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Abstract. We construct an analytic self-map ® of the bidisk D? whose
tmage touches the distinguished boundary, but whose approrimation numbers
of the associated composition operator on H*(D?) are small in the sense that
lim sup,, _, o [an2 (Ca)]/™ < 1.
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1 Introduction

For composition operators Cg: H?(D) — H?(D) on the Hardy space of
the unit disk, the decay of their approximation numbers a,(Cg) cannot be
arbitrarily fast, and actually cannot supersede a geometric speed ([16]; see
also [10, Theorem 3.1]): there exists a positive constant ¢ such that:

an(Cp) 2 e, n=12,...

It is easy to see that this speed occurs when ||®|s < 1, and we proved in
[10, Theorem 3.4] that a geometrical speed only takes place in this case; in
other words:

(1.1) [Blloc =1 < [an(Cp)]™ = 1.

lim
n—oo

This leads to the introduction, for an operator T" between Banach spaces,
of the parameters:

(1.2)  B7(T) = liminf [a,(T)]V" and BT(T) = limsup [a, (T)]*/™,

n—00 n—00



where a,,(T) is the n-th approximation number of 7. When [a,, (T)]'/™

tually has a limit, i.e. when 8~ (T) = (T, we write it 5(T).

What is proved in [10, Theorem 3.4] is that 5(Cy) = 1 if and only if
|®]|c = 1. Later, in [12], we gave, when ||®|» < 1, a formula for this
parameter in terms of the Green capacity of ®(ID), which allowed us to
recover (1.1).

ac-

More generally, for N > 1, we introduce:

(1.3)  By(T) = liminf [a,~ (T)]l/” and ﬁ;{,(T) = limsup [a,,~ (T)]l/” ,

n—00 n—o00

and:

(1.4) BN(T) = lim [a,~ (T)]Y"

n—oo
when the limit exists. It is clear that 0 < ﬁﬁ(T) < 1, and it is interesting to
know when the extreme cases 83 (T) = 0 or B%(T) = 1 occur. For example:

By(1) >0 = aw(T)
y(T)=1 <= a,n~(T)

It is coined in [1]| (see also [13] and [14]) that 5%(0@) are the suitable
parameters for the composition operators on H 2(]DN ), and it is proved, for
any N > 1, that 8y(Cop) > 0, as soon as ® is non degenerate (i.e. the
Jacobian Jg is not identically 0) and the operator Cg is bounded on H?(DY).
As for an expression of ﬁﬁ(C’@) in terms of “capacity”, only partial results are
known so far ([13] and [14]) and the application to a result like (1.1) fails in
general. We gave an example of such a phenomenon in [13, Theorem 5.12].
In the present paper we give a shaper result.
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2 Background and notation

Let D be the open unit disk, H?(D") the Hardy space of the polydisk
DY, and ®: DY — DV an analytic map. When N = 1, it is well-known (see
[4] or [17]) that @ induces a composition operator Cg: H?(D) — H?(D) by
the formula:

Co(f)=fo®,

and the connection between the “symbol” ® and the properties of the opera-
tor Cg, in particular its compactness, can be further studied (see [4] or [17]).
When N > 1, Cg is not bounded in general (see [4]).



Let T be the unit circle, and m the normalized Haar measure on TV. A
positive Borel measure p on DV is called a Carleson measure (for the space
H?(DYN)) if the canonical injection J: H?(DY) — L?(u) is bounded. When
®: DV — DV is analytic and induces a bounded composition operator on
H?(DY), the pullback measure mg = ®*(m), defined, for any test function
u, by:

[ wtw)dma) = [ ule*©)am(e),
DN TN
is a Carleson measure. Here ®* is the radial limit function, defined for m-
almost every € € TV, by ®*(¢) = lim,_,;- ®(r).

For £ € T = 0D and h > 0, the Carleson window S(§, h) is defined as:
(2.1) S h)={z€D; |z —& <h}.

If f € Hol (D?), Djk f denotes the k-th derivative of f with respect to the
j-th variable (j = 1,2).

We denote by A(D) the disk ilgebra, i.e. the space of functions holo-

morphic in D and continuous on D. We similarly define the bidisk algebra

A(D2).

Let Hy; and Hy be Hilbert spaces, and T': H;y — Hy an operator. The
n-th approximation number a,(7") of T', n = 1,2,..., is defined (see [2]) as
the distance (for the operator-norm) of 7" to operators of rank < n:

(2.2) an(T) = ranin}£<n T — R .

