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Abstract. We give examples of composition operators Cg on H?(D?) showing
that the condition ||®|| = 1 is not sufficient for their approximation numbers
an(Co) to satisfy 1imnﬁoo[an(0¢)]1/\/ﬁ = 1, contrary to the 1-dimensional case.
We also give a situation where this implication holds. We make a link with the
Monge-Ampére capacity of the image of ®.
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1 Introduction and notation

1.1 Introduction

The purpose of this paper is to continue the study of composition operators
on the polydisk initiated in [2], and in particular to examine to what extent one
of the main results of [21] still holds.

Let H be a Hilbert space and T: H — H a bounded operator. Recall that
the approximation numbers of T are defined as:

an(T)= inf |T—-R|, n>1,
rank R<n

and we have:
I7) = ar(T) > as(T) > - > an(T) > ---

The operator T is compact if and only if a,,(T") — 0.

n—r oo



For d > 1, we define:

n— o0

BT (T) =limsup [a,q(T)] Ln

n— o0

{ B7(T) =liminf [a,a (T)]l/n

We have:
0<B;(T)<Bj(T) <1,
and we simply write 84(7T") in case of equality.
It may well happen in general (consider diagonal operators) that 5, (7') =0
and B8] (T) = 1.

When H = H?(D) is the Hardy space on the open unit disk D of C, and
T = Cy is a composition operator, with ®: D — D a non-constant analytic
function, we always have ([19]):

Br (Ce) >0,
and one of the main results of [19] is the equivalence:
(1.1) B (Co) <1 = |9 <1.

An alternative proof was given in [21], as a consequence of a so-called “spectral
radius formula”, which moreover shows that:

Br (Ca) = B (Ca).

In [2], for d > 2, it is proved that, for a bounded symmetric domain Q C
Ce, if ®: Q — € is analytic, such that ®(Q2) has a non-void interior, and the
composition operator Cg: H?(Q2) — H?(Q) is compact, then:

ﬂd_ (Cyp) >0.
On the other hand, if 2 is a product of balls, then:
[®ec <1 = B5(Cs)<1.

We do not know whether the converse holds and the purpose of this paper is to
study some examples towards an answer.

The paper is organized as follows. Section 1 is this short introduction, as
well as some notations and definitions on singular numbers of operators and
Hardy spaces of the polydisk to follow. Section 2 contains preliminary results
on weighted composition operators in one variable, which surprisingly play an
important role in the study of non-weighted composition operators in two vari-
ables. Section 3 studies the case of symbols with “separated” variables. Our
main one variable result extends in this case. Section 4 studies the “glued case”
D(z1,22) = (qﬁ(zl),qﬁ(zl)) for which even boundedness is an issue. Here, the



Bergman space B?(DD) enters the picture. Section 5 studies the case of “triangu-
larly separated” variables. This section lets direct Hilbertian sums of weighted
composition operators in one variable appear, and it contains our main result:
an example of a symbol ® satisfying || ®|. = 1 and yet 35 (Cs) < 1. The
final Section 6 discusses the role of the Monge-Ampére pluricapacity, which is
a multivariate extension of the Green capacity in the disk. Even though, as
evidenced by our counterexample of Section 5, this capacity will not capture
all the behavior of the parameter §,,(Cq), some partial results are obtained,
relying on theorems of S. Nivoche and V. Zakharyuta.

1.2 Notation

We say that an analytic map ®: D? — D? is a symbol if its associated
composition operator Cg: H?(D?) — H?(DY), defined by Ca(f) = fo @, is
bounded.

We say that ® is truly d-dimensional if ®(D?) has a non-void interior.

We will make use of two kinds of symbols defined on D.

The lens map Ag: D — D is defined, for 6 € (0, 1), by:

(1+2) —(1—2)°

(12) )\G(Z) = (1 +Z)9 T (1 _Z)g

(see [25], p. 27, or [16], for more information), and corresponds to u + u’ in
the right half-plane.

The cusp map x: D — D was first defined in [15] and in a slightly different
form in [20]; we actually use here the modified form introduced in [17], and then
used in [18]. We first define:

(zfz )1/2 .

- —1

12— 1

z—1\1/2

—1 1
l(iz—l) +

we note that xo(1) = 0, xo(—1) = 1, x0(i) = —i, xo(—i) = i, and x0(0) = v2—1.

Then we set:

Xo(2) =

)

x1(2) =logxo(z), x2(z) = _%XI(Z) +1, x3(2) = X;Ez) ;
and finally:
x(2) = 1= xs(2),
where:
(1.3) a=1- %bg(\/i —1) e (1,2)

is chosen in order that x(0) = 0. The image Q of the (univalent) cusp map is
formed by the intersection of the inside of the disk D(l -2 a) and the outside

272
of the two disks D(1+ %,2) and D(1 — 4,4).



Besides the approximation numbers, we need other singular numbers for an
operator S: X — Y between Banach spaces X and Y.

The Bernstein numbers by, (S), n > 1, which are defined by:

(1.4) by, (S) = sup min [|Sz||,
E ©E€SE

where the supremum is taken over all n-dimensional subspaces of X and Sg is
the unit sphere of F.

The Gelfand numbers ¢, (S), n > 1, which are defined by:
(1.5) cn(S) = inf{||S|p; codim M < n}.

The Kolmogorov numbers d,(S), n > 1, which are defined by:

(1.6) dn,(S)= inf sup dist (Sz, E)| .

dim E<n +E€Bx

Pietsch showed that all s-numbers on Hilbert spaces are equal (see [23], § 2,
Corollary, or [24], Theorem 11.3.4); hence:

(1.7) an(S) = bn(S) = cn(S) = dn(S).

We denote m the normalized Lebesgue measure on T = JD. If p: D — D,
m,, is the pull-back measure on D defined by m(E) = m[p* " (E)], where ¢*
stands for the non-tangential boundary values of .

The notation A < B means that A < C B for some positive constant C' and
we write A ~ B if we have both A < B and B < A.

2 Preliminary results on weighted composition
operators on H?(D)
We see in this section that the presence of a “rapidly decaying” weight allows

simpler estimates for the approximation numbers of a corresponding weighted
composition operator. Such a study, but a bit different, is made in [14].

Let p: D — D a non-constant analytic self-map in the disk algebra A(D)
such that, for some constant C' > 1 and for all z € ID:

(2.1) e1)=1, [1-e(z)|<1, [1-¢(z)]<C1-|p(z)])

as well as ¢(z) # 1 for z # 1. We can take for example ¢ = % where \g is
the lens map with parameter 6.
Let w € H* and let T be the weighted composition operator

T = MyopCyp: H> — H” .

Note that Myo,Cyp = CpM,,. We first show that:



Theorem 2.1. Let T = Myo,Cyp: H* — H? be as above and let B be a Blaschke
product with length < N. Then, with the implied constant depending only on
the number C in (2.1) (and of ¢):

an(T) S sup |B(2)] [w(2)] -
2—1]<1, 2€0(D)

Proof. The following preliminary observation (see also [16], p. 809), in which
we denote by S(&§,h) = {z € D; |z — €| < h} the Carleson window with center
¢ € T and size h, and by K, the support of the pull-back measure m,, will be
useful.

