isomorphism.

Proposition 3.6. Let Fx be the category whose objects are (stratified homeomorphic to) open
subsets of a given paracompact second countablﬂ CS-set X and whose morphisms are strat-
ified homeomorphisms and inclusions. Let Aby be the category of graded abelian groups. Let
F* G*: Fx — Ab be two functors and ®: F* — G* a natural transformation satisfying the
conditions listed below.

(a) F* and G* admit exact Mayer-Vietoris sequences and the natural transformation ® induces
a commutative diagram between these sequences,

(b) If {Uy} is a disjoint collection of open subsets of X and ®: Fy(Uy) — G4 (Uy) is an isomor-
phism for each a, then ®: F*(| |, Us) — G*(L, Ua) is an isomorphism.

(c) Consider (¢,V) a conical chart of a singular point x € S with S € §. If ®: F*(V\S) —
G*(V,\S) is an isomorphism, then so is ®: F*(V) — G*(V).

(d) If U is an open subset of X contained within a single stratum and homeomorphic to an
Euclidean space, then ®: F*(U) — G*(U) is an isomorphism.

Then ®: F*(X) — G*(X) is an isomorphism.
107, the original reference [3, Proposition 13.2] the pseudomanifold X needs to be separable. A second

countable space is separable (see for example |25 Theorem 16.9]) so we can change this last hypothesis
in the statement of the Proposition.
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Remark 3.7. A priori, in order to apply Proposition 3.5 and Proposition [3.6] one needs to verify
condition (c) for any conical chart of X. Reading carefully the proof of these Propositions one
notices that it is enough to verify (c¢) for a neighborhood basis of each point x of X.

Associated to a conical chart ¢: R? x ¢L — V of the point z, we can construct a neighborhood
basis By = {¢.: ] —¢e,e['xé.L — V. | € > 0} of z, where ¢, = L x [0,e[/L x {0} and V. =
o(]—e,e[*xé.L). Notice that all this open subsets are stratified homeomorphic after homotethy.

So, in order to apply Proposition and Proposition it suffices to verify conditions (c)
for a conical chart of each point of X.

Notice that the family F, = {pc: [~€,¢] x ccL — V. | € > 0} is a Ineighborhood basis for
the point x made up of closed subsets. In other words, the space X is locally compact.

3.4. Morphisms. Consider a stratified map f: (X,S,p) — (Y, T,q) between two perverse CS-

sets. If the perversities verify f*Dg < Dp then we have the following induced morphisms.

(a) fy: HZ( ;S) — HZ(Y;T) and f*: H: (X;8) — H; (Y;T) (cf. [6, Proposition 3.11]).

(b) f*: H;C (X;8) — H;C(Y;T) if the map f is a proper map. This comes from d and
from the fact that the family {f~1(K) | K < Y compact} is cofinal in the family of compact
subsets of X if f is proper.

(€) fe: 9, (X;8) = 9, (Y;T),if f(X,) € S(y,7) where X, = U{S | S € §*" and p(5) > #(S)}
(cf. [6, Proposition 3.11]). An adapted version of this result is needed in this work (see
Lemma .

(d) fur B, T(X;8) —» H"(X,T) and fo: 6,77(X;8) - 57" (X, T) (cf. [LA]a).

If the perversities verify f*g < p then we have the following induced morphisms:
() f*: AT (Y T) - A (X:S) if <P (cf. [3 Theorem AJ).

q
(f) f*: %”; Y;7)— %”;C (X;S) if the map f is a proper map.This comes from d and from
the fact that the family {f~}(K) | K < Y compact} is cofinal in the family of compact
subsets of X if f is proper.

BM,q(

4. REFINEMENT INVARIANCE FOR CS-SETS

We prove the main result of this work: the refinement invariance of all the
homologies and cohomologies of Section [I] : Theorem [A] for coarsenings and
Theorem [B] for refinements. In the first case, we need to work with a particular
type of perversities, the K-perversities.

4.1. K-perversities. These are the perversities for which refinement invariance holds. Roughly
speaking, they are M-perversities defined on the LHS of a refinement (X,S) < (X,7) whose
restriction to the strata of the RHS is a classical perversity verifying the growing condition of a
Goresky-MacPherson perversity.