The approximation numbers have the ideal property:
an(ATB) < [|Al[ an(T) ||B] -
The n-th Gelfand number ¢, (T) of T is defined by:

(2.3) enT) = inf |Tip|.

As an easy consequence of the Schmidt decomposition, we have for any
compact operator between Hilbert spaces:

(2.4) en(T) = an(T).

If T,Ty,To: H — H' are operators between Hilbert spaces H and H', we
write T'=T) ® Ty if T =T, + T and:

|Tx|? = |Tyz|)? + ||Tox|®, forallz e H.



The subaddivity of approximation numbers is then expressed by:
(2.5) ajyi(Ty & T2) < a;(Th) + ap(T2) -

We denote by N = {0,1,2,...} the set of non-negative integers, and by
[] the integral part of the real number x.

We write X <Y to indicate that X < ¢Y for some constant ¢ > 0, and
X ~ Y to indicate that X <Y and Y < X.

3 Purpose of the paper

Let us recall that the Hardy space of the polydisk is the space:
H*DV) = {f DY - C; f(z Zaaz andHsz—Z\aa]2<oo}

aeNN

If ®: DY — DY is an analytic map, the associated composition operator

Cg (which is not always bounded on H2(D")) is defined by:
Co(f)=fod.

We will mainly here be interested in the case N = 2.
The reproducing kernel K, of H?(D?) is, with a = (a1,a2) and z =
(21, 22):
1

(1 —are1)(1 —az22)

(3.1) K.(z) =
As a consequence:

(3.2) F(@)] = (. Ka) 71l

< .
V(A = la1?)(1 — [az]?)

In particular, the functions in the unit ball of H?(ID?) are uniformly bounded
on compact subsets of D?.

In [13, Theorem 5.12], we gave an example of a holomorphic self-map
®: D? — D?, continuous on the closure D2, such that ||®||, = 1, that is:

(3.3) O(T?) N oD* £ 0,
and yet:
(3.4) B3 (Ca) <1

in contrast with the one-dimensional case (|10, Theorem 3.4]).



Understanding where the difference really lies when we pass to the mul-
tidimensional case is a big challenge: it does not seem to be a matter of
regularity of the boundary, and a similar example probably holds for the
Hardy space of the ball. It might be a matter of boundary: the Shilov
boundary of the ball is its usual boundary, but that of the polydisk is its
distinguished boundary:

0DV ={z=(z); || =1forall j=1,..., N} =TV

(indeed, the distinguished maximum principle tells that, for f analytic in
DY and continuous on DV, it holds max,cpn |f(2)| = max,cypn |£(2)]).
The aim of this paper is to show that this is not the case and, improving on
(|13, Theorem 5.12]) and (3.3), to build an analytic self-map ®: D? — D2,
continuous on D2, non-degenerate and such that:

(3.5) ®(T*HNJ.D*# 0, but B (Cs) < 1.

The paper is organized as follows. In Section 4, we recall with some
detail the definition and main properties of a so-called cusp map x € A(D),
to be of essential use in our counterexample. In Section 5, we prove several
lemmas which constitute the core or the proof. In Section 6, we state and
prove our main theorem.

4 The cusp map

The cusp map x: D — D is analytic in D and extends continuously on
D. The boundary of its image is formed by three circular arcs of respec-
tive centers %, 1+ %, 1- %, and of radius % (see Figure 1). However, the
parametrization t +— y(e’*) involves logarithms.

It was often used by the authors ([11], [8]) as an extremal example.

We first recall the definition of .

Let DT = {2z € D; Rez > 0} be the right half-disk. Let now H be the

upper half-plane, and T": D — H defined by:
1 .
T(u) =i —2 with T '(s)= L.
1—u s+
Taking the square root of T, we map D onto the first quadrant defined by
Q1 ={z € C; Rez > 0}; we go back to the half-disk {z € D; Jmz < 0} by

T~'. Finally, make a rotation by i to go onto D*. We get:

(=" -

oz —1\1/2 '
—z<, ) +1
1z —1

xo(z) =

5
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Figure 1: Cusp map domain

One has xo(1) =0, xo(—1) =1, x0(i) = —4, and xo(—i) = . The half-circle
{z € T; Rez > 0} is mapped by xo onto the segment [—i, 4] and the segment
[—1,1] onto the segment [0, 1].

Set now, successively:

(41)  xa(z) =logxo(2), xa(2) = 2 xi1(z) +1, xs(2) = !
T x2(2)

and finally:

(4.2) x(2) =1—xs(2).