(2.2) veSEhNK, = uecS1,Ch)NK,.
Indeed, if |u —¢| < h and u € K, (2.1) implies:
1—|ul<|lu—¢ <h and |Ju—1<C(1—|u]) <Ch.
Set £ = BH?. This is a subspace of codimension < N. If f = Bg € E, with
llgll = || £l (isometric division by B in BH?), we have T'f = (wBg) o ¢, whence:

1)) = / B2l gl2dm,

implying |T'(f)||1* < || fII?]|7||*> where J: H? — L?(o) is the natural embedding
and where
o = |B]*|lw*dm,, .

Now, Carleson’s embedding theorem for the measure o and (2.2) show that (the
implied constants being absolute):

1
PSS s + / B2 |dm,,
E€T, 0<h<1h S(&,h)NK,
1
< swp » / B2 dm,,
o<h<1 h Jsa,onnk,

1
5( sup |B<z>|2|w<z>|2)( swp 3 / dm)
|2—1|<1, z€p(D) 0<h<1 v Js(1,cn)nK,

< sup  |B(2)]Plw(2)]?,
|2=1]<1, 2€4(D)

since m,, is a Carleson measure for H 2 and where we used that, according to
(2.1):
K, CpD) C{zeD; [z—1]<1}.
This ends the proof of Theorem 2.1 with help of the equality of ay(T") with
the Gelfand number ¢y (7T') recalled in (1.7). O



In order to specialize efficiently the general Theorem 2.1, we recall the fol-
lowing simple Lemma 2.3 of [16], where:
a—>b
1—ab

(2'3) p(a" b) = ) a” b E D’

is the pseudo-hyperbolic distance:
Lemma 2.2 ([16]). Let a,b € D such that |a—b| < Lmin(1 —|a|,1—|b|). Then:

L
pla,b) < ——= =k < 1.
L2 +1
We can now state:

Theorem 2.3. Assume that ¢ is as in (2.1) and that the weight w satisfies, for
some parameters 0 < 0 <1 and R > 0:

R

()l < e ( -
Then, the approzimation numbers of T' = My0,C, satisfy:
anm+1(T) < max [exp(—an), exp(—R2™)]

for all integers n,m > 1, where a = log[v/16C? + 1/(4C)] > 0 and C is as in
(2.1).

Proof. Let py =1—27!,0<1 < m and let B be the Blaschke product:

o I (22)"

0<l<m

Let z € K,ND so that 0 < |z — 1| < 1. Let [ be the non-negative integer such
that 2771 < |z — 1| < 27!, We separate two cases:

Case 1: | > m. Then, the weight does the job. Indeed, majorizing |B(z)| by 1
and using the assumption on w, we get:

B < [0l <o (- 1 205)

< exp(—2R2'%) < exp(—2R2™7).

Case 2: I < m. Then, the Blaschke product does the job. Indeed, majorize |w(z)|
by 1 and estimate |B(z))| more accurately with help of Lemma 2.2; we observe
that
le—pl <lz=1+1—p <2x27 =2(1-p) <4C(1 —p)
2.1):

and then, since z € K, we can write with C' > 1 as in (

1 1 1
I—|z|>=1—2]>=—=2""'>—|2—
Flz Gl -225527 2 5= —nl,



so that the assumptions of Lemma 2.2 are verified with L = 4C', giving:
( ) < 4C'
z,pl) < ——— =
PP =60 11

Hence, by definition, since [ < m:

[B(2)| < [p(z,p1)]" < exp(—an).

Putting both cases together, and observing that our Blaschke product has
length nm < nm + 1, we get the result by applying Theorem 2.1 with N =
nm + 1. O

exp(—a) < 1.

2.1 Some remarks

1. Twisting a composition operator by a weight may improve the compact-
ness of this composition operator, or even may make this weighted composition
operator compact though the non-weighted was not (see [8] or [14]). However,
this is not possible for all symbols, as seen in the following proposition.

Proposition 2.4. Let w € H>. If ¢ is inner, or more generally if |¢| =1 on
a subset of T of positive measure, then M, C, is never compact (unless w =0).

Proof. Indeed, suppose T' = M,, C, compact. Since (2"),, converges weakly to
0 in H? and since T'(2") = w ¢", we should have, since |p| = 1 on E, with
m(E) > 0:

[ o dm = [ jwlePmdm < [ julef dm =TGP = 0,

but this would imply that w is null a.e. on E and hence w = 0 (see [7],
Theorem 2.2), which was excluded. O

Note that E. Amar and A. Lederer proved in [1] that |p| = 1 on a set of
positive measure if and only if ¢ is an exposed point of of the unit ball of H*;
hence the following proposition can be viewed as the (almost) opposite case.

Proposition 2.5. Let o: D — D such that ||p||ec = 1. Assume that:

/log(l —lp])dm > —o0
T

(meaning that ¢ is not an extreme point of the unit ball of H*: see [7], Theo-
rem 7.9). Then, if w is an outer function such that |w| =1 — |p|, the weighted
composition operator T' = M,,Cy, is Hilbert-Schmidt.

Proof. We have:

1— ¢l
g T(z" 2:5 /1*902902"dm:/ dm < +o0,

and T is Hilbert-Schmidt, as claimed. O




2. In [14], Theorem 2.5, it is proved that we always have, for some constants
0,p>0:

(2.4) an(My,Cyp)>0p", n=12,...

(if w £ 0). We give here an alternative proof, based on a result of Gunatillake
([9]), this result holding in a wider context.

Theorem 2.6 (Gunatillake). Let T = M,,C, be a compact weighted compo-
sition operator on H? and assume that ¢ has a fized point a € D. Then the
spectrum of T is the set:

o(T) = {0,w(a), w(a) ¢'(a), w(a) [¢' (@))%, ..., w(a) [¢' (@)]", ...}

Proof of (2.4). First observe that, in view of Proposition 2.4, ¢ cannot be an
automorphism of D so that the point a is the Denjoy-Wolff point of ¢ and is
attractive. Theorem 2.6 is interesting only when w(a) ¢’(a) # 0.

Now, we can give a new proof Theorem 2.5 of [14] as follows. Let a € D
be such that w(a) ¢'(a) # 0 (H(D) is a division ring and ¢’ # 0, w # 0). Let
b= ¢(a) and 7 € AutD with 7(b) = a. We set:

Yp=10p and S=M,C,=TC;.

This operator S is compact because T is.

Since ¥ (a) = a and ¢'(a) = 7/(b)¢’(a) # 0, Theorem 2.6 says that the
non-zero eigenvalues of S, arranged in non-increasing order, are the numbers
A = w(a) [¢'(a)]""1, n > 1. As a consequence of Weyl’s inequalities, we know
that:

a1(8) an(S) = Deal? = 3",
with:
§=|w(@)® >0 and p=|¢(a)|*>0.
To finish, it is enough to observe that a,(S) < a,(T) ||C+|| by the ideal property
of approximation numbers. O

3 The splitted case

Theorem 3.1. Let ® = (¢,1)): D? — D? be a truly d-dimensional symbol with
¢: D — D depending only on z1 and ¥: D41 — D1 only on 2o, ..., zq, i.e.
D(z1,29,...,24) = ((b(zl), U(za,. .. ,zd)). Then, whatever 1 behaves:

[0l =1 = Pa(Ca) =1.
Proof. The proof is based on the following simple lemma, certainly well-known.