Definition 4.1. Let (X,S)<(X,T) be a refinement. A perversity  on (X,S) is a K-perversity
if it verifies conditions (K1) and (K2).

(K1) We have, for any strata S,Q € S with S < Q and S' = Q"
p(Q) < p(S) < B(Q) +1(S) —HQ), (22)
(K2) We have, for any strata S,Q € S with diim S = dimQ and S = Q'
p(Q) = p(5), (23)
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Remark 4.2. Notice these two conditions are equivalent to conditions

Dp(Q) < Dp(S) < Dp(Q) + ¢(S) — {(Q) and Dp(Q) = Dp(S). (24)
Also, condition is always verified when both strata S and @ are regular strata. If the stratum
Q is regular and the stratum S is singular (id est, S is an exceptional stratum), then condition

becomes

0<p(S) <#(9). (25)
In particular, the existence of a K-perversity implies the non-existence of 1-exceptional strata
since 0 < #(S) = —1 is not possible.

Before proving the main results of this work, we need some technical Lemmas.

Lemma 4.3. Let (X,S) < (X,T) be a refinement. Any K-perversity D verifies L p(T) = p(S)
for each T € T where S € S is a source stratum of T.

Proof. We know from Section E that Lp(T) = min{p(Q) | Q € S and Ql =T}. Forany Q€ S
with Q" = T there exists a source stratum S € S with Q < S and S =T (cf. Lemma (b)).
So, Lp(T) = (k1) min{p(S) | S € S source stratum of T'}. Condition ends the proof. &
Lemma 4.4. Let (X,S)<(X,T) be a refinement. For any K -perversity p we have I*DI,p < Dp.

Proof. Given a stratum S € S, there exists a source stratum @ € S of s’ verifying S < @ (cf.
Lemma [2.§ (b)). We have
I I I

I"DLp(S) = DLp(S) =1(S") — Lp(S") "2 Q") - p(Q) <a1) {(Q) — p(Q)

oy ED
= Dp(Q) < Dp(95),
where (1) comes from except when () is an exceptional stratum. In this case codim @ > 2

and therefore 7(Q") = 0 < %(Q) (cf. Remark . &

Lemma 4.5. Let (X,S) <1 (X,T) be a refinement. between two CS-sets. For any K-perversity
D we have the induced morphisms I, : jﬁi(X;S) — ﬁ;*p(X;’T), 9 _(X:T) - S’J:(X;S),

* *

1T, (X5T) = 97 (X).

,C

Ixp

Proof. If we prove that the operator I, : QZ (X;8) —» 6;*?()( ; T) is well defined then, by duality,

the operator I*: CT@(X; T)— C: (X;S) is also well defined. Following [6, Proposition 3.11] and

Lemma it suffices to prove I(X_)  ¥(x 7). If this is not true, then there exist Q € S and

S e 8% with Q < S, p(S) > 1(S) and Q" € T7°. Since Q' <qm) S  then S’ € S Then S
is an exceptional stratum. This is impossible (cf. ) Last point comes from d. )

Lemma 4.6. Let (X,8) <; (X,R) <y (X, T) be two refinements. If D is a K-perversity on
(X,S8), relatively to the refinement E = J oI, then

(a) P is a K-perversity, relatively to the refinement I, and

(b) Lp is a K-perversity, relatively to the refinement J.

J J
I I E

Proof. Property (a) comes directly from the fact that s =g’ implies s" =9 = QR =Q,
if S,Q € S. Let us prove (b) in two steps.

(K1)7,5 Consider S,Q € R with S < @ and S’ = QJ. Lemma (c) gives two I-source strata
S.Q €S, of S and @ respectively, with " < Q’. We have Lp(S) = p(S’) and Lp(Q) = p(Q’)
(cf. Lemma[4.3) and

s =5 =5 =@ =@ -¢ (26)
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then
— _ ’ (Kl)ii ’ _ (K )pi / — ’ — ’
Lp(Q) = p@) < p§) =Lp(S) < pQ)+US)—HQ)
e Lp(Q) +1(S") ~UQ) = LB(Q) +1(S) ~ Q).

