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POINCARE DUALITY WITH CAP PRODUCTS IN INTERSECTION
HOMOLOGY

DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE

ABSTRACT. For having a Poincaré duality via a cap product between the intersection
homology of a paracompact oriented pseudomanifold and the cohomology given by the
dual complex, G. Friedman and J. E. McClure need a coefficient field or an additional
hypothesis on the torsion. In this work, by using the classical geometric process of
blowing-up, adapted to a simplicial setting, we build a cochain complex which gives a
Poincaré duality via a cap product with intersection homology, for any commutative
ring of coefficients. We prove also the topological invariance of the blown-up intersec-
tion cohomology with compact supports in the case of a paracompact pseudomanifold
with no codimension one strata.

This work is written with general perversities, defined on each stratum and not only
in function of the codimension of strata. It contains also a tame intersection homology,
suitable for large perversities.
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INTRODUCTION

Intersection homology was defined by M. Goresky and R. MacPherson in [I7], [18],
with the existence of a Poincaré duality in the case of rational coefficients. If X is a
compact, oriented, n-dimensional PL-pseudomanifold, Goresky and MacPherson estab-
lish in their first paper on intersection homology ([I7, Theorem 1], see also [12], [15])
the existence of an intersection product, m: H?(X;7Z) x H;-I(X; 7) — HiFan(X; Z), for
perversities such that p+ g < 7. Let ¢ be the top perversity defined by (i) =i — 2. By
composing with an augmentation, e: H§(X;Z) — Z, the authors show ([I7, Theorem
2]) that this correspondence gives a bilinear form,

HP(X;Z) x H ?(X,Z) —» H\(X:Z) 5 Z,

which is non degenerate after tensorisation with Q. As showed by Goresky and Siegel in
[20], an extension of this result to Z cannot remain without an hypothesis on the torsion
of the intersection homology of the links of the pseudomanifold (see [11] for an extension
to homotopically stratified spaces).

Besides, mention the different approach of M. Banagl ([1]) who associates a CW-
complex IPX to certain stratified spaces. The rational homology of these spaces satisfies
a generalized form of Poincaré duality and present some concrete advantages. Their ho-
mology being different from intersection homology, their study needs an ad’hoc approach
and they are not considered in this work.

There exists also an approach of Poincaré duality of a manifold by mixing homology
and cohomology with a cap product. This method was achieved with success in inter-
section homology and cohomology by G. Friedman et J.E. McClure ([16]) in the case of
field coeflicients, or with an hypothesis on the torsion of the intersection homology of
the links ([9, Chapter 8]). Their intersection cohomology is defined as the homology of
the linear dual of the intersection chain complex; we denote it by HI—f(X ; R) with R a
commutative ring. In this context, the extension of such result to any commutative ring
is not possible.

In this work, we continue with the paradigm of chain and cochain complexes. But,
instead of taking the linear dual of the intersection chain complex, we consider a com-
plex coming from a simplicial adaptation of the geometric blow-up which was already
present in [2], [25]. For any commutative ring R, we define a cochain complex endowed
with a cup product, N;*(X ; ), whose homology in perversity p is denoted J2(X; R)
and called blown-up intersection cohomology (or Thom-Whitney cohomology in some
previous works, [3], [6], [4], [5]). A version with compact supports is introduced in Defi-
nition 2.2l and denoted %", (X; R). In the case of Goresky and MacPherson perversities
([I7]), our main result can be stated as follows.

Main Theorem. Let R be a commutative ring and X an oriented, paracompact, n-
dimensional pseudomanifold. Then, for any Goresky and MacPherson perversity, the
cap product with the orientation class of X defines an isomorphism

D: 5 (X5 R) — H? (X;R).

n
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If we change of paradigm and consider the sheaf version of intersection homology ([18]),
the blown-up cohomology appears as the Deligne sheaf defining intersection homology.
We prove it explicitly with a direct approach in [7].

The complex ]V.ik (X; R) has several properties which facilitate its use. For instance, the
complex ]V.ik (X; R) is local in essence and it allows the determination of the admissibility
of a cochain by considering individually each simplex of its support. We quote also that
the operations cup and cap are defined from cochain complexes and not only in the
derived category. The existence of cup; products at the cochain level allowed in [6] an
explicit determination of the rank of perversities in the definition of Steenrod intersection
squares. As a consequence, we were able to give a positive answer ([0, Theorem B]) to
a conjecture of M. Goresky et W. Pardon ([19]).

Actually, we prove the Main Theorem in the setting of general perversities introduced
by MacPherson in [22], c¢f. Theorem [Bl These perversities are defined individually on
each stratum and not only as a function of their codimension (cf. Definition [[L4]). This
allows a larger spectrum of the values taken by the perversities.

Without going too much into details at the level of this introduction, we may observe
that, in the case of a perversity p such that p < ¢, each p-allowable simplex as well as its
boundary have a support which is not included in the singular part. As this property
disappears if p £ ¢, we introduce what we call tame intersection homology and denote
$HY(X; R). The tame intersection homology keeps the behavior of intersection homology
(see [4]) and is isomorphic to it when p <#. We denote $5(X; R) the associated coho-
mology and )5 (X R) the variant with compact supports. In the case of a paracompact
oriented pseudomanifold, Theorem [Bl gives an isomorphism between the blown-up inter-
section cohomology ,%%’jc(X ;R) and $?_, (X;R) for any commutative ring R and any
perversity p. We complete this work with a proof of the topological invariance of the
blown-up cohomology with compact supports in Theorem [Al

Section [ is a recall on intersection homology. To achieve the program above, we
define and establish the main properties of the blown-up cohomology with compact sup-
ports, ,%%’fc(—), in Section 2} existence of a Mayer-Vietoris sequence (Proposition 2:12]),
cohomology of a cone (Proposition [Z14]), cohomology of the product X x R (Proposi-
tion ZT15) and comparison of J2".(—) and §5 .(—) (Proposition 2Z20). In particular, we
prove ,%%’fc(X i R) = .V);_ﬁc(X ;R) if R is a field and X a paracompact pseudomanifold.
The topological invariance for a paracompact CS set with no codimension one strata
and a Goresky and MacPherson perversity is established in Section [3 as Theorem [Al
Section Ml is concerned with the proof of Poincaré duality (Theorem [BI).

In all the text, R is a commutative ring (always supposed with unit) and we do not
mention it explicitly in the proofs. The degree of an element a of a graded module is
represented by |a|. For any topological space X, we denote by ¢X = X x [0,1]/X x {0}
the cone on X and by ¢X = X x [0,1[/X x {0} the open cone on X.

1. BACKGROUND ON INTERSECTION HOMOLOGY

We recall the basics we need, sending the reader to [17], [9] or [3] for more details.
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1.1. Pseudomanifolds.

Definition 1.1. A filtered space of dimension n, (X, (X;)o<i<n), is a Hausdorfl space
together with a filtration by closed subsets,

P=X1CX0CX;C---CX, =X,

such that X,\X,_1 # 0. The connected components S of X;\X;_1 are the strata of X
and we set dim S = ¢, codim S = dim X — dim S. The strata of X,,\X,,—1 are called
reqgular. The set of non-empty strata of X is denoted Sx. The subspace X,_1 is called
the singular set.