We now summarize the properties of the cusp map x in the following
proposition.

Proposition 4.1. The cusp map satisfies:

1
D 1-[x(2)| 5 m;

2) [1—x(2)| < K(1—|x(2)|) for all z € D, where K is a positive constant;

3) x(D) is the intersection of the open disk D(%,%) with the exterior of

the two open disks D(l + %; %) and D(l — %, %),
4) x(1) =1, x(2) = x(2) and |x(z) — 1| < 1 for all z € D;
5) for 0 < |t| < /4, we have 1 — Re x(e) ~ 1/(log 1/[t]);
6) x(D) C{z=xz+iy; 0<x <1 and |yl <2(1 —x)%}.



Proof. Ttems 1) to 5) are proved in [11, Lemma 4.2]. To prove 6), write
x(z) = (1 — h) +dy. Since x(z) = x(z), we can assume y > 0. Since
x(D)ND(1+ %, 3) =0, we have |x(z) — (1 + %)| > £; hence:

by =9

2

1
4’

so that y < y?+ h?. But y < 1/2, since x(z) € D(%,1); therefore y* < y/2,
so we get y < 2h2. O

5 Preliminary lemmas

In this section, we collect some lemmas, which will reveal essential in the
proof of our counterexample.

We consider the map ¢ = g, 0 < 6 < 1, defined, for z € D\ {1}, by:
(5.1) pz)=exp(—(1-2)7").

We observe, since Re (1 — z) > 0 for z € D, that:
(52) o ()] < exp (= 811 —277).

where 0 = cosmf/2 > 0. Moreover, (5.2) shows that ¢ € A(D), since:

lim @(z) =0=:¢(1).
z—1,z€D

Our first lemma will allow us to define our symbol .
Lemma 5.1. One can adjust 0 < ¢ < 1 so as to get:
(5.3) IX(2)|+2clpox(z)] <1 forallze€D.
Hence, if we set, for any g € A(D) with ||g]|ec < 1:
(5.4) D(21,22) = (x(21), x(21) + c(p 0 x)(21) 9(22)) ,
we have ®(D?) C D2

Remark. The factor 2 in (5.3) is needed in order to get the following
inequalities, to be used later, for z € D and w = x(z) + ¢(p o x)(2) u, with
lu| <1:



or, equivalently:
1—
(5.6) 1 Juw| > 1- ()|

Indeed:

1-Ix(2)| _ 1+[x(2)]
2 2

Proof of Lemma 5.1. Set X = |1 — x(z)|, so that, with K the constant of
Proposition 4.1,2):

lw| < [x(2)| +cleox(z)| < Ix(2)| +

R=xGE X

(5.7) Ix(2)| < B K

For z € D and X close enough to zero, say X < 7, we have 2exp(—dX %) <
= . If we adjust 0 < ¢ < 1 so as to have ¢ < 7k, it follows from (5.2) and
(5.7) that, for X <n:

X
IX(2)| +2clpox(z)] <1-— [ +2exp(—0X %) < 1.
However, for X > 1), (5.7) says that |y(z)| <1 — 4, so:
IX(2)| 4+ 2¢|e o x(2)] Sl—%+2c< 1,

as well and this ends the proof of Lemma 5.1. O

Our second lemma estimates some integrals and ensures that ¢ induces
a compact composition operator on H?(D?).

Lemma 5.2. For 0 < h <1, the following estimate holds:

1
5.8 In(h) = / -t § e—T/h’
> o) (eit)—1j<n (1= [x(e")])?

Proof. By Proposition 4.1,5), there exist two constants ¢q, co such that:

“a it Co
—— < 1< —= tH < -
g1/ = X < oy =
hence:
By s [ e a=2 [ sera it 0
|t|<e=c1/h ci/h

8



Corollary 5.3. For g € A(D) with 0 < ||g|lec <1, set:

dty dts

1= /X@m_lgh (= @D~ (@) + ¢ (9 o (@) gle)])

Then:
I(h) e /M,

Consequently, the composition operator Cg defined in (5.4) is bounded from
H?(D?) to H*(D?) and is compact.