(K2)1,7 Consider two strata S,Q € R with dimS = dim @ and 5" = Q’. Lemma 2.8 (b)
gives two source strata S/, Q' € S of S and @ respectively, relatively to the refinement I. Then
E E I I
S =@ (cf. (26)) and dim S’ = dim S’ = dim$S = dimQ = dimQ' = dimQ’. Applying
(K2)5 we get B(S’) = p(Q’). On the other hand, Lemmagives Lp(S) =p(S"), Lp(Q) =p(Q")
and therefore we get the claim I,p(S) = Lp(Q). &

4.2. Main results. We give the two invariance results of the various intersection (co)homologies:
by coarsening and by refinement.

Theorem A (Invariance by coarsening). Let (X,S) < (X,T) be a refinement between two
CS-sets. For any K-perversity p on (X,S) the identity I: X — X induces the isomorphisms

*

(R1)  H.(X;S)=H,"(X;T), (R2) H (X;S)=H, (X;T),
(R3) M (X;8) = H,_ (X:T), (R4)  9L(X;8) = 9,7 (X;T),
(R5) 9. (X;8) =9, (X;7), (R6) $.(X:8) =9, (X:7T),
If in addition, X is second countable then
(R7) H"(X;8) =H.""(X;T), R8)  H.T(X;8) =0 " (XGT),
(R9) AL (GT) = 2 (X58), (R10) 2 (X58) = M), (X:T)
Proof. Notice first that the identity I induces the morphisms (R1), ..., (R10). This comes from

Lemma [£.4] Paragraph and Lemma We proceed in several steps.

(R2) and (R5). Apply the Universal coefficient Theorem of [[.5|e to (R1) and (R4).

(R3) and (R6). Considering (4)) it suffices to prove that I induces the isomorphisms H: (X, X\K;S) ~
H (X, X\K;T) and ﬁ:(X,X\K;S) ~ ﬁ;*f(X, X\K;T), for each compact subset K < X.
Properties (R2), (R5) and the long exact sequences of [[.5]d give the result.

(R7) and (R8). Since X second countable then it is hemicompact (see [23] Remark 1.3]).
Considering it suffices to prove H: (X, X\KS) ~ H:p(X, X\K;T) and 5’91 (X, X\K;S) =

ﬁ;‘f(X, X\K;T), where K is a compact subset of X. Properties (R1), (R4) and the long exact
sequences of [[.5ld give the result.

*

(R10). Since X second countable then it is hemicompact, paracompact and therefore normal
see [23 Remark 1.3], [25] Theorem 20.10]). Considering Proposition [1.1| it suffices to prove
(see [23, , [25, g Prop p
%”; (X, X\K;S) =~ ﬁf:;(X, X\K;T), where K ¢ X is compact. Property (R9) and the long
exact sequence of [[.9]d give the result.

(R1), (R4) and (R9). Without loss of generality we can suppose that the refinement is simple
(cf. Proposition and Lemma [1.6). We verify the conditions of Proposition for (R1) and
(R4), and Proposition [3.6] for (R9). Th functor ® comes from I: X — X.

(a) It suffices to consider the Mayer-Vietoris sequences of au7 a and alﬂ

HNotice that X is second countable, Hausdorff and locally compact (Remark . Then, the pseu-
domanifold X is paracompact (cf. [I} I1.12.12]).
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(b) The chains have compact support, so we get (R1) and (R4). The case (R9) is immediate.
(d) Since Sy = Z implies Ty = Z then property (D) becomes a tautology.
(c¢) Consider a singular point x € X. Following Remark we distinguish three cases.

(C-a) x € S, source stratum of S. Considering Proposition (a) and using the local
calculations [I.5b and [L.9}b, we need to prove

(R1) H,(L,L)=H,"(L,L') = H_(¢L,eL)=H,"(¢L,eL')
(R4) 9,(L,L)=n. (L, L) = 9, (L, eL)=" (EL, L)
(R9) (L, L)=.""(L,L') = A (eL,eL)=H.""(¢L,eL').
Since the perversity p verifies p(S) = Lp(S') (cf. Lemma then we have p(v) = Lp(v) (cf.

(19)). The result comes now directly from the local calculations b and b.

(C-b) = € S, exceptional stratum of S. Considering Proposition (b) and using the
local calculations [I.5}b and [L.9]b, we need to prove

(R1) H. (¢8"~1,¢T)=G, (R4) 9. (eS*1,¢T) =G, (R9) 7 (&S"~1,eI)=R.
where b = codim S > 1. Since 0 < p(S) < #(S) = b— 2 (cf. (25)) then we have 0 < p(u) < b— 2
(cf. ) The result comes now directly from the local calculations b and b.