Lemma 3.2. Let S: Hy — Hy and T: Hy — Hy be two compact linear oper-
ators, where Hy and Ho are Hilbert spaces. Let S ® T be their tensor product,
acting on the tensor product Hy @ Hs. Then:

A (S @ T) > am(S) an(T)

for all positive integers m,n.



We postpone the proof of the lemma and show how to conclude.

We can assume Cs to be compact, so that Cy4 is compact as well. Since
9|l = 1, we have, thanks to (1.1):

am(Cy) >e™ "™  with e, — 0.

m—o0

Replacing ., by s, := SUp,>,, €p, We can assume that (€, ), is non-increasing.
Moreover,
M Epy, — OO

since Cy is compact and hence a,,(Cy) — 0. We next observe that, due to
m—0o0

the separation of variables in the definition of ¢ and 1, we can write:
(3.1) Cop =Cy@Cy.

Indeed, write 2 = (z1,w) with z; € D and w € D41, If f € H?*[D) and
g € H>(D?1), we see that:

Co(f ®9)(2) = (f ® 9)(d(21), ¥(w)) = f((21)) 9(v(w))
= [Cof(21)] [Cypg(w)] = (Co f @ Cpg)(2) .
Since tensor products f ® g generate H2(D9) = H?(D) ® H?(D~1), this proves
(3.1).
Let now m be a large positive integer. Set ([.] stands for the integer part):

]d_l and N,, =mn,,.

(3.2) N = [Mem

From what we know in dimension d — 1 (see [2], Theorem 3.1) and from the
preceding, we can write (observe that ¢ has to be truly (d — 1)-dimensional
since ® is truly d-dimensional):

am(Cy) > exp(—men) and  a,(Cy) > a exp(—Cn'/ @)

for some positive constant C, which will be allowed to vary from one formula
to another. Lemma 3.2 implies:
an,, (Co) > a exp[—C (mey, + nml/(dfl))] .

)d—l

Since Ny, < (mey,

~ , we get:
an,,(Ca) > a exp(—C'mey,).

Observe that N,, = mmn, ~ mds,% ! and so le/d ~ mentVe As a
consequence:

an,, (Cop) > a exp(—Cme,,) = a exp [f (Csml/d) (msmlfl/d)]
> a exp(—nm le/d)



with 7, := C e /%

Now, for N > Ny, let m be the smallest integer satisfying N,, > N (so that
Np—1 < N < N,,,), and set 6y = n,. We have limy_, 0y = 0. Next, we note
that lim,,— 00 Ny /Np—1 = 1, because N,,, > N,,,—1 and:

N,, c_m mem + 1 -1 Em, =1 <1
Npo1 —m—1\(m—1)en_1 Em—1 -

Finally, if N is an arbitrary integer and N,,—1 < N < N,,, we obtain:

an(Cs) > an,, (Co) > a exp(—nm le/d) >a exp(—C5NN1/d) ,

since we observed that lim,, oo Ny /Npm—1 = 1.
This amounts to say that 54(Ce) = 1. O
Proof of Lemma 3.2. Tt is rather formal. Start from the Schmidt decomposi-

tions of S and T respectively (recall that Hilbert spaces, the approximation
numbers are equal to the singular ones):

S:Zam(S)quUm, T:Zan(T)u;lG)v;“
n=1

m=1

where (uy,), (V) are two orthonormal sequences of Hy, (ul,), (vl,) two orthonor-
mal sequences of Ha, and u,, © v, and u), ©® v}, denote the rank one operators
defined by (um © vp)(x) = (2, V) Um, © € Hy, and (u), © v),)(z) = (z,v]) u,
S HQ.

We clearly have:

(Um © V) ® (U, © ;) = (U @ uy,) © (U @ 0},),

so that the Schmidt decomposition of S ® T is (with SOT-convergence):

ST = Z am(S) an(T) (um®u;) © (vm ®v;),

m,n>1

since the two sequences (U, @ U, )m.n and (Vm, @ V), )m., are orthonormal: for
instance, we have by definition:

<um1 Y u;h s Uy @ u:z2> = <um1 ) Umg s > <u:z1 ) u;m)

This shows that the singular values of S ® T are the non-increasing rear-
rangement of the positive numbers a,,(S)a,(T) and ends the proof of the
lemma: the mn numbers ar(S)a;(T), for 1 < k < m, 1 <[ < n all satisfy
ar(S) ai(T) > am(S) an(T), so that amn(S @ T) > am(S) an(T). O
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4 The glued case
Here we consider symbols of the form:

(4.1) D(z1,22) = (¢(21), ¢(21))
where ¢: D — D is a non-constant analytic map.

Note that such maps ® are not truly 2-dimensional.

4.1 Preliminary

We begin by remarking the following fact.

Let B2(D) be the Bergman space of all analytic functions f: D — C such
that:

11 = [ 7P dAG) < o,
where dA is the normalized area measure on D.

Proposition 4.1. Assume that the composition operator Cy maps boundedly
B?(D) into H*(D). Then Cg: H*(D?) — H?(D?), defined by (4.1), is bounded.

Proof. If we write f € H*(D?) as:
fla,2) = > cuzlzh . with > el = [If]7,
3,k>0 §,k>0
we formally (or assuming that f is a polynomial) have:
Caflern) = X eanlollol =3 (X e )lotal
§,k>0 n=0 > j+k=n
Hence, if we set g(2) = 3070 (3, pen Cik) 2" We get:
[Ca(F)l(z1,22) = [Cy(9)](21) ,
so that, by integrating:
||C<I>(f)||H2(D2) = ||C¢(g)||H2(D)-
By hypothesis, there is a positive constant M such that:
1Cs (DI r2m) < M 9]l 2(m) -

But, by the Cauchy-Schwarz inequality:

o] 2

1
2 — .
||9HB2(D) = Z nt1 Z Cjk
n=0 Jj+k=n
<3 o) = Xl = 1T
n=0 *j+k=n 7,k>0
and we obtain ||C<I>(f)||H2(]DJ2) < M HfHHz(Dz) O

11



4.2 Lens maps

Let Ay be a lens map of parameter 6, 0 < # < 1. We consider ®p: D? — D?
defined by:

(4.2) Dy (21, 22) = (Mo(21), Aa(z1)) -
We have the following result.

Theorem 4.2. The composition operator Cs,: H*(D?) — H?(D?) is:
1) not bounded for 0 > 1/2;
2) bounded, but not compact for 0 =1/2;
3) compact, and even Hilbert-Schmidt, for 0 < 0 < 1/2.

Proof. The reproducing kernel of H?(D?) is, for (a,b) € D%

1 1

4.3 Ka 9 - — T ?
(4.3) blz1,22) 1—az 1— bz

(2’1, 22) S D2 y

and:
1

(1= laP)(1 = ]?)

1) If Cp, were bounded, we should have, for some M < oo:

[ Kan|l* =

[Cay (Kap)ll 2 < M| Kap|

g2, foralla,beD.