An open subset U of X is endowed with the induced filtration, defined by U; = UN X;.
If M is a manifold, the product filtration is defined by (M x X), = M x X;.

The CS sets introduced in [27] are a weaker version of pseudomanifolds that is sufficient
for the topological invariance property.

Definition 1.2. A CS set of dimension n is a filtered space,
X 1=0CXoCX1C---CX,, 2C X1 & X=X,

such that, for each ¢ € {0,...,n}, X;\X;_1 is a topological manifold of dimension i or
the empty set. Moreover each x € X;\ X;_1 with ¢ # n admits

(i) an open neighborhood V' of x in X, endowed with the induced filtration,
(ii) an open neighborhood U of z in X;\X;_1,
(iii) a filtered compact space L of dimension n — i — 1, whose cone ¢L is endowed with
the conic filtration, (¢L); = ¢L;_1,
(iv) a homeomorphism, ¢: U x ¢L — V, such that
(a) p(u,v) =u, for any u € U, where v is the apex of ¢L,
(b) (U x ¢L;) =V N Xitjp1, forany j € {0,...,n —i—1}.
The filtered space L is called the link of x. The CS set is called normal if its links are
connected.

We take over the original definition of pseudomanifold given by Goresky and MacPher-
son ([I7]) but without the restriction on the existence of strata of codimension 1.

Definition 1.3. A topological pseudomanifold of dimension n (or a pseudomanifold) is a
CS set of dimension n whose links of points z € X;\ X;_; are topological pseudomanifolds
of dimension (n —i — 1) for all ¢ € {0,...,n — 1}. Any open subset of a pseudomanifold
is a pseudomanifold for the induced structure.

1.2. Perversities. We begin with the perversities of [I7] and continue with a more
general notion of perversity, introduced in [22] and already present in [25], [26], [13],
T3], [16).

Definition 1.4. A GM-perversity is a map p: N — Z such that p(0) =p(1) =p(2) =0
and p(i) < p(i +1) <p(i) + 1, for all i > 2. Among them, mention the null perversity 0
constant with value 0 and the top perversity defined by (i) =i — 2.

A perversity on a filtered space, (X, (Xi)o<i<n), is an application, py : 8x — Z, defined
on the set of strata of X and taking the value 0 on the regular strata. The pair (X,py)
is called a perverse space and denoted (X,p) if there is no ambiguity. (In the case
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of a CS set or a pseudomanilfold we use the expressions perverse CS set and perverse
pseudomanifold.)

If p and g are two perversities on X, we set p < 7 if we have p(S) < g(95), for all
S € 8x. A GM-perversity induces a perversity on X by p(S) = p(codim S). For any
perversity, p, the perversity Dp :=t — p is called the complementary perversity of p.

1.3. Intersection Homology. We specify the chain complex used for the determina-
tion of intersection homology, cf. [4].

Definition 1.5. Let X be a filtered space. A filtered simplex is a continuous map
o: A — X, from an euclidean simplex endowed with a decomposition A = Ag * Ay *
- x Ay, called o-decomposition of A, such that

O'_lXZ':Ao*Al*---*AZ’7

for all 7 € {0,...,n}. The sets A; may be empty, with the convention ) x Y =Y, for
any space Y. The simplex o is reqular if A, # (0. A chain is regular if it is a linear
combination of regular simplices. For putting in evidence that the filtration on A is
induced from the filtration of X by o, we sometimes denote A = A,.

Definition 1.6. Let (X, ) be a perverse space. The perverse degree of a filtered simplex
o: A= Ag*---x A, = X is the (n + 1)-uple, |lo|| = (|lollo,- -, |lo|ln), where |o|; =
dimo~1X,,_; = dim(Ag*---*A,_;), with the convention dim () = —oo. For each stratum
S of X, the perverse degree of o along S is defined by

lolls = { ’ —00, if SNo(A) =190,

’UHCOdim S, otherwise.
A filtered simplex is p-allowable if
llolls < dim A — codim S + p(.5), (1)

for each stratum S of X. A chain £ is said p-allowable if it is a linear combination
of p-allowable simplices, and of p-intersection if £ together with its boundary are p-
allowable. We denote by C¥(X; R) the complex of p-intersection chains and by HY(X; R)
its homology, called p-intersection homology.

In [4, Théoréme B], we prove that H. p (X; R) is naturally isomorphic to the intersection
homology of Goresky and MacPherson.

Lemma 1.7. [4 Lemme 7.5] If the perversity D satisfies D < t, then any P-allowable
filtered simplex and its boundary are reqular.

Notice that the hypothesis of Lemma [[7] is satisfied for any GM-perversity. On
the contrary, if p £ ¢, some p-allowable filtered simplices can be included in the singular
part. As such simplex cannot be considered in the definition of the blown-up intersection
cohomology (see the definition of the cap product in Section (), we adapt the definition
of intersection homology to this situation as follows. First, we decompose the boundary
of a filtered simplex A = Ag * --- x A, as

0A = 8regA + asingAa



6 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE

where Oy A contains all the regular simplices. In particular, we have

0A if A, =0,
Dsing A = (—D)AHA s - % A,y if dim A, =0,
0 if dimA,, > 0.

If o: A — X is a regular simplex, its boundary is decomposed in 00 = Oreg0 + Osing0-

Definition 1.8. Let (X, D) be a perverse space. The chain complex €%(X; R) is the R-
module formed of the regular p-allowable chains whose boundary by 0,es is p-allowable.
We call (€8(X; R),0 = O,eg) the tame p-intersection complex and its homology, $H%(X; R),
the tame p-intersection homology.

Similar complexes have been already introduced by the second author in [26] and by
G. Friedman in [I0] and [9, Chapter 6]. In [], we show that $?(X;R) is isomorphic
to them. We recall now the main properties of $2(X; R) established in [4], see also [9]
Chapter 6].

Theorem 1.9. [4, Propositions 7.10 and 7.15] Let (X,p) be a perverse space. The
following properties are satisfied.

(1) If p < t, the intersection homology coincides with the tame intersection homology,
HP(X;R) = $2(X; R).
(2) For any open cover W= {U,V'} of X, there exists a Mayer-Vietoris exact sequence,
= PUNVR) = SY(U;R) @ HY(V;R) — 97 (X;R) — 97 ((UNV;R) — ...

Proposition 1.10. [4, Corollaire 7.8] Let (X,p) be a perverse CS set. Then the inclu-
sions 1,1 X = Rx X, z+— (2,2) with z € R fized, and the projection px: R x X — X,
(t,x) = z, induce isomorphisms, H (R x X; R) = H1(X; R).

Proposition 1.11. [4, Proposition 7.9] Let X be a compact filtered space of dimension n.
We endow the cone ¢X with a perversity p and with the the conic filtration, (€X); =
¢X;_1. We denote also p the induced perversity on X. Then, the tame p-intersection
homology of the cone is determined by,

OU(X;R) if k <n—pw),

ﬁg(éX;R)g{ 0 if k> n—pw),

where the isomorphism is induced by tex: X — ¢X, x — [x,t] with t €]0, c0].