(C-c) @ € S, virtual stratum, with s’ singular stratum of S. Considering Proposi-
tion (c) and using the local calculations [[.5|b and [1.9]b, we need to prove

(R1) H. (&(SP' % E),&u-1) H."(¢B, &)

lle

(R1) $(&(S"'E),e€u1) = H. (CE,EE)

(R9) A (e(SP1# E),&E01)

IIe

A (CE,EE),
where b = dim " — dim S > 1.

Since S < (S'\S)ee (cf. (I7) and B((S\S)ee) < B(S) < B((S\S)ee) + b (cf. ([22)) then we
have p((S5°71)ee) < P(w) < P((S*V)ee) + b (cf. [21))). Similarly, we get Dp((S*')ee) < Dp(u) <
Dp((S")ee) + b (cf. ([24)).

Since p(S) = *]3(51) (cf. Lemma then we have p(v) = Lp(v) (cf. (21)).

Applying the local calculations [I.5}b,c and [I.9]b,c the question becomes

(R1) H,(E,&)=H,"(E,£),  (RA) %, (B,)=9."(E.E)  (R9) A (E.&)=H, (E,E),

The stratum S belongs to V = M (cf. (15))). Since any other R € S meeting the conical chart
W verifies S < R then R is a source stratum and then p(R) = L.p(R) (cf. Lemma[£.3). From
we get p = I,p on E. The claim is proved. &

Remark 4.7. The existence of 1-exceptional strata may impeach the above isomorphisms. This
is the case for (R4), ... (R10). For example 5’31 (eS°,¢T) =0#G = 5’)1 (]—1,1[,Z). But we have
H: (ESO) =G = H: (1 —1,1[,Z,¢Z). In fact, the local calculations Hf(ESO,S) and ﬁf(éSo;S)
are different:

7.0 o | Hy(SY)  if Dp(v) =0 7.c0 o | Hy(S?)  if Dp(v) =0
H, (¢5°,¢7) { G itDpw) <o M (69%¢T) = 0 if Dp(v) <0.

We observe that condition S’JZ (E’:SO,EI);G of (C-c) is never fulfilled, while we just need
Dp(v) < 0 to have H_ (¢8°,¢Z)=G of (C-c).
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Condition can be weakened in cases (R1), (R2) and (R3) as follows: dealing with 1-
exceptional strata S, it suffices to ask Dp(S) < 0, that is, p(S) = 0 and not 0 < p(S) < (9).
So, these strata are allowed for (R1), (R2) and (R3).

Theorem B (Invariance by refinement). Let (X,S) < (X,T) be a refinement between two
CS-sets. We suppose that there are no 1-exceptional strata. For any perversity g on (X,T) the
identity I: X — X induces the isomorphisms

(R1)  H.'(X:8)=H.(X;T), (R2) H (X:8)=H (X;T),

(R3) H (X;8)=H (X:T), (R4) 9, (X:8) = 0] (X3 7).

(R5) 97, (X;8) =) (X;T), (R6) &), (X;8) =% (X;7)
If in addition, X is second countable then

®R7) HN(X8) = HIUU(XGT), R8) 57 8) = 60" (X T,

(R9) AL (X;T) = (X;S), (R10) 22, (X;8) =M. (X;T)

Proof. It suffices to apply apply Theorem |A| to the perversity I*p (cf. Paragraph , if this
perversity is a K-perversity. This is the case when 1-codimensional exceptional strata do not
appear. Let us verify properties (K1) and (K2).

I I

(K1) We have I'g(Q) = q(Q ) = q(S) = I'q(S) < I'q(Q) + (S) — H(Q), if we prove
t(Q) < t(S). This is clear if S and @ are regular strata or singular strata at the same time
(cf. (S4)). It remains the case where S is an exceptional stratum and @ is a regular stratum.
The inequality becomes ¢(S) > 0, that is, codim S > 2. This comes from the non-existence of

1-exceptional strata.
I I

(K2) We have I"g(Q) = q(Q ) =q(S") = I"q(9). s

In cases (R1), (R2) and (R3), l-exceptional strata S may appear if p(S) = 0 (cf. Remark [£.7).