Since Cg, (Kap) = Kay(a) = Kxg(a),re(a), We would get, with b = 0:

1 2 1
) <Mm? -
(1—|Ae(a)l2) 0 1—a?’

but this is not possible for 6 > 1/2, since 1 — |A\g(a)|?> = 1 — [Xg(a)| ~ (1 —a)?
when a goes to 1, with 0 < a < 1.

For 2) and 3), let us consider the pull-back measure my of the normalized
Lebesgue measure on T = 9D by \g. It is easy to see that:

(4.4) zgmgw(g,h) ND)] = me[D(1,h) ND] ~ /7.

In particular, for 6 < 1/2, my is a 2-Carleson measure, and hence (see [15], The-
orem 2.1, for example) the canonical injection j: B?(D) — L?(myg) is bounded,
meaning that, for some positive constant M < oco:

/D £ dma(z) < M2| f]%

Since

/le(2)|2dme(2)ZAIf[Ae(U)]IQdm(U)=I\Cxe(f)l\ima

12



we get that C), maps boundedly B?(D) into H*(D).
It follows from Proposition 4.1 that Cg,: H*(D?) — H?(D?) is bounded.
However, Cg, , is not compact since Cg, | (Kap)/||Kapll does not converge
to 0 as a,b — 1, by the calculations made in 1).

For 3), let e; 1 (z1,22) = z{zé“, j,k > 0, be the canonical orthonormal basis
of H2(D?); we have [Cy, (e;x)](21, 22) = [No(21)]7T*. Hence:

- 2
2 2n
Z ICs0 (€5 i) G2 2y < > (2n+ 1)/T|)\0| dm < /dem-
J,k>0 n=0
Since, by Lemma 4.3 below, 1 — [\g(e?)|? > |1 —e™|? >t for |t| < 7/2, we get:
/2 dt
Y 1Cs (i)l ey S =7 < 09,
t

G:k>0 0

since 6 < 1/2. Therefore Cy, is Hilbert-Schmidt for § < 1/2. O

For sake of completeness, we recall the following elementary fact (see [25],
p. 28, or also [16], Lemma 2.5)).

Lemma 4.3. With § = cos(67/2), we have, for |z] <1 and Rez > 0:

)
1-— |/\9(,z)|2 > 5 [1— z|9.
Proof. We can write:
0
1-— 1-—
Ao(z) = U with w= & and |w| <1.
1+w 1+2
Then: 5
Rew > 0 |w| > §|1—z|9.
Hence: A 5
ew
1T— ()2 = == >6§lw/>=]1— 2
Ao (2)] 1+ w2 = lw| > 2| 2|7,
as announced O

We now improve the result 3) of Theorem 4.2 by estimating the approxima-
tion numbers of Cp, and get that Cg, is in all Schatten classes of H?(D?) when
0<1/2.

Theorem 4.4. For 0 < 0 < 1/2, there exists b = by > 0 such that:
(4.5) an(Ca,) Se OV,

~

In particular B3 (Ca,) < e < 1, though ||| s = 1, and even ®q(T?)NT? # (.
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Proof. Proposition 4.1 (and its proof) can be rephrased in the following way: if
C, maps boundedly B?*(D) into H?*(D), then, we have the following factoriza-
tion:

(4.6) Cp: H2(D?) L BX(D) <25 H2(D) -1 H2(D?),

where I: H?(D) — H?(D?) is the canonical injection given by (If)(z1,22) =
f(z1) for f € H?(D), and J: H*(D?) — B?(D) is the contractive map defined

by: .
unE=3( o)

for f € H*(D?) with f(z1,22) = 3, 150 il 25,

In the proof of Theorem 4.2, we have seen that, for 0 < 6 < 1/2, the
composition operator C), is bounded from B?(D) into H?(D); we get hence the
factorization:

Ca,: H2(D?) - B2(D) -0 52(D) - H2(D?),

Now, the lens maps have a semi-group property:
(47) )\9192 = A91>\02 ?

giving C, 5, = Cxy, © Oy, -
For 0 < ¢ < 1/2, we therefore can write C), = C),, o Cy,, (note that
20 < 1, s0 Cy,,: H*(D) — H?(D) is bounded), and we get:

Coy =10y, O, )y J -
Consequently:
an(Cay) < I NCN ol B2 12 an(Crsg) -
Now, we know ([16], Theorem 2.1) that a,(Ch,,) < e ®V", so we get that

an(Cyp,) S e OV, O

5 Triangularly separated variables

In this section, we consider symbols of the form:

(5.1) (21, 22) = (d(21), 9(21) 22) ,

where ¢, : D — D are non-constant analytic maps.

Such maps ® are truly 2-dimensional.

14



Rk, k > 0, orthogonal in H? (for convenience, we shall say that h is a Rudin
function), we can consider:

(5.2) D(z1,22) = (¢(21),¢(21) h(z2))
For such h we can take for example an inner function vanishing at the origin,

but there are other such functions, as shown by C. Bishop:

Theorem (Bishop [4]). The function h is a Rudin function if and only if the
pull-back measure p = pp is radial and Jensen, i.e for every Borel set E:

More generally, if h € H*>, with h(0) = 0 and ||h]lcc < 1, has its powers

p(eE) = () and [ 10g(1/]2]) du(z) < .

Conversely, for every probability measure pu supported by D, which is radial and
Jensen, there exists h in the unit ball of H>, with h(0) = 0, such that p = pp,.

If we take for i the Lebesgue measure of T, we get an inner function. But, as
remarked in [4], we can take for i the Lebesgue measure on the union TU(1/2)T,
normalized in order that u(T) = p((1/2)T) = 1/2. Then the corresponding h
is not inner since |h] = 1/2 on a subset of T of positive measure. He also
showed that h(z)/z may be a non-constant outer function. Also, P. Bourdon
([6]) showed that the powers of h are orthogonal if and only if its Nevanlinna
counting function is almost everywhere constant on each circle centered on the
origin.

5.1 General facts
We first observe that if f € H2(D?) and:

f(z1,22) = Z Cik 2125,

J,k=0

then we can write:

fz1,22) = (ka(zl)) 2

k>0
with: ‘
fe(z1) = ejr 2]
j=0
and:
Hf”%I?(D?) = Z |Cj,k|2 = Z kaH?q?(D) .
§,k>0 k>0

That means that we have an isometric isomorphism:

J: H*(D?) — éHQ(]D)),
k=0

15



defined by Jf = (fk)k20~
Now, for symbols ® as in (5.1), we have:

(Caf)(z1,22) = Y ejn [B(z0)F [9(21)]"25

J:k=0

so that J Cg J~! appears as the operator @, M,xCy on @, H*(D), where M,
is the multiplication operator by ¥:

[(MyCo) fil (1) = [(20))" [(fiw 0 ) (21)] -
When @ is as in (5.2), we have:

(Cof)(z1,22) = Y i [d(20)l [(20)]F [(22))*

7,k=>0
with: .
ICafII* < I Tk fil?
k=0
and:
Ty = MyrCy;

hence J Cy J~! appears as pointwise dominated by the operator T = @ T}
on @, H?(D). This implies a factorization Cp = AT with ||A| < 1, so that
an(Co) < an(T) for all n > 1.