Proof. Using (5.6), we have, thanks to (5.8):

2
I(h g/ S — T A
WS ] tryrien (= @2 2 42

In particular, I(1) < oo, showing that Cg is Hilbert-Schmidt and hence
bounded. O

For the rest of the paper, we fix a number o in (0, 1), that for convenience
we take as:

7
59 = —>
(59) =
a positive integer jp such that:
(5.10) 207 < 1/8

(i.e. jo > 21), and we set:

(5.11) aj=1-0o’
and:
ol 1

We also define, for n > 1 and 6 being the parameter used in (5.1):

| log2n o log 2n
" |flogl/o logl/o

(5.13)

The next lemma gives a cutting off for x (D).



Lemma 5.4. For every n > 1, the image x(D) of the cusp map, deprived of
the closed Euclidean disk D(0,1 — 07°/K) and of x(D) N S(1,1/n), can be
covered by the open Euclidean disks D(aj, p;), with jo < j < N,.

Proof. Let z € D such that |x(z)] > 1 — 0% /K and |x(z) — 1| > 1/n. We
write x(z) =z + 1y =1 — h +iy.

Let j with a; < 2 < aj41, ie. oJtt < h < 0. We have j > jy, since
h < g0,

Now, since 0 < x — aj < ajy1—aj = ol — I, that y? < 4h* (Proposi-
tion 4.1,6)), and h < 07, we have:

IX(2) — > < (07 — 7 TH)2 442 < (1 — 0)%0% +40Y
hence: _ ' _ _
IX(2) —a;| < (1 —0)+20% =a/(1 —a+207).

Subsequently, since 1 — o = 1/8, j > jo, and 2070 < 1/8:

. . o
x() = ajl < (1~ +207) < T = .

showing that x(z) € D(aj, pj).
Moreover, we have j < N,,. Indeed, if j > N,,, we would have:

5 . 5
X(2)=1] < [x(2) =] +(1=0j) < pj+07 = 07 < 2ot <200 <1/n,
contradicting the fact that x(z) ¢ S(1,1/n). O

Our next two lemmas give estimates on derivatives for the functions
belonging to H?(D?).

Lemma 5.5. Let f € H?(D?), k a non-negative integer, b € D, and let
hi(2) = (DS f)(2,2). Then:

k! 2k+1

|hi(D)] < A= ppFT 1f1]2-

Proof. The Cauchy inequalities give for 0 < s < 1 — |b| and a € N

DB < sup | flwnw)].

= slel |wi—b|=s,|w2—b|=s

10



The choice s = 1_T|b| gives 1 — |w;| > 1_7‘1)‘ for |lw; — bl = s, j = 1,2; hence,
thanks to the estimate (3.2):

< /1l
~ VA= fun )@ = fw 2|)

Specializing to a = (0, k) now gives the result. O

‘ (w17 )

Lemma 5.6. With the notations of Lemma 5.5, assume that hg)(a) =0 for
some a € D and for 0 <1 <n. Then, for0 < p<1and|b—al <5 (1—]al),

it holds:
AP L
|hi(D)] < p" W [fll2-

Proof. We may assume || f||2 < 1. Consider the function defined, for w € D,
by:
Hk( ) hk<a+w 2’0,‘).

It is a bounded and holomorphlc function in D.
Forw e D, let 5 = atw > ‘ | , which satisfies 1—
gives:

. Lemma 5.5

k! 4k+1

[ Hi(w)| = [hi(B)] < W'

Now, H,gl)(O) = hg)(a) = 0 for 0 < I < n; hence the Schwarz lemma says
that Hy satisfies |Hp(w)| < |w|™||Hg|loo for all w € D. Take w = 21(3_'1)

laf >

which satisfies |w| < p, to get:

k!4k+1
hi(b)| = | H < "Hlloo < p"t —m—— - O
k()] = |Hy(w)| < ol | Hiloo < " e

6 The main result

Recall that x is the cusp map and that ¢ is defined in (5.1). The map
g appearing in the formula below plays an inert role, and is just designed to
ensure that ® is non-degenerate; we can take, for example g(z2) = 2zo. This
seems to mean that non-degeneracy is not the only issue in the question of
estimating 85 (Cop).

Our example appears as a perturbation of the diagonal map defined by
A(z1,22) = (x(21),x(21)) for which we already know ([15, Theorem 2.4])

11



that A(1,1) = (1,1) and 35 (Ca) < 1. This map is degenerate, but the per-
turbation clearly gives a non degenerate one since its Jacobian is Jg (21, 22) =
c(pox)(21) x'(21) ¢ (22)-

Theorem 6.1. Let:

®(21,22) = (x(21), x(21) + ¢ (@ o X)(21) 9(22))

be the function defined in (5.4).
Then:

1) ®(D?) C D? and Co: H*(D?) — H%(D?) is compact;

2) ® is non degenerate, and its components belong to the bidisk algebra;
3) ®(T?)NT? = &(T?) N 9.D? # ();

4) ap2(Co) < exp(—7n), for some T > 0, implying By (Co) < 1.