4.3. Topological invariance. One of the two more important properties of the intersection
homology is the topological invariance [15]. Next Corollaries show that the refinement invariance
implies topological invariance in some cases. We find the well known topological invariance of the
intersection homology [15] (see also [19, I3]) and those of tame intersection homology [9] (closed
supports) and [II] (compact supports). We also get the topological invariance of the blown-
up intersection cohomology [3l Theorem G] (closed supports) and [5, Theorem A] (compact
supports).
Before giving the result, there are two important tools to highlight.

o Intrinsic stratification (cf. [I8, [19]). Any stratified space (X,S) has a smallest refine-
ment: the intrinsic stratified space (X,S8*). It is a canonical object: we have §* = T* for any
stratification 7 defined on X. If (X,S) is a CS-set then (X, S*) is also a CS-set.

e (Classical perversities versus M-perversities. The former depend on the codimension of the
strata while the latter are defined on the strata themselves.

A King perversity is a map p: N — Z verifying p(0) = 0 and p(k) < p(k + 1) < p(k) + 1 for
each k € N* (cf. [19]). It verifies

p(k) <p(0) <p(k) + £ -k, (27)

if 1 <k < {. A King perversity p induces a perversity, still denoted by p: p(S) = p(codim S).
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A Goresky-MacPherson perversity is a King perversity p with p(0) = p(1) = p(2) = 0 (cf.
[15]). It verifies, for each k > 2,
0<p(k) <k—-2=1(k) (28)

Corollary 4.8. Let (X,S) be a CS-set endowed with a positive King perversity p. Consider the
intrinsic refinement (X,S) <1y (X,8*). The identity map I: X — X induces the isomorphisms

H.(X;8) = H,(X;8*%) H (X;8) = H (X;8%) H (X:S)~H (X;8%),
if p(€) = 0 when £ is the codimension of an exceptional stratum. We also have

9, (X;8) = 9 (X;8%) 9, (X;8) = 9 (X;8%) 92 (X:8) = 7 (X;8%),
if 0 <Dp(f) < t(0). If in addition, X is second countable the we have

AKX 8) = (X:8%)  AL(X58) = (X:8%) HU(X;8) = HTT(X;8%)

Proof. Let us verify that p is a K-perversity.
(K1) By definition of the perversity p, we need to prove

p(codim Q) < p(codim S) < p(codim Q) + t(codim S) — t(codim Q).

This is clear if S,Q are regular strata or singular strata (cf. (S4) and (27)). It remains the
case where S is an exceptional stratum and @) is a regular stratum. The inequality becomes
0 < p(codim S) < t(codim S) which is true from hypothesis and Remark

(K2) We have p(S) = p(codim S) = p(codim Q) = p(Q).

The classical perversity p induces the perversity p on (X,S) by formula p(S) = p(codim S).
In fact, the perversity I, of (X, 7)) also comes from the classical perversity p: Lp(T) ““™"2* =
p(S) = p(codim S) "= p(codimT) = B(T), where T € T and S € S is source stratum of 7.

Now, it suffices to apply Theorem [A] &

Remark 4.9. (1) - Let (X,S) be a CS-set endowed with a Goresky-MacPherson perversity p.
Since p = 0 (cf. )7 then the previous Corollary implies that the cohomologies H:(X;S),
H: (X;S) and H;C(X ;S) are independent of the stratification S. We do not have a similar
result for tame intersection homologies since condition 0 < p < ¥ (cf. ) implies that tame
intersection homology coincides with the usual intersection homology.

Let us suppose that X is second countable. When 1-exceptional strata do not exist then we
can apply the above Corollary and conclude that the cohomologies L%”i * (X;8), H# * (X;S) and

e
HfM’p (X;8) are independent of the stratification S. (cf. (28)).

(2) - Consider p a K-perversity. Condition (K2) means that the restriction of p to the S-
stratification lying on each stratum 7" € T is in fact a classical perversity (excepted the condition
p(0) = 0). On the other hand, property (K1) is in fact a growing condition of the type , even
weaker. Although it is not completely exact, we can think a K-perversity as a perversity whose
restriction to any stratum 7" € T is a King perversity.
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