We recall the following elementary fact.
Lemma 5.1. Let (Hy)i>o0 be a sequence of Hilbert spaces and Ty, : Hy, — Hy, be

bounded operators. Let H = @, , Hi, and T: H — H defined by Tz = (T -
Then:

1) T is bounded on H if and only if sup,, || Tk| < oo;
2) T is compact on H if and only if each Ty, is compact and ||Ty|| v 0.
—00

Going back to the symbols of the form (5.1), we have | My < [[¢*]|o <
1, since [[1)[|oc < 1; hence |[MyrCyll < ||Cy|| and the operator (MyxCy)y is
bounded on @, H*(D). Therefore Cgp is bounded on H?(D?).

For approximation numbers, we have the following two facts.

Lemma 5.2. Let Ty: Hr — Hy be bounded linear operators between Hilbert
spaces Hy, k > 0. Let H = @, Hy and T = (T)r: H — H, assumed to be

compact. Then, for every ni,...,nxg > 1, and 0 <my < --- <mg, K > 1, we
have:

. > i n myg )
(5.3) ax(1)2 it an, (T)

where N =nq+---+ngk.
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Proof. We use the Bernstein numbers b,, (see (1.4)), which are equal to the
approximation numbers (see (1.7)).
For k =1,..., K, there is an ng-dimensional subspace Ej, of H,,, such that:

bn, (Tmy,) < || Ty z|l, forallz € Sg, .

Then E = @szl FEj is an N-dimensional subspace of H and for every x =
(x1,29,...) € E, we have:

IT2]® = > T 1?2 D o (L)) I

k<K k<K
> 00t [y (T2 Y | = inf o, (T Pl
k<K
hence by (T') > infy< by, (T, ), and we get the announced result. O

Lemma 5.3. Let T = @, Tk acting on a Hilbertian sum H = @, , H.
Let ng,...,ng be positive integers and N = ng + --- + nxg — K. Then, the
approximation numbers of T satisfy:

(5.4) an(T) < max (Og}vaXK an, (Tk), s;lg ||Tk|\) .

Proof. Denote by S the right-hand side of (5.4). Let Ry, 0 < k < K be
operators on Hj, of respective rank < ny such that ||Ty — Ryl = an,, (Tk) and
let R = @kK:ORk be an operator of rank < ng+---+ng — K -1 < N. If
=10 [k € H, we see that:

ITf - Rf|I” = Z T fi = Ricfell® + Y I Tefell?

E>K
< Zank Te)? el + ) T fell® < 522 I f&ll® = S2(I£11%,
E>K
hence the result. O

We give now two corollaries of Lemma 5.3.

Example 1. We first use lens maps. We get:

Theorem 5.4. Let \g the lens map of parameter 0 and let : D — D such that
V|| := ¢ < 1 and h a Rudin function. We consider:

D(21,22) = (Mo (21),9(21) h(22)) -

Then, for some positive constant 3, we have, for all N > 1:

(5.5) an(Cs) < e PN
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Proof. Let Ty, = My Cy,. We have ||Ti|| < c*, so supys g [|Tk|| < ¢, On the
other hand, we have a,(Ty) < c*an(Ch,) < an(Cy,) < e PovV™ (|16], Theo-

rem 2.1). Taking ng =n; = --- = nxg = K? in Lemma 5.3, we get:

max a,, (Ty) < e Pok
0<k<K nk( k)N

Since ng 4 -+ +nx — K ~ K3, we obtain ags < e #K, which gives the claimed
result, by taking 8 = max (ﬂg, 1og(1/c)). O

Example 2. We consider the cusp map y. We have:

Theorem 5.5. Let x be the cusp map, h a Rudin function, and v in the unit
ball of H*®, with ||||ec := ¢ < 1. Let:

D(21,22) = (X(zl)aw(zl) h(zz)) :

Then, for positive constant 3, we have, for all N > 1:

aN(Cq>) < e—ﬂﬁ/m.

Proof. Let Tj, = My.Cy. As above, we have sup,~ g [|Tk| < ¢®. For the
cusp map, we have a,(C,) < e~*"/1°8™ (]20], Theorem 4.3); hence a, (T}) <
e—on/logn  We take ng = ny = --- = ng = K [log K] (where [log K] is the
integer part of log K). Since ng + --- + nx ~ K2[log K], we get, for another
a > 0:

arcfiog 1) (Co) S e,

which reads: an(Cs) < e PV N/log N "o claimed. O

5.2 Lower bounds

In this subsection, we give lower bounds for approximation numbers of com-
position operators on H? of the bidisk, attached to a symbol ® of the previous
form ®(z1, 22) = (¢(21),¥(21) h(22)) where h is a Rudin function. The sharp-
ness of those estimates will be discussed in the next subsection. We first need
some lemmas in dimension one.

Lemma 5.6. Let u,v: D — D be two non-constant analytic self-maps and
T = M,C,: H*(D) — H*(D) be the associated weighted composition operator.
For 0 < r < 1, we set A = u(rD) and I' = exp ( — 1/Cap(A)). Then, for
0 <6 <infj,—, [v(2)], we have:

(5.6) an(T) Z V1 —rol".

In this lemma, Cap (A) denotes the Green capacity of the compact subset
A C D (see [21], § 2.3 for the definition).

For the proof, we need the following result (|26], Theorem 7, p. 353).
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Theorem 5.7 (Widom). Let A be a compact subset of D and C(A) be the space
of continuous functions on A with its natural norm. Set:

dp(A) =inf | sup dist(f,E)|,
E | reBy

where E runs over all (n — 1)-dimensional subspaces of C(A) and dist (f, E) =
infrem || f — hllccay. Then

(5.7) dp(A) > ae "/Car(4)

for some positive constant c.

Proof of Lemma 5.6. We apply Theorem 5.7 to the compact set A = u(r D).

Let E be an (n — 1)-dimensional subspace of H?> = H?(D); it can be viewed
as a subspace of C(A), so, by Theorem 5.7, there exists f € H>® C H? with
112 < 1 floe < 1 such that

If = hllecay > al™, Vhek.
Then:
H’U(fO’LL— hOu)HC(TT) > (SH(f — h) OUHC(TT) = (S”f — hHC(A) > adl™.

But:

lv(fou—hou)lcwr < (fou—hou)|y;

1
V1—r2 v
|Tf—Thlgz>a/1—=1r26T" >av1—rdél".

Since h is an arbitrary function of E, we get (B2 being the unit ball of H?):

Hence:

inf sup dist (Tf, T(E)) >av1l—rélm.
dim E<n fEBy2

But the left-hand side is equal to the Kolmogorov number d,(T") of T (see
[21], Lemma 3.12), and, as recalled in (1.7), in Hilbert spaces, the Kolmogorov
numbers are equal to the approximation numbers; hence we obtain:

(5.8) an(T) > avV1—=réT", n=1,2,...,
as announced. O

The next lemma shows that some Blaschke products are far away from 0 on
some circles centered at 0.

We consider a strongly interpolating sequence (z;);>1 of D in the sense that,
if ¢ := 1 — |2;|, then:

(59) Ej+1 S 0¢&y
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and so ¢; < 077 'ey, where 0 < o < 1 is fixed. Equivalently, the sequence
(|zj1)j>1 is interpolating. We consider the corresponding interpolating Blaschke
product:

(5.10) B =] il 2=z

The following lemma is probably well-known, but we could find no satisfac-
tory reference (see yet [10] for related estimates) and provide a simple proof.