Proof. That ® maps D? to itself is proved in Lemma 5.1 and that the compo-
sition operator Cg: H?(D?) — H?(D?) is compact, in Corollary 5.3. Item 2)
is due to the presence of g, as explained above. The fact that ®(T?)NT? # ()
is clear since ®(1,1) = (1,1). It remains to prove 4).

Once more, the proof will be conveniently divided into several steps. We
begin by a lemma which is in fact obvious, but explains well what is going
on.

Lemma 6.2. Let A =1 — %, where o, K and jo are as in (5.9), Propo-
sition 4.1,2), and (5.10). Let r, = 1 — %, and let p1, po, ps the respective

restrictions of me to the disk \D?, the annulus r,D?\ \D2, and the annulus
D?\ r,D2. We then have:

Co=TraTheTls;,
where Tj is the canonical injection of H*(D?) into L?(u;).
This is indeed obvious since:

ICafI? = / P,
D2

and by splitting the integral into three parts.

We now majorize separately the numbers a,(7}), for j = 1,2,3. In the
sequel, the positive constant 7 may vary from one formula to another.

Step 1. It holds:
(6.1) ap2(Ty) Se ™.

12



Proof. Let V. = 2 H?(D?) + 28 H?(D?); this is a subspace of H?(D?) of

codimension < n?, since:
V ={fe H*D?; D{Dff(0,0)=0 for0<jk<n}.
If f(2) = X max(jh)>n Gk 225 €V and ||f||a = 1, one can write:

f(2) = 21 qi(21, 22) + 23 q2(21, 22) ,

with:

a(x)= Y apd A and o)=Y apdd,
j=n,k>0 j<n,k>n
which satisfy ||g;lla < ||flle =1, j =1,2.
An easy estimate now gives (since max(|z1|™,[2%]) < A™ on AD?):

AR <2 ([ (Pl )P + 25 Plaater, ) ) dono )
S [ + al?) dmo £ 2ol + ) £ 37

since we know by Corollary 5.3 that Cg is bounded on H?(D?) and hence
that mg is a Carleson measure for H?(ID?). Alternatively, we could majorize
|g;j (21, 22)| uniformly on the support of ;. We hence obtain:

(6.2) a1 (T1) = ey (T1) S e o
Step 2. It holds:
(6.3) a,2(T5) Se ™.

Proof. In one variable, we could use the Carleson embedding theorem; but
this theorem for the bidisk and the Hardy space H?(D?) notably has a more
complicated statement ([3]; see also [5]), and cannot be used efficiently here.
Our strategy will be to replace it by a sharp estimation of a Hilbert-Schmidt
norm.

We set hy, =1—1r, =1/n.

Clearly, denoting by Sy the Hilbert-Schmidt class:

2 2 _ dpig(w) dpz(w) )
Il < T = [ et o < ) T ST

13



Now, if w = (wy,wy) = (X(zl),x(zl) + c(pox)(21)9(z2)) belongs to the
support of ps, we have max(|wi|, |wa|) > r,, =1 — hy,, and, recalling (5.5):

(6.4) jwi] = 2 |wa| -1,

we have in either case |wy| > 1 — 2h,,. By Proposition 4.1,2), this implies
that:
|1 —’LU1| § 2Khn

Corollary 5.3 gives:
e s | . an -
™ Jixtet)—1j<2rn, (1= Ix())A = [x(e™) +c(p o x)(e) g(e2)])

= I(2Khy) < e /hn

But h, = 1/n, so that:

(6.5) an2(T3) < || T3] S e O
Step 3. It holds:

(6.6) ap2(Ty) Se” ™.

This estimate follows from the following key auxiliary lemma. In fact,
this lemma will give, for the Gelfand numbers, ¢,,2(T5) < e” ™", and we know
that they are equal to the approximation numbers.

Let M: H?(D?) — Hol(D) be the linear map defined by:
MIE) = 1(2),
j log 2n
Recall that a; =1 —¢7 and N,, = |:910§71/0] +1.
Lemma 6.3. Let E be the closed subspace of H*(D?) defined by:
l
E={fem®; (MDF)]"(a;) =0
for 0<l<mn, 0<k<m;, 1§j§Nn}.