2. BLOWN-UP INTERSECTION COHOMOLOGY WITH COMPACT SUPPORTS

In this section we recall the blown-up intersection cohomology of a perverse space
and introduce its version with compact supports. We consider a filtered space X of
dimension n and a commutative ring R.
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2.1. Definitions. Let N,(A) and N*(A) be the simplicial chain and cochain complexes
of an euclidean simplex A, with coefficients in R. For each simplex F' € N,(A), we write
17 the element of N*(A) taking the value 1 on F' and 0 otherwise. Given a face F' of
A, we denote by (F,0) the same face viewed as face of the cone cA = A x [v] and by
(F,1) the face cF of cA. The apex is denoted (},1) = c@ = [v]. Cochains on the cone
are denoted 1(p .y for € = 0 or 1. For defining the blown-up intersection complex, we
first set

N*(A) = N*(cAg) ® --- @ N*(cAp_1) @ N*(A,).
A basis of N*(A) is composed of the elements Lre) = Lre) @ @ LF,_ 1 en ) @ 1R,
where ¢; € {0,1} and F; is a face of A; for i € {0,...,n} or the empty set with ; = 1 if
i <n. Weset [1peoy|ss = Xsq(dim F; + &), with the convention dim ) = —1.

Definition 2.1. Let ¢ € {1,...,n} and 1z, € N*(A) The ¢-perverse degree of
1pe € N*(A) is

eale={ 1, % 20
<) 1Ie |1(F,6)|>n—€ it e,-¢=0.

For a cochain w =37, Ay 1(F, ¢,) € N*(A) with A\, # 0 for all b, the £-perverse degree is
elle = max [z, e
By convention, we set 0]y = —oc.

Let 0: A = Ag#--- %A, — X be a filtered simplex. We set N* = N*(A). If
d: A’ — A is an inclusion of a face of codimension 1, we denote by Oyo the filtered
simplex defined by 9y0 = 0 odp: A’ — X. If A = Ag*---* A, is filtered, the induced
filtration on A’ is denoted A’ = Aj * -+ - Al,. The blown-up intersection complex of X
is the cochain complex N* (X) composed of the elements w associating to each regular
filtered simplex o: Ag * -+ * A, — X an element w, € N;f such that 6;(ws) = wa,0s
for any face operator d;: A’ — A with Al, # 0. The differential dw is defined by
(0w)e = 0(wy). The perverse degree of w along a singular stratum S equals

|lwlls = sup {||lwe|lcodim s | o: A — X regular such that o(A) NS # 0}.

We denote ||w|| the map which associates ||wl||s to any singular stratum S and 0 to any
regular one. A cochain w € N*(X) is p-allowable if |w|| < P and of p-intersection if
w and dw are p-allowable. We denote Nz—f (X; R) the complex of p-intersection cochains
and J&* (X; R) its homology called blown-up intersection cohomology of X for the per-
versity p.

Definition 2.2. Let (X, D) be a perverse space. A non-empty subspace K is a support of
the cochain w € N*(X; R) if w, = 0, for any regular simplex o such that o(A)N K = 0.
A cochain w € N*(X;R) is with compact supports if it has a compact support. We
denote Ngc(X ; R) the complex of p-intersection cochains with compact supports and
A5 .(X; R) its homology.

When the space X is compact, we clearly have " .(X; R) = 77 (X; R). As in the
classical case of a manifold (see [23, Appendix A]) the cohomology J£.(X; R) can be
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obtained as a direct limit. To state it, we need to recall the notion of U-small cochains
in intersection cohomology.

Definition 2.3. Let U be an open cover of a space X. An U-small simplex is a regular
simplex o: A = Ag * -+ x A,, — X such that there exists U € U with Imo C U. The
set of U-small simplices is denoted Simpy,.

The complex of blown-up U-small cochains, with coefficients in R, N*’u(X;R), is
the cochain complex composed of the elements w, associating to any U-small simplex,
o: A=Agx---x A, — X, an element w, € N*(A), such that 0} (we) = wa,q, for any
face operator, dp: Aj* -+ x Al — Agx---x A, with A} # (. If p is a perversity on X,
we denote N;’U(X; R) the cochain subcomplex of elements w € N*%(X; R) such that
lwl <P and [dw| <P. N

The set of U-small cochains admitting a compact support is denoted N} (X)), Tts
subcomplex composed of the cochains of p-intersection is designed by N;JCU(X ;R) of

*7u .
homology 727" (X; R).

Proposition 2.4. [8, Theorem B] Let (X,D) be a perverse space and U an open cover
of X. Then the restriction map, py: NI—)*(X; R) — N;’U(X; R), is a quasi-isomorphism.

We establish the version with compact supports of Proposition 2.4l

Proposition 2.5. Let (X,p) be a perverse space and U an open cover of X. Then the

restriction map, py.c: NI—’)‘,C(X; R) — Ng:cu(X; R), is a quasi-isomorphism.

We postpone for a while the proof of this result. Recall that an open cover V of X is
finer than the open cover U of X if any element V' € 'V is included in an element U € U.
We denote U = 'V this relation. If U < 'V, we have an inclusion Simpy, C Simp, and
a natural map I}L(’V: N%‘,’Z”L(X ;R) — NI—’;’CV(X ; R). We consider the direct limit of these
maps and set

N . A7k, U
N5, (X R) = lim N2 (X3 R). @)
Uu
Proposition 2.5 implies immediatly the next characterisation of J".(X; R).

Corollary 2.6. Let (X,D) be a perverse space. The canonical map from NI—’;C(X;R) to
the previous limit,

le: N§7C(X;R) = N%C(X;R),
is a quasi-isomorphism.
Proof of Proposition[2.3. This is an adaptation of the proof of Proposition 2.4] made
in [8]. For proving that the map py: ng (X) — Ng’u(X ) induces an isomorphism in
homology, we have built a cochain map, ¢y : N;’U(X ) — Ng(X ), and a homotopy
©: Nx(X) — N27(X) such that py oy =id and 60 © +© 0§ = id — gy o py. The

maps ¢y and O are defined from an application T: N*(X) — N*~1(X). Here, it is thus
sufficient to prove that the image by these maps of a cochain with compact supports is
a cochain with the same support. This is direct for py.
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Concerning T, we consider w € NI—’;C(X ). By definition, there exists a compact L C X
such that w, = 0 for any regular simplex o: A — X such that o(A)N L = (. By
definition of T (see [8, Proposition 9.9]), we have (T(w))s = Ta(wk(a)), With

wiay= Y, W, (FxGe)lipae,
F+GCK(A)
[(FxGe)|=k
where the simplex o, is a restriction of o. Therefore, the image of o, is included in
the image of o and we have wg(a) = 0 as required. U

2.2. Cup and cap products. We have already defined a cup product in [3] and cup;
products in [6] on the blown-up intersection cochains in the case of filtered face sets with
GM-perversities. In [§], a definition of a cup product has been made in the general case
considered here; we recall this definition.

Definition 2.7. Two ordered simplices F' = [ag,...,a;] and G = [by,...,bs| of an
euclidean simplex A are compatible if ap = bg. In this case, we set

FUG = [ao,...,ak,bl,...,bg] c N*(A)
The cup product on N*(A) is defined on the dual basis by
1prUlg = (_1)‘F| |G‘1FUG’7

if " and G are compatible and 0 otherwise. If A = Ag*--- % A, is a regular euclidean
simplex, this product is extended to N *(A) with the classical rule of commutation of
graded objects, as follows:

ifwp® -+ @w, and 7y ® - -+ ® )y, are elements of N*(cAg) ® -+ @ N*(A,), we set

(WO @ wn) U (770 - ® nn) - (_1)Zi>j i Injl(wo U 770) Q- ® (wn U nn)' (3)
Recall the main property of this cup product.