Lemma 5.8. Let (zj)j>1 be a strongly interpolating sequence as in (5.9) and
B the associated Blaschke product (5.10).
Then there exists a sequence r; := 1 — p; such that:

(5.11) Crol <p <Cyot,
where Cy, Cy are positive constants, and for which:
(5.12) |z|=r = |B(2)| >4,
where § > 0 does not depend on .

Proof. Let us denote by p;, 1 < p; <[, the biggest integer such that e, > ol ey,
We separate two cases.
Case 1: g, > 20l ey,
Then, we choose p; = ao'~le; with « fixed, 1 < a < 2. Since p(£,¢) >
p(|€],1¢]) for all £, ¢ € D (recall that p is the pseudo-hyperbolic distance on D),
we have the following lower bound for |z| = r:

|B(2)| = HP(ZaZj) > Hp(rla 1zi1) = [T p(ri. 121) x T o1, 1250) := Prx Py,

J<pi i>pi

and we estimate P; and P» separately.
-1

aoc' e «

We first observe that L& < L < 5 and then:

ep, — 20t 1eg

pr_ PLEp < ggpz*j_

€  Ep € 2

The inequality p(1 —u,1 —v) > &% for 0 < u,v <1 now gives us:

g —p_l-p/e;  1-(a/2)0™
gi+p l4+p/e; — 1+ (af2)or—i

(5.13) p(re,|z;]) > , for j < pi,

and:
= (11— (a/2)c"* .
(5.14) P> kl;[O (71 /3 Uk)
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Similarly:
-1

eptl o 0 1 1
o acle) T a
and: .
% < on_pl_l for j > py;
so that:
p—e; l—egj/p _ 1—a tgi—r—1 ,
5.15 r,|z5]) > = > - , for j>py,
( ) p( l | J|) - pl+€j 1+€j/pl = 1+04*10J*Pl*1 .7 pl
and
oo
1—alo*
(5.16) Py > kli[O <m) '

Finally, the condition of lower and upper bound for p; is fulfilled by construction.

Case 2: g, <20l 1e;.
Then, we choose p; = agp, with 0 < a < 1 fixed. Computations exactly
similar to those of Case 1 give us:

c [(1—ac” (1 —atok
k=0 k=0
Moreover, in this case:

ac'™ley <p<2a0 ey,

and the proof is ended. O

Now, we have the following estimation.

Theorem 5.9. Let ¢,9: D — D be two non-constant analytic self-maps and
P (21, 22) = (¢(21), ¥(21) h(22)), where h is inner.

Let (11);>1 be an increasing sequence of positive numbers with limit 1 such
that:

z|l=r;

with & < e~ 1/Cap (A1) yhere A; = ¢(rD).

Then the approzimation numbers an(Co), N > 1, of the composition oper-
ator Cg: H?(D?) — H?(D?) satisfy:

(5.18) an(Cs) 2 sup [\/1 —rexp (— 8 VN \/1og(1/8;) /log(1/T; )} ,

1>1

where:

(5.19) [, =e 1/Cap (A1)
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Proof. Since h is inner, the sequence (h*);>¢ is orthonormal in H? and hence
an(Cp) = an(T) for all n > 1, where T' = @, ;T and T = My.Cy. Then
Lemma 5.6 gives:

(5.20) an(Ty) 2 VT =76/}
for allm > 1 and all £ > 0.
Let now:
log(1/61)
5.21 — | AT
(5.21) n= ]

where [.] stands for the integer part, and:
(5.22) ng = pik, for k=1,...,K.

By Lemma 5.2, applied with my = k (i.e. to Hy,...,Hg), we have, if N =
ny+---+ng:

an(T) > inf avT—r 6 T =a1—rfTie.

T 1<k<K
But, since p; < log(1/d;)/log(1/T):

ST =exp [ — (K log(1/6;) 4+ piK log(1/Ty))] > exp[—2K log(1/4)] .

Since: ) 2 | 5
K(K+1 K K 1
N BUHD KK log(1/a)
2 4 16 log(1/TY)
we get:
ST > exp [ — 8 VN /log(1/8,)/1og(1/Ty)]
and the result ensues. O

Example 1. We take ¢ = Ay, a lens map, and v = B, a Blaschke product
associated to a strongly regular sequence, as defined in (5.10); then we get:

Theorem 5.10. Let ®: D? — D? be defined by:
P(z1,22) = (No(21), ¢ B(21) h(22))

where B is a Blaschke product as in (5.10), 0 < ¢ < 1, and h is an arbitrary
inner function, we have, for some positive constant b, for all N > 1:

(5.23) an(Cs) 2 exp(—b N'/3) = exp(—b VN /N/6).
In particular B2(Co) = BQi(C@) =1.
Remark. We saw in Theorem 5.4 that this is the exact size, since we have:

aN(Cq>) 5 e_BNl/S.
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Proof. By Lemma 5.8, there is a sequence of numbers r; ~ o' such that |B(z)| >
0 for |z| = 7, where § is a positive constant (depending on o). Since A\p(0) = 0,
we have:

diam, (A7) > () 21— (1 —1)?;

hence, by [21]|, Theorem 3.13, we have:

1
Cap (4;) 2 log .

>

~ 7

or, equivalently: T; > e~%! some some b > 0. Then (5.18) gives, for all I > 1
(with another b):
VN

aw(C) z e -1+ 2],

Taking | = N'/3, we get the result. |
Example 2. By taking the cusp instead of a lens map, we obtain a better
result, close to the extremal one.

Theorem 5.11. Let ®(z1,22) = (x(21),¢B(21),h(22)), where x is the cusp
map, B a Blaschke product as in (5.10), 0 < ¢ < 1, and h an arbitrary inner
function. Then, for all N > 1:

aN(Cq>) >t \/N/m

In particular 52(Cs) = 1.

Remark. We saw in Theorem 5.5 that this is the exact size, since we have:

an(Cy) S e VAT 0EN,

Proof. The proof is the same as that of Proposition 5.10, except that, for the
cusp map, we have (note that x(0) = 0):

diam, (A;) > x(r1).
But when r goes to 1:

(V2 -1) 1
2 log (1/(1—7))

(see [20], Lemma 4.2). Hence, by [21], Theorem 3.13, again, we have:
Cap (4;) 2 log (log (1/(1—m)),
so I} > e b/1o8! Then, (5.18) gives (with another b):
Toei )|
In taking [ = \/W , we get the announced result. O

1—x(r) ~

an(Cs) 2 exp [ b<l +
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5.3 Upper bounds

All previous results point in the direction that, if ||®||oc = 1, then however
small a, (Csp) is, it will always be larger than ae=#*»V" with ¢, — 07, as this
is the case in dimension one (with n instead of \/n). But Theorem 5.12 to
follow shows that we cannot hope, in full generality, to get the same result in
dimension d > 2, and that other phenomena await to be understood. Here is
our main result. It shows that, even for a truly 2-dimensional symbol ®, we can
have || ®||o = 1 and nevertheless 35 (Cp) < 1, in contrast to the 1-dimensional
case where (1.1) holds.