Then, we can adjust the numbers m; so as to guarantee that, for some
positive constant T:
codim F < n?

and, for all f € E with || f|l2 < 1:

IT2(f)ll2 S exp(=7n).

14



Proof. This is the most delicate part.
Recall that:

hy=1/n, r=1—hy, >‘:1_2—.

We need a uniform estimate of |f(w)| for f € E with ||f|l2 <1 and for:
w = (w1, wy) € suppmg N (rn]D)2 \W) .

This estimate will be given by Lemma 5.4, Lemma 5.5 and Lemma 5.6.
Note that we have:

x(z1) € D\ [S(1,1/n) U D(0,2\ — 1)].

Indeed, if (w1,ws) = ®(21,29) ¢ AD?, we have max(|wi|,|wz|) > A; so
either |wi| > A > 2XA — 1, or |wg| > A and again |w;| > 2\ — 1 since
lwi| > 2|we| — 1, by (5.5). Hence wy; ¢ D(0,2)\ — 1). Moreover, we have
1 —wi| >1—|wi| >1/n,sow ¢ S(1,1/n).

Using Lemma 5.4, select jo < j < N, such that |y(z1) —a;| < 1(1—a;).
Now set:

A= (x(21),x(z1)) and A= (0,(pox)(z1)9g(22)) -

Our strategy will be the following. We write:

> k
fl®(z1,22)] = F(A+A) =D %'(A) AF
k=0 :
=0 k=0

and

I SR SIS

k>mj

We will estimate separately S; and R;.

15



a) Estimation of R;.
Recall that j is such that jo < j < N, and |x(21) — a;| < %(1 — aj).
We saw in the proof of this Lemma 5.4 that 1 — |x(21)| < |1 — x(21) < 2 07.

Hence:

J »
[Al < (¢ ox)(z1)] < exp < - m) S exp(—ro 7).
Now, use Lemma 5.5 and (5.2) to get:
2k+1 L P o
|R]| é Z (1_ ‘X(Zl)‘)k+1 |A| S Z 2 g J eXp(—Tk‘O‘ J )
k>mj k>mj

< 2Mi g™ exp(—1mjo %) < exp(—TmjoI?)

for some absolute constant 7 > 0, that is:

(6.7) |Rj| < exp(—7n)
if we take:
(6.8) m; = [nol?] +1.

b) Estimation of S;.
We saw in the estimation of R; that 1 —[x(z1)| = ¢/. Now, remember

that hg)(aj) = 0 for [ < n, since f € E, we then use Lemma 5.6 to get,
when we take the values:

I

N —

a=daj, 1_aj:0j7 b:X(Z1), pP=

a good upper bound for W

when k& < m;, namely:

lx(20)]] o 4
K|~ ik P

We then obtain an estimate of the form:

1 Ak+1 A

7
< " < = — . — i _
1551 < kE_OP i) ~ PGy = X ( nlog2 +m;jlog4 — jm;log 8>

< exp(—41n + Bjm;)
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with 7 = 1 log2 and B < log4 + log(8/7) < 2; or else, using (6.8):
1S;| < exp(—4mn + Bjno?® + Bj).
But since 0 = 7/8 < 1, the implied exponent, for jo < j < N,
—4mn+ Bjno’? + Bj = n(—4r + Bjo?’) + Bj,

is < —2tn+ B'log n, provided that we choose jg large enough, namely such
that jo(%)mﬁ < 1/4. This implies an inequality of the form:

(6.9) 1S;] < e 2B < e

Putting the estimates (6.7) and (6.9) on R; and S; together, we obtain,
for every f € E with || f]l2 < 1:

(6.10) ITaflf S e ™.

It remains to bound from above the codimension of E. Since N, =
[911(;22170} +1 with 0 = 7/8 and m; = [n 099] + 1, we see that:

n—1 Np —1 Np o)
codimESZZm] ZZ n0j9+1)§n220j9+nlogn<qn2.
1=0 j=1 1=0 j=1 j=1

Therefore (6.10) can be read as well, remembering the equality of approxi-
mation numbers and Gelfand numbers:

(6.11) agn2(T2) = cyp2(To) Se ™.

Putting the estimates (6.2), (6.5), and (6.11) together ends the proof of
Lemma 6.3. O

Finally, Lemma 6.2 and (2.5) give:
43,2 (Co) = a3,2(T1 ®To B T3) < ap2(Th) + ap2(To) + a2 (T3) Se” ™
thereby finishing the proof of Theorem 6.1. O
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