Proposition 2.8. [8, Proposition 4.2] Let X be a filtered space endowed with two per-
versities p and §. The previous cup product gives an associative product,
N N4 ATk+L
—U—: Nj(X; R) @ N3 (X; R) — Ny 2 (X R), (4)
defined by (wUn)y = we Un,, for any (w,n) € Ng(X;R) X Na*(X;R) and any regqular
filtered simplex o: A — X. Moreover, this morphism induces a graded commutative
product, called intersection cup product,

—U—: J(X;R) ® # (X; R) — A (X R). (5)
We recall the intersection cap product studied in [§] and [5]. Let A = [eg, ..., €r, ..., en]

be an euclidean simplex. The (classical) cap product — N A: N*(A) — Ny« (A) is de-
fined by

€ry.-sem] if F'=]eg,... €], for any r € {0,...,m},
0 otherwise.

1rna={!
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If A =Agx*---*xA, is a regular filtered simplex, we set A = EAg X+ X EAp_1 X A,.
The previous cap product is extended with the rule of permutation of graded objects as
follows. If 1(poy = L o) @ @ L(p,_y cny) @ 1, € N*(A), we define

1(F,6) N A = (_1)V(F767A)(1(F0,60) n CAO) Q- ® (1(Fn7175n71) n CAnfl) ® (an N An)a
€ Nu(cAo)®-- ® Nu(cAn_1) @ No(An), (6)

where v(F,e,A) = ;L;&(dim Aj+1) (3311 |(Fiy&:)]), with the convention e, = 0.

An intersection cap product on A must take values in the chain complex N,(A). For
that, we construct a morphism pa: Ny(cAg) @+ @ Nu(cAp—1) ® Nu(Ay,) = Ni(A), by
its value on (F,e) = (Fo,e0) ® -+ ® (Fp—1,6n—1) ® F,,. Let £ be the smallest integer j
such that €; = 0. We set

Fo*---x Fp if dim(F,e) = dim(Fp - -- x Fp),

Ha(Fe) = { 0 otherwise. (™

This application is a chain map (cf. [8, Lemma 6.4]) and we define the local intersection
cap product

—NA: N*(A) = Npp_o(A) as wN A = pa(wnA).
This expression may be carried on to filtered simplices of a filtered space X.

Definition 2.9. Let w € N*(X;R) and 0: A, — X be a filtered simplex. We set

o — ou(we NAy) ifois ljegular,
0 otherwise.

With a linear extension, the intersection cap product is defined as a map
—N—: N*(X;R) ® Cpn(X; R) = Cpi(X; R).
As proved in [§], the cap product respects the tame intersection chains.

Proposition 2.10. [8, Propositions 6.5 and 6.6] Let X be a filtered space endowed with
two perversities p and q. The cap product defines a homomorphism

—N—: NE(X;R)® €T (X5 R) — €77 (X R)

satisfying the following properties.

(i) This is a chain map: ?(w N &) = (dw) NE + (=D)*lw N (2¢€).
(ii) The cap and the cup products are compatible: (wUn)NE = (—Dlyn(wné).

2.3. Properties of the blown-up cohomology with compact supports. In this
section, we establish the properties allowing the use of Proposition for the proof of
Theorem[Aland Theorem Bl In particular, we construct a Mayer-Vietoris exact sequence,
compute the intersection cohomology of a cone and of a product with R, in the case of
compact supports.
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Cochains with compact supports on an open subset. Let U be an open subset of
a filtered space X and V an open cover of U. To any w € NC*’V(U; R) of compact support
K C U, we associate the open cover U ="VU{X\K} of X. Let 0: A = X, 0 € Simpy,,
be a regular simplex. We define:

[ we if o € Simpy,
770—{ 0 if ImonNK =0. (8)

There is no ambiguity in this construction since K is a support of w.

Let dp: A" — A be a regular face of codimension 1. The conditions o € Simpy and
Imo N K = 0 imply 9p0 € Simpy and Imdyo N K = (. Therefore, the compatibility of
w with the face operators gives 0;7, = 1g,,. Moreover, as K C U C X is a compact
support of 7, we get n € N*¥(X; R). Let 7 be the class of 7 in NEC(X; R), see (). The
association w — 1 defines an application

I x: NYV(U; R) = Ni(X; R),
compatible with the differentials since (0w), = d(wy ).

Let p be a perversity on X. We endow the open subset U C X with the induced
perversity also denoted p. Let w € N;:Q?(U ) of compact support K. For any regular
simplex o € Simpy and any ¢ € {1,...,n}, we have the inequality ||n,||¢ < ||ws|l¢ from
which we deduce a cochain map,

I x: No (U R) — N5 (X3 R).

Proposition 2.11. Let (X,p) be a perverse space and U an open subspace, endowed
with the induced perversity. The maps I, ?J? y defined above induce an injective application
of cochain complezes,

Iyx: N (U;R) — N5 (X3 R).

Proof. Let V < V' be two open covers of U. The open covers U = VU {X\K} and
W =V U{X\K} of X satisfy U < U. Thus we have a commutative diagram,

J A

S,V UX =,
N2V (U) —5 N (X).

Vv’l /

I )

U v
IU,X

N2V (U)

p7c

The map Iy x is then obtained by a passage to the limit. For proving the injectivity,
we consider w € N (U) such that Iy x(w) = 0. The class w is the limit of elements

w e Ngf(U ), where V is an open cover of U. Let 1) € Ngg(X ) be the element associated
to win (§). From Iy x(w) = 0, we get the existence of an open cover W of X finer
than U and such that 7, = 0 for any o € Simpy,. Thus the open cover WN YV of U
formed of the intersections of elements of V and ‘W verifies by definition 7, = 0 for any
0 € Simpyyny = Simpyy N Simpy. It follows w = 0. U



12 DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE

Mayer-Vietoris exact sequence with compact supports.

Proposition 2.12. Let (X, D) be a locally compact and paracompact perverse space. The
induced perversities on the open subsets of X are also denoted p. If X = Uy UUs is an
open cover of X, then the sequence,

N* T 02) <, N* I3—14
0——NE (Uy N Uz; R)—5N5 (Ur; R) & N3 (Uz; R)=—3N% (X5 R)——0,

whose applications I, are defined in Proposition [211], is exact.
Before giving the proof, we recall the following result from [8].

Lemma 2.13. [8, Lemma 10.2] Let (X,p) be a perverse space. Fach application g: X —
R defines a 0-cochain g € Ng(X). Moreover the association g — § is R-linear.

The cochain § is defined as follows. Let o: Ag * ---* A, — X be a regular filtered
simplex and b = (bg,...,by) € cAg X -+ X cAp_1 X Ap. We set i9g = min {i | b; € A;}
and gy (b) = g(o(bs))-

Proof of Proposition [212. The injectivity of (I1,I2) is a consequence of Proposition 2111
The rest of the proof goes along the next steps.

e The map (Is —14) o (I1,15) is constant with value 0.