Theorem 5.12. There exist a map ®: D? — D? such that:
1) the composition operator Ce: H*(D?) — H?(D?) is bounded and compact;
2) we have ||®||coc = 1 and @ is truly 2-dimensional, so that By (Cp) > 0;

3) the singular numbers satisfy a,(Csp) < ae PV for some positive con-
stants a, B, in other terms B3 (Cy) < 1.

Proof. Let 0 < 6 < 1 be fixed, and A\g be the corresponding lens map. We set:

A
6 =
1 0
5) = (15)
= e_S
1
v = §(wo )

Note that ||¢]eo = 1.
Setting ¢ = cosfr/2 > 0, we have for z € D:
-2 |-z
1—=2)0+1Q+2)?~ ¢

1
(5.24) [1=0()[ =51 =Xe(2)| =
Indeed, the argument o of (1 & 2)? satisfies |a| < 7/2 for z € D, and we get:
(1=2) +(1+2)°>Re[1-2)"+1+2)° >6(1+2° +|1—2/°) > 4.

We also see that ¢(D) touches the boundary 0D only at 1 in a non-tangential
way, meaning that for some constant C' > 1:

1
1= [6()| 2 5 1= 9(2)], VeD.
Now, we have the following two inequalities:

(5.25) Rez>0 = |w(z)| <exp ( ﬁ)

52
(5.26) zeD = [¢(z)] < % eXP(m)-



Indeed, Re S(z) > 6|S(2)| > 6|1—2|~% when Re z > 0, giving (5.25), and (5.24)
and (5.25) imply, since Re ¢(z) > 0:

6@l = 36 < 3 e (- o) < g e (- )

‘We now set:

(5.27) B (21, 22) = (0(21),9(21) h(22)) ,

with h a Rudin function.

Observe that the components ¢ and 1) ® h of ® can be in the bidisk algebra
A(D?), because we can take for h a finite Blaschke product, and moreover ¢ €
A(D) while ¥ = (1/2)wo ¢ € A(D) as well, since w € A(D) with w(1) = 0; this
is due to the presence of the parameter 6 < 1.

Now, 1) follows from the orthogonal model presented in Section 5.1, because

el < 1.
The assertion 2) follows from [2], Theorem 3.1, since ||¢[lc = 1.
We now prove 3).
As observed, Cp can be viewed as a direct sum T = @ZOZO T}, acting on a
Hilbertian sum H = @y, Hy, where T}, acts on a copy Hy, of H?(D) with:

Ty = Mde) .

We fix the positive integer n. The rest of the proof will consist of three lemmas.

Lemma 5.13. We have ||Ti|| < 27" for k > n.

Proof. Indeed, since ¢(0) = 1/2, we know that ||Cy| < }fzggg =3<2, 50
that || Tk ]| < [[¢*[loclICll < 27% x 2. O
Lemma 5.14. Set b = a/8% where a > 0 is given by e~ = 4C//16C2 + 1

and C is as in (2.1). Let my be the smallest integer such that k622" > an;
namely:

log(bn/k)
5.28 = |— 1
(5.28) M [ 62 log 2 +h
where [.] stands for the integer part. Then, with a’ = min(log2,a):

Qi1 (Th) S e @™

Proof. This follows from Theorem 2.3 applied with w = ¥*, R = k§? and 6
changed into 6. This is possible thanks to (5.26) and to Lemma 5.13. Moreover
we have adjusted my so as to make the two terms in Theorem 2.3 of the same
order. O
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Lemma 5.15. The dimension d := ZZ:O nmy satisfies, for some positive con-
stant o:
d<an?.

Proof. Indeed, it is well-known that:

Zlogk =nlogn —n+ O (logn),
k=1

and, in view of (5.28), we have my, < aj log(bn/k) < oy (logn — logk); hence:

ka < agy[nlogn — (nlogn —n+ O (logn))] = ayn+ O (logn),
k=1
and we get d < ajjn® + O (nlogn) < agn?.
Alternatively, we could have used a Riemann sum for the function log(1/x)
on (0,1]. O

Finally, putting things together and using as well Proposition 5.3 with K = n
and ny = nmy + 1 so that (3 _gnk) —n = (> j_onmi)+1=d+1, we get
ignoring once more multiplicative constants:

an2(T) < ag(T) < ae™Pn

with positive constants «, 8. This ends the proof of Theorem 5.12. O

6 Monge-Ampére capacity and applications

6.1 Definition

Let K be a compact subset of D™ (in this section, for notational reasons,
we denote the dimension by m instead of d). The Monge-Ampére capacity of K
has been defined by Bedford and Taylor ([3]; see also [13], § 5 or [11], Chapter 1)
as:

Cap,, (K) = sup{/ (dd°u)™; uwe PSH and 0 < u < 1} ,
K
where PSH is the set of plurisubharmonic functions on D™, dd® = 2i90, and
(dd®)™ = dd® A --- A dd® (m times). When v € PSH N C?(D™), we have:

0?u
C m — m |
(dd“u) 4™m! det (8zj82k) dv(z),

where dV (z) = (i/2)™dz1 A dZy A -+ A dzp A dZ,y, is the usual volume in C™.
A more convenient formula (because D" is bounded and hyperconvex: see [11],
p. 80, for the definition) is:

Cap,, (K) = /K(ddcuj()m ,
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where uj, is called the extremal function of K and is the upper semi-continuous
regularization of:

ug =sup{v € PSH; v<0and v < —1on K},

but we will not need that.

As in [27], we set:

(6.1) Tm(K) = Cap,, (K) .

(2m)™
For m = 1, 7(K) := 71 (K) is equal to the Green capacity Cap (K) of K with
respect to D, with the definition used in [21] (see [13], Theorem 8.1, where a
factor 27 is introduced).

We further set:

(6.2) T (K) = exp { (%)UM} .

We proved in [21] that, for m = 1, and ¢: D — rD, with 0 < r < 1, we have:

(6.3) B1(Cy,) =T1(e(D)).

The goal of this section is to see that Theorem 5.12 shows that this no longer
holds for m = 2.

6.2 A seminal example

In one variable, our initial motivation had been the simple-minded example
¢(z) =rz, 0 <r <1, for which Cy,(2") = r"2", implying a,,(Cy,) = r"~! and
B1(Cp) =r. If K = ¢(D) = D(0,r), we have Cap (K) = ﬁ and I'y(K) =,
so that $1(C,) = I'i(K). Let us examine the multivariate example (where
0<r;<1):

D(21,22, .- 2m) = (r121, 7222, . . ., TmZm)-
If K = ®(D™), we have K =[], D(0,7%), and hence ([5], Theorem 3):

m
1
6.4) rn(K) = ] ———
( A ey
On the other hand, Cg (27" 252 -~ zlm) = ritrg? .. plm 201202 .. 21m g0 that
the sequence (ay,), of approximation numbers of Cg is the non-increasing rear-
rangement of the numbers ri''ry? - - r>m . It is convenient to state the following
simple lemma.
Lemma 6.1. Let A\, ..., \,, be positive numbers. Let N4 be the number of m-
tuples of non-negative integers (ni,...,ny) such that > ;" Agng < A. Then,
as A — oo: 4
N ~
AT A ml



Indeed, just apply Karamata's tauberian theorem (see [12] p. 30) to the
generalized Dirichlet series:

m

1 _ m n
S(e) ::Hm = Y o Eimwenee,

k=1 N1y >0

we have S(e) ~ ()\18777;) ase — 0.