Letw € N%’C(Ul NUs). Consider an open cover V of U NUs and a cochain w € ]V;:X(Ul N
Us) with compact support K C U; N Uy C X, representing w. We set 11 = I'3(I1(w)),
12 = I4(I2(w)) and choose representing elements of n;, for i =1, 2,

n € N;:ZU{UAK}U{X\K}(X) _ N;:XU{X\K}(X)'

From the definition of the applications I,, we have for ¢ = 1, 2 and o € Simpy,, (X\K}

L 0 if TmonK=40.
This implies (171)s = (72)s and I3 oI; = I 0I5.
e The kernel of Iy — 14 is included in the image of (I1,15).
Let w; € N3 (U;), for i = 1, 2, such that I3(w1) = I4(wz). Consider an open cover V;

wy if o € Simpy,
(e = { Py

of U; and a cochain w; € Ngfl(UZ) with compact support K; C U; C X, representing
w; for ¢ = 1, 2. With the local compacity, there exist an open subset W and a compact
subset F' such that K1 N Ko C W C F C Uy NUsy. Set Is(wy) =1 and I4(w2) = no.

From the definition of the applications I,, we get 7; € Ng ’ViU{X\Ki}(X ) and

c

(ni)e = (wi)o if o € Simpy, (9)

= 0 si ImonK;=0. (10)

The equality 171 = no implies the existence of an open cover U of X such that V; U
{X\K;} =Ufori=1, 2 and

(m)o = (m2)o if o € Simpy. (11)

Without loss of generality, we may suppoose { X\ K7, X\ K>, W} =< U. In particular, for

any U € U, we have
UNKi=0orUNKy=0orUCW. (12)
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Thus the open cover W = {UNUL NUs | U € U} of Uy NUs can be decomposed in
W =W, UWsUWs with W, = {U e W | UNK; =0} fori=1,2and Wy = {U € W|
U C W}. For any regular simplex o € Simpyy, we set

o= (m)e = () if o€ Simpy,, (13)
7 0 if o € Simpyy, U Simpyy,.

The following paragraphs establish the validity of that definition.

® (M)o = (1m2)s if 0 € Simpyy, C Simpy, cf. ([II).
(Mi)o = 0 if o € Simpyy. N Simpyy,, for i =1, 2, cf. (I0).
dpws = wp,s for any face operator because 1 satisfies this property and o €
Simp,y, implies 9po € Simpyy, for i =1, 2, 3.
lwolle < [[(m1)olle and [[dwelle < [[(071)s] for any o € Simpyy, and £ € {1,...,n}.
For any o € Simp,y, the property Imo N F = ) implies w, = 0 because o €
Simpyy, USimpy,. (Note that F' is a compact support of w.)

We have constructed a cochain w € Iﬁ%’ (U1NU3) and we are reduced to prove I;(w) = w;.
We do it for ¢ = 1, the second case being similar. Set y; = I (w).

We set W = {UNU\F | U € U} and denote H = WUW’ the open cover of Uy. This
cover is a refinement of WU {U;\F'} and it is sufficient to prove (71), = (w1), for any
o € H. The cover H being also a refinement of U and therefore of {X\K;, X\ Ky, W}
it is sufficient to consider the three following cases.

— If Imo N K7 = (), by using the fact that F' is a compact support of w, we have,

_ we if oesimpy [ w, if o€ Simpy, _
(e =@ { 0 if o€Simpy { 0 if o€Simpy, 0 0= (wi)o,
~IfImoN Ky =0 and Imo N Ky # (), we have
_ we if o€Simpy [ w, if o€ Simpy,
(o =@ { 0 if o€ Simpyy { 0 if o¢cSimpy U3 0-

As Imo N Ky # (), we get o € Simpy and

(W) =@ (m)o =) (12)e =) O-
—IfImoCcUCW and Imo N K; # 0, we have U € W3 and U € V. This implies

(71)0 —®) Yo —(13) (771)0 4] (Wl)o-

e The map I3 — 1, is onto. Let w € &%,C(X). Consider an open cover U of X and a

cochain w € Ng:}(X) with compact support K C X, representing w.

From the paracompacity of X, we get two fonctions, g;: X — {0,1}, i = 1, 2, satis-
fying Suppg; C U; and g1 + go = 1. We denote §; € Ng(X) the associated 0-cochain,
defined in Lemma [ZT3l There exist also two relatively compact open subsets W; such
that Suppg; N K ¢ W; € W; C U;. We fix i = 1. We already know §; Uw € Ng’u(X).
We define

A={VNAU\K |V elU}, B={VNU\Suppgi |V eU}, C={VnW; |V eu},

and consider the open cover Vi = AU B U C of Uy. By restriction, we have 1 Uw €
Ng’vl(Ul). If o € Simpy, is such that Imo N W1 = 0, then we have Imo N Supp g, = 0
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or Imo N K = (). In each case, we may write (§; Uw), = 0. Therefore W is a compact
support of §; Uw and we get g1 Uw € ~I—>:7’271(U1).

We use the same process for ¢ = 2 with an open cover Vo of Uy and the cochain
Jg2Uw € Ng:c% (Us). By choosing an open cover X of X finer than Vi U {X\W1} and
than Vo U {X\W3}, we see that I3 — I sends the class associated to (g1 Uw, —go Uw)
on w. This proves the surjectivity of I's — I4. O

Cohomology with compact supports of a cone.

Proposition 2.14. Let X be a compact filtered space. The cone ¢X is endowed with
the conic filtration and with a perversity p. We denote also p the induced perversity on
X. Then the following properties are satisfied for any commutative ring R.

(a) For any k > p(w) + 2, there exists an isomorphism,
k—1 . = k (o v.
A5 (X3 R) = A5 (EX; R).
(b) For any k < p(w) + 1, we have %%’fc(éX; R) =0.
Proof. Recall ¢X = (X x [0,00[)/(X x {0}) and denote ¢; X = (X x [0,1])/(X x {0}).

The pair U = {1 X, X x]0, 00[} is an open cover of ¢X. The proof follows three steps.
e Construction of an exact sequence. We consider the short exact sequence

U o
Nﬁ (eX)

U o
Nﬁ,c (eX)

NEN I NEN I
0—— N2 Y (eX)—— N2 (eX)

0. (14)

For the study of the homology of the right-hand term, we introduce
§* = {w € Nl—f(Xx]O,oo[) | 3a > 0 such that w, = 0 if Imo N (X x]0,a]) = (Z)} .

The reduction N;’U(EX) — NI—’;(XX]O, oo[) induces a cochain map

N2Y(EX) N2 (X x]0, 00l)
w: N Y — 9* .
Nﬁ,c (CX)

First we show that ¢ is an isomorphism. It is one-to-one because any cochain w €
N;’U(EX) such that ¢(w) = 0 owns as compact support the closed cone c, X = X x
[0,a]/(X x {0}). For proving the surjectivity, we define an application g: ¢X — {0,1}
by g([z,t]) = 0if t <1 and g([z,t]) = 1 otherwise. We denote § € Ng(f’:X) the 0-cochain
associated to g by Lemma T3l Let w € N7 (X x]0,00[) be a cochain. For any regular
simplex 0: A — ¢X, we set

0 _{ 0 if Imo C ¢1X,

o Uw, if Imo C Xx]0,00][. (15)

If Imo C X x]0,1[, we have j, = 0 by construction of g and . Therefore n € N*1(&X)
is well defined. From jUw € ]Vl—’f(Xx]O, oo[), we deduce n € N;’U(E’;X). We are reduced
to show w — ¢(n) € G*. For that, we choose a = 2 and consider o: A — ¢X such that
Im 0 N]0,2[= (. By construction of g and g, we have g, = 1, thus 1, = g, Uwy = w,-.
The bijectivity of ¢ is now established.
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e Proof of (a). The homeomorphism R 20, co[ and Lemma imply the acyclicity
of G*. Thus, the right-hand term in the short exact sequence (I4]) has for cohomology
A5 (X). From [8, Theorem BJ, we know that the complex Nl—f’u(&X ) has for cohomology
A (€X) which has been determined in [8, Theorem EJ. Thus, if & > p(w) + 2, the exact
sequence associated to (I4) can be reduced to exact sequences of the form

_ 1) o
0 — AN X) = A (EX) =0,
where 07 is the connecting map determined by (I5)).
e Proof of (b). We first observe the commutativity of the diagram

- NZ(X x]0,00[)

N2(X x]0, 00]) il
<l N2 (ex)
N (eX) ﬁ;’f(éX) .

The top map is a quasi-isomorphism in all degrees, ¢ is an isomorphism and the left-hand
vertical map is a quasi-isomorphism if * < p(w). Therefore, by using the determination

Hg(w"l)gl’u(éX) =0 (see [8, Theorem EJ), the map
A7, U /o
A ex) - i (25 0
’ Ny (X)

is an isomorphism for any k& < p(w) 4+ 1. The result follows. O
Cohomology with compact supports of the product with R.

Proposition 2.15. Let (X,p) be a locally compact and paracompact perverse space. We
denote also P the perversity induced on X x R. Then, for any k > 0, there exists an
isomorphism,
k ~ skt
H(X5 R) = AT (X X R; R).

Proof. With the notations of Lemma[2.T6] we have a short exact sequence with an acyclic
middle term,

0——L* NR* N K ——(L* NK*) & (R* NKH)—25*——0. (16)

Let g: X x R — {0,1} be the function defined by g(z,t) =0if ¢t <1 and g(z,t) =1
otherwise. Let g be the associated cochain (see Lemma 2I3)). To any w € X*, we
associate (§ Uw, (1 —g)Uw) € (L*NK*) & (R* NK*). This gives the surjectivity of @
and determines the connecting map of the associated long exact sequence,

[w] = 0(g Uw). (17)

e The complex X* is quasi-isomorphic to Nﬁc(X)- Denote Ip: X — X xR and pr: X x
R — X the maps defined by Iy(z) = (x,0) and pr(z,t) = x. They induce cochain maps,
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If: N2 (X x R) — NZ(X) and pr*: Nz(X) — Ni(X x R), (see [8, Proposition 3.6])
which verify I} (X*) C Ng,c(X) and pr*(]vl—’;’c(X)) C K*. Thus we get
LY pr*
K —— N3 (X)——K".
The map [ o pr* = (pro Ip)* is the identity map. The application pr* o I§ = (I o pr)*
is homotopic to the identity map on N7 (X x R), see [8, Theorem DJ. From (I8]) applied
to K*, we deduce that pr* o Ij is homotopic to the identity map on K*.

e The complex X* N L* N R* is quasi-isomorphic to Ng (X x R). We observe first that

NI—;C(X x R) C K*NL*NR* and denote by ¢ the corresponding canonical injection. Let
w € X*NL*NR*. There exist a > 0 and a compact K C X such that, ifo: A - X xR
satisfies one of the following conditions, then we have w, = 0,

(1) Imo C X x| —00,a] or (i1) Imo C X x [—a,o0[ or (iii) (Imo) N (K x R) = 0.

Choose an open subset W of X x R such that K x [—~a,a] C W C W and W compact.
Set U, = {X x]a, o0], X x] — 00, —al, (X\K) x R}. From the properties of w, we deduce
w € ]Vl—i’cu“ (X x R) with support W. We have constructed a cochain map 1 which gives
a commutative diagram with the quasi-isomorphism ¢, of Corollary 2.6]

* * * ¥ NI*
KrnLrNR*—— Ny (X xR)

N

Nz (X x R).

So, we get the injectivity of the homomorphism ¢* induced by ¢. We establish now its
surjectivity. Let w € K* N L* N R* of associated open cover U, and such that dw = 0.
Let 0: A — X x R be a regular U,-small simplex such that (Imco) N W = (). It follows:
Imo C (Xx]a,o0[) U (Xx] —o00,—al) U ((X\K) x R) and w, = 0 by hypothesis on
w. Thus, from Proposition 23] we get py, (w) € Ng;fuw (X x R) and from the proof of
Proposition 25, we deduce also (¢y, o puj)(w) € N2 (X xR) € X*NL*NR* and
w = (pu, ° pu, ) (W) = 60 (w) with O(w) € N3 (X x R) C X*NL*NR*. This proves the
surjectivity of ¢*. O

Lemma 2.16. Let (X,D) be a perverse space. We consider the following subcomplezes
of Ng(X x R; R),

L* = {w]3Ja >0 such that wy, =0 if Imo N (X x]a, c0|) = 0},
R* = {w]3b>0 such that w, =0 if Imo N (X x| — 00, —b]) =0},
X* = {w]|3IKcompact, such that K C X and w, =0 if Imo N (K xR) =0}.

Then the complezes L*, R*, L* NK* et R* NK* are acyclic.

Proof. e The complex £* is acyclic. Let w € LF, §w = 0. Denote a the positive number
associated to w, Ip: X — X X R the map defined by Iy(z) = (z,0) and pr: X x R — X
the canonical projection. Let A®[0, 1] be the simplicial complex whose simplices are the
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joins F'+ G with F' C A x {0} and G C A x {1}. [8, Proposition 11.3] gives a homotopy
O: N*(A®[0,1]) — N*"1(A) such that

©od+d00O = (lpopr)" —id. (18)

We are going to prove 6(O(w)) = —w and O(w) € L,.

For any regular simplex o: A — X xR, we have (Ipopr)*(ws) = Wiyopros = 0 because
Im (Ip oproo) N (Xx]a,o0[) = 0. Thus (I8) becomes §(O(w)) = —w.

Let 0: A = X xR, o(z) = (01(x),02(z)), such that Imo C X x| — 00,a]. At o, we

associate 6: A ® [0,1] — X x R defined by 6(z,t) = (01(z),to2(x)). The expression
of ©(w), given in the proof of [8, Proposition 11.3] depends on elements of the form
Woorp,e With Im (6 0 tpeq) C X x| — 00, a]. This implies (O(w)), = 0 and O(w) € L*.
o The complex L* NK* is acyclic. Let w € £L* NK* with éw = 0. Denote a the positive
number and K the compact subset of X associated to w. With the previous notations,
we observe that the condition (Imo) N (K x R) = ) is equivalent to (pr(Imo)) N K = (.
The previous map & satisfies pr(Imo) = pr(Im ). Thus if o is such that pr(Imo) = ()
implies w, = 0, we have also wso,,,, = 0. We deduce O(w) € £* N K*, with the same
number a and the same compact subset K.

e The proofs of acyclicity of R* and R* N K* are similar. U

Corollary 2.17. Let X be a compact filtered space. The cone ¢X is endowed with
the conic filtration and with a perversity p. We denote also P the induced perversity
on X x]0,00[. Then, for any k > p(w) + 2, the canonical injection I: X x]0,c0[— ¢X
induces an isomorphism

k . = k(o y.
I (X x]0,00[; R) — H5.(¢X; R).

Proof. Tn (IH), to any w € Np(X x]0,00[), we associate a cochain 7 € Ng’u(éX). By
precomposing with pr*: J£7(X) — 7 (X x]0, 0c[), we get the connecting map of (I4),

612 A (X) = AT (EX), (19)

defined by
[0(gUpr*(v))] if Imo C X x]0,00],
b= { 0 if Im o C &, X.
We observe that 07 is an isomorphism if * > B(w) 4+ 1. In the proof of Proposition 25|
with the same 0-cochain g, we have specified in ({I7) the connecting map of (If). By
precomposing with pr*: 7 (X) — H*(X*), we get an isomorphism

bp: K5 (X) = HTHL NR N K), [7] = [6( U pr*(7))]. (20)
In the degrees of the statement, with X compact, these two connecting maps are iso-
morphisms and give the following commutative diagram.

* o1 *+1 /o
A (X) —————— 5. (eX)

% lp

*+1( px* * * L x+1
HH1(L" A R* N K*) e (X x]0, 00]).
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Thus the homomorphism I* is an isomorphism. O

2.4. Intersection cohomologies with compact supports. In this section, we com-
pare the blown-up intersection cohomology with an intersection cohomology defined by
the dual complex of intersection chains, in the case of compact supports. This second
cohomology has already been introduced in [16] for the study of a duality in intersection
homology via cap products. We call it intersection cohomology with compact supports.
We prove the existence of an isomorphism between these two intersection cohomologies
with compact supports under an hypothesis on the torsion, that we precise in the next
definition. Mention also the existence of examples for which the two cohomologies differ.

Definition 2.18. Let R be a commutative ring and p a perversity on a CS set X. The
CS set X is locally (P, R)-torsion free if, for each singular stratum S of link Lg, one has

Sg(s)(LS R) =0,
where g(S) = codim S —2—p(S) and 3?(115; R) is the torsion R-submodule of .6?([/5; R).

Note that the previous condition is always fulfilled if R is a field. Also, in the case
of a GM-perversity, that is the torsion subgroup of Hf (Lg; R) which is involved. The
existence of an isomorphism between the two cohomologies is based on the next result
(cf. [21], [26]). A proof of it can be found in [9, Section 5.1].

Proposition 2.19. Let Fx be the category whose objects are homeomorphic in a filtered
way to open subsets of a fited CS set X and whose arrows are the inclusions and home-
omorphisms respecting the filtration. Let Ab, be the category of graded abelian groups.
We consider two functors F*, G*: Fx — Ab and a natural transformation ®: F* — G*,
such that the following properties are satisfied.

(i) The functors F* and G* have Mayer-Vietoris exact sequences and the natural trans-
formation ® induces a commutative diagram between these sequences.

(ii) If {Uu} is an increasing sequence of open subsets of X and ®: F,(Uy) — G+ (Uy)
is an isomorphism for each o, then ®: F(UaUy) — G (UnUy) is an isomorphism.

(iii) Let L be a compact filtered space such that R® x &L is homeomorphic, in a filtered
way, to an open subset of X. If ®: F*(R" x (EL\{v})) — G*(R? x (¢L\{v})) is an
isomorphism, then so is ®: F*(R? x L) — G*(R? x &L).

(iv) If U is an open subset of X, included in only one stratum and homeomorphic to
an euclidean space, then ®: F*(U) — G*(U) is an isomorphism.

Then ®: F*(X) — G*(X) is an isomorphism.

If (X,p) is a perverse space, we set €3(X;R) = hom(¢2(X; R), R) where ¢(X;R)
is introduced in Definition The homology of €5(X;R) is denoted H5(X;R) (or

ﬁ%(X ) if there is no ambiguity) and called p-intersection cohomology. A cochain map

X: N]—f(X;R) — €55(X; R) can be defined as follows, see [8, Proposition 13.4]. If w €
]V*(X; R)and if o: Ay = Ag*---x A, — X is a filtered simplex, we set:

_ wo(Ag) if o is regular,
X(w)(o) { 0 otherwise.
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For a field of coefficients and GM-perversities, we showed in [3] that the map y induces
an isomorphism in homology. In [8, Theorem F], this result is extended to the cases of
perversities defined at the level of each stratum, with coefficients in a Dedekind ring and
for any paracompact, separable, locally (Dp, R)-free CS set. More precisely, under the
previous hypotheses, we prove

I (X5 R) = Hpp(X; R). (21)

The next result is the adaptation of (ZI) to cohomologies with compact supports, with
the definition ([16]) 97 .(X; R) = limkcompact H7(X, X\K; R).

Proposition 2.20. Let (X,p) be a paracompact perverse CS set and R a Dedekind ring.
Denote ¢ = Dp. We suppose that one of the following hypotheses is satisfied.

(1) The ring R is a field.

(2) The CS set X is a locally (g, R)-torsion free pseudomanifold.

Then there is an isomorphism
H(XGR) = 52 (X ) (22)
In the case of a GM-perversity p, the conclusion of Proposition can be stated as
K (X5 R) = lim Hz (X, X\K; R).

K compact q
Proof of Proposition [2Z.20. This proof is an adaptation of that of [8, Theorem F]. Let
U be an open subset of X, w € Ng,c(U) with compact support K and o a regular
filtered simplex. From the construction of x, we observe that x(w)(o) € €(U,U\K).
This gives a morphism xy : NI—’)‘, JU) = limgeompact Q%(U , U\ K) which induces a natural
transformation

Xi: HA(U) = lim €U, U\K).

K compact q

For proving that x* = x% is an isomorphism, we use Proposition .19 whose hypotheses
are satisfied thanks to Proposition 2I5], Corollary 217 and [9, Chapter 7]. O

3. TOPOLOGICAL INVARIANCE. THEOREM [A]

In this section, we prove the topological invariance of %’%fc(—) in the case of GM-
perversities and paracompact CS sets with no codimension one strata. We first establish
some additional properties of the blown-up cohomology with compact supports. Later,
for the proof of the topological invariance, we introduce a method developed by King in
[21] and taken over with details and examples in [9, Section 5.5].

From Proposition 21Tl we deduce the existence of a short exact sequence defining
the relative blown-up cohomology with compact supports, in the case of an open subset
U C X of a perverse space (X,p),

~ I ~ R ~
0——Npo(U; R)——Np o(X; ) ——=—Np (X, U; R)—0.  (23)

The associated long exact sequence, Proposition [Z14] and Proposition 2.T5] involve the
next determination.
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Corollary 3.1. Let X be an n-dimensional compact filtered space and p be a GM-
perversity. The cone ¢X is endowed with the induced filtration. Then we have:

0 if 7>pn+1)+1,

HI(XiR) if j<Pn+1)+1. (24)

A (X, eX\{w}; R) = {

The next result is an excision property.

Corollary 3.2. Let p be a GM-perversity. Let X be a paracompact, locally compact
filtered space, F' a closed subset of X and U an open subset of X such that F* C U. Then
the canonical inclusion (X\F,U\F) — (X,U) induces an isomorphism,

A (X\F,U\F; R) = #,(X,U; R).

Proof. From the open covers {U, X\ F'} of X and {U,U\F} of U, we obtain a commuta-
tive diagram between the associated Mayer-Vietoris exact sequences (Proposition 2.12)).

0—— Nt (UN(U\F)) — N& (U) & Nz (U\F) — N& (U) —— 0

| l |

0— Nz (UN(X\F)) — N3 (U) ® Ny (X\F) — N5 (X) — 0.
The Ker-Coker exact sequence gives an isomorphisme Ng JX\F,U\F) = N% (X, 0). O

We need also the blown-up cohomology with compact supports of a product with a
sphere.

Corollary 3.3. Let p be a GM-perversity and X a locally compact and paracompact
filtered space. We denote S¢ the sphere of R“1 and endow the product S¢ x X with the
product filtration (S*x X); = S¢x X;. Then, the projection px: S*xX — X, (z,z) — x,
induces isomorphisms

] 4 . ~ ] . =l 5.
,%%{C(S XX7R)_35%{C(X7R)EB3£%{C (X,R).

Proof. Let {N, S} be the two poles of the sphere S*. We do an induction in the Mayer-
Vietoris exact sequence with U; = X x (S°\{N}), Uy = X x (S/\{S}) and Uy N U, =
X xR x S 1. Propositions and conclude the proof. O

We briefly recall King’s construction. First, we say that two points zq, 1 of a topolog-
ical space are equivalent if there exists a homeomorphism h: (U, zg) — (U1, z1) between
two neighbourhoods of xy and x1. We denote this relation by ~.

Let X be a CS set. We observe that the equivalence classes of ~ are union of strata.
We denote X the union of the equivalence classes formed of strata of dimension less than
or equal to i. Let X* be the space X endowed with this new filtration. As X* is a CS
set whose filtration does not depend on the initial filtration on X (see [9, Section 2.8]),
we have an intrinsic CS set associated to X. The identity map as continuous application
v: X — X" is called intrinsic aggregation of X. In the next result we compare the
blown-up intersection cohomology with compact supports of X and X*.
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Proposition 3.4. Let p be a GM-perversity and X a paracompact CS set with no codi-
mension one strata. We consider a stratum S of X and a conic chart (U,p) of x € S.
If the intrinsic aggregation induces an isomorphism

(a3

vi: A5 (U\S; R) = A5 ((U\S)"; R),
then it induces also an isomorphism
vi: A5 (U R) = A5 (U™ R).

Proof. We may suppose U = R¥ x &W, where W is a compact filtered space and S N
U = R¥ x {w}. From [2I, Lemma 2 and Proposition 1], we deduce the existence of a
homeomorphism of filtered spaces,

h: (RF x eW)* 5 R™ x &L, (25)
where L is a (possibly empty) compact filtered space and m > k. Moreover h satisfies,
h(R¥ x {w}) C R™ x {v} and h ™1 (R™ x {v}) = R¥ x ¢A, (26)

where A is an (m —k — 1)-sphere, v and w are the respective apexes of ¢L and ¢W. With
these notations, the hypothesis and the conclusion of the statement become,

. * k o k = * m o k
h: 5 (RY x EW\(R" x {w})) — 4 (R™ x ¢L\h(R" x {w})) (27)
and
. * k; o = * m o
h: 5 (RY x ¢W) — 5 (R™ x ¢L). (28)
Set s = dim W and ¢ = dim L. The isomorphism h of (23] implies k + s = m + ¢, and
s >t since m > k.

e The result is direct if s = —1 and we may suppose s > 0 and R¥ x {w} a singular
stratum. In fact, since X has no strata of codimension 1, we have s > 1.

elft=—1,then L =) and dim A = m—k—1 = s. We have a series of isomorphisms,
j 2 ~ j o, ~Y j—k /o
(R x &W) = o (RF x &A) =y AN (EA)
N AN A) = HITFNA) ik —1>B(s+ 1) + 1,
@ 0 if j—k—1<p(s+1),

ifj=s+k+1,

~ R
- { 0 otherwise. (29)

The isomorphisms (1) and =y arrive from Proposition 2.T5] and Proposition 214! re-
spectively. The last isomorphism is a consequence of

0<p(s+1)+1<t(s+1)+1=s=dimA.

e We suppose now ¢t > 0 and s > 1 and split the proof in two cases.
First case: suppose j <P(s+ 1)+ 1+ k. The same properties than above imply the two
following series of isomorphisms.

AT W) i -k —1>B(s+1)+ 1,

30
0 if j—k—1<p(s+1), (30)

] k ° ~ j—k (o ~
H(RE X W) = <cW>:{
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and

AN i —m—1>p(t+ 1)+ 1,

A (R™ x L) = A ML) pe 31
Z (R™ x ¢L) =e (L) { 0 if j—m—1<pt+1). (81)

By using [B0) and (3I]), the isomorphism ,%%{C(Rk X cW) = ,%%{C(Rm x ¢L) = 0is a
consequence of the next equalities whose the first one results from Definition [[.4],

Ps+1)+k+1<plt+1)+s—t+k+1<pt+1)+m+1.

Second case: suppose j >p(s+ 1)+ 1+ k. We repeat the arguments used above in two
series of isomorphisms, together with additional properties detailed below. First, we get

HL(R™ x EL\R(RY x {w})) = A (RF x EW\R® x {u}) = A (R x (eW\{w}))
~ I w), (32)

where the first isomorphism is the hypothesis ([27]). Denote B x {v} = h(R™ x {w}). We
have also isomorphisms between the next relative cohomologies.

L (R™ x EL\(B x {v}),R™ x (8L\{v})) = ] (R™\B x (L, ¢L\{v}
S (RFF 5 A x (&L, eL\{v})) = A P71 (A x (L, eL\{v}
AT EL, eL\{v}) @ ] T A L, e\ (v}

ﬁ7c

; (33)

where (1) comes from the excision of B x (¢L\{v}) (see Corollary B.2]) and =) from
Corollary B3l In (33]), we observe from Corollary 3] that the hypothesis j > p(s+ 1) +
1+ k implies %{;k_l(éL, ¢L\{v}) = 0. Moreover, we have j —k —1—dim A = j —m.
Thus, with the restriction on j imposed in this second case, the previous isomorphisms
imply

I (R™ x EL\R(RF x {w}),R™ x eL\R™ x {v}) & 72 "(eL,eL\{v}). (34)

In the next diagram, left-hand arrows are a part of the long exact sequence of a pair and
the horizontal isomorphisms come successively from (34)), (32]) and Proposition 25l

j m 2 k m ° m = j—m o o
(B ELVB(RE x [}, R™ x SL\R™ x {v}) —s A" (L, 6L\ (v})

l

HD(R™ x EL\h(RF x {w}) - AL W)
A (R™ x EL\R™ x {v}) - AT (EL\{v))

From this diagram and the long exact sequence associated