Let now N be a positive integer and ¢ = ay. Setting A\ = log(1/rx) and
A = log(1/e), we see that N is the number of m-tuples (nq,...,n,,) of non-
negative integers such that 1752 -7 > ¢ ie. such that 2211 Aeng < A.
This number N is hence nothing but the number N4 of the previous lemma, so
that:

Inverting this formula, we get:
an(Co) =exp [ — (L +0(1)) (m!(Adz -+ ) N)V™]

and:
Bm(Ca) =exp [ — (M da - Ap) /™) =T (K)

in view of (6.2) and (6.4).

On the view of the simple-minded previous example, the extension of the
spectral radius formula (6.3) to the multivariate case holds, and it is tempting to
conjecture that this is a general phenomenon as in dimension one, all the more
as the following extension of Widom’s theorem was proved by Zakharyuta, based
on the solution by S. Nivoche of Zakharyuta’s conjecture ([22]); see also [27],
Theorem 5.4. A compact subset K of D™ is said to be regular if its extremal
function uj; is continuous on D™.

Theorem 6.2 ([27], Theorem 5.6). Let K be a regular compact subset of D™
and J: H>®(D™) — C(K) the canonical injection; then the Kolmogorov numbers
dn(J) satisfy:

(6.5) lim [da ()] ™" = exp [ <L!))1/m] .

n— o0 Tm(K

Note that the right side is nothing but T, (K).

We shall see in section 6.4 that, for the symbol ® of Theorem 5.12, the
compact subsets ®(rD™), 0 < r < 1, are not regular.

6.3 Upper bound

For the upper bound, the situation behaves better, as stated in the following
theorem.
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Theorem 6.3 ([27], Proposition 6.1). Let K be a compact subset of D™ with
non-void interior. Then:

(6.6) lim sup [dn (1] < exp [ (%)l/m] .

Note that (K,D™) is a condenser since K has non-void interior. We deduce
the following upper bound.

Theorem 6.4. Let @ be an analytic self-map of D™ with ||P|lcc = p < 1, thus
inducing a compact composition operator on H*(D™). Then we have:

B (Cp) < Ty (B(D™)) .

Proof. This proof provides in particular a simplification of that given in [21] in
dimension m = 1.

Changing n into n™, Theorem 6.3 means that for every ¢ > 0, there exists
an (n™ — 1)-dimensional subspace V of C(K) such that, for any g € H>°(D™),
there exists h € V such that:

(6.7) lg = Plle) < Ce(1+€)" [T ()] llglloc -

Let [ be an integer to be adjusted later, and f(z) = > ba2® € Bp2, as well
as g(z) = Z|a\<l boz®. We first note that (with M, depending only on m and
p, and since the number of a’s such that |a] < pis O (p™)):

21

Z PQla‘ < My, me PQp < M,I™m p72m+1 .
o >1 p>1 (1=p%)

We next observe that, by the Cauchy-Schwarz and Parseval inequalities:

(6.8) lglloo < My, I™/2,
and
l
(6.9) F(2) = g(2)| < My 12— T

(= [af2) D7

where |2|oo 1= max <., |7;| if 2= (21,...,2m).

The subspace F' formed by functions v o @, for v € V, can be viewed as a
subspace of L>°(T™) C L?(T™) with respect to the Haar measure of T™, the
distinguished boundary of D™ (indeed, we can write (vo ®)* = vo ®*, where &*
denotes the almost everywhere existing radial limits of ®(rz), which belong to
K). Let finally E = P(F) C H*(D™) where P: L?(T™) — H?(T™) = H*(D™)
is the orthogonal projection. This is a subspace of H? with dimension < n™.
Set temporarily n = C.(1 +¢)" [Fm(K)]n It follows from (6.7) and (6.8) that,
for some h € V:

lg = hllecry < nllglloe < My /2
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and hence:

lgo® —ho®|y < [lgo® —hod|a < nM,y,I™?,
implying by orthogonal projection:

dist (Cag, E) < [lgo ® — P(ho®)|ls <5 My, 1™/

Now, since Co f(2) — Cog(z) = f(®(2)) — g(®(2)), (6.9) gives:
!

_ _ miz_____ P
|Caf — Cagl2 < [|[Caf — Coglloc < Ml (1= p2) /2

and hence:
!

dist (Co f, E) < M, I"™/? (upzf‘)’w +C(1+e) [rm(K)]”) .

It ensues, since ay(Cy) = dny(Csp), that:
l/n

[anm (Ca)] /™ < (M, 1772)1/ [ -

1/n
W +C€/ (1+€)Fm(K):| .

Taking now for [ the integer part of nlogn, and passing to the upper limit as
n — 0o, we obtain (since I/n — oo and (logl)/n — 0):

Bn(Ca) < (1+ )T (K),

and Theorem 6.4 follows. O

6.4 Exact asymptotic
From Theorem 6.2 we deduce the following result.

Theorem 6.5. Let ®: D™ — D™ be an analytic self-map such that || Pl = 1.
Assume moreover that for 0 < r < 1, the compact subsets K, = ®(rD™) are
regular. Then:

Brn(Ca) = Bm(Ca) = 1.

Proof. Without loss of generality, we may assume that ®(0) = 0.

Let r; < 1 with r; — 17, and K; = ®(r;D™). We can apply Theorem 6.2
to K;. Let F be a subspace of H? with dimension < n™. This space can be
considered as a subspace of C(K;). By Theorem 6.2, and repeating word for
word the proof of [21], we can find g € By with:

lg = Pllecr,) = e=(1 =)™ [T (K5)]"
for all h € E. Equivalently:

1Ca(9) = Co (M)l ermm) = ce(1— )" [Lm(K;)]"
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This implies that:
[Ca(9) — Ca(h)[l2 = mj (1 — &)™ [T (K;)] ",

where 1; > 0 only depends on j.
Since apm (Cp) = dyym (Co), we thus get:

apm (Ca) > njcc(1— &)™ [T (Kj)] "

Taking n-th roots and passing to the lower limit, we obtain that 3, (Cg) >
(1 —¢)T,,(K;). Finally, letting € going to 0, we get:

(6.10) Br(Ca) = T (K5) -
Now, since ||®]x = 1, there exists a sequence of points a; € K; with
llajllcc —> 1 and we can assume that |m(a;)] — 1, where m is the projec-
j—o0 j—o0

tion on the first coordinate. By [13], Theorem 13.1, we have Cap,, (K;) >
Cap, [m1(K;)]. Since Cap, [m1(K;)] = 27 Cap [m1(K;)] — 400 (see [21], The-
J—o0

orem 3.13), we get that I',,(K;) — 1, and that ends the proof. O
j—o0o

Corollary 6.6. For the symbol ® constructed in Theorem 5.12, the compact
subsets K = ®(rD?) are not all regular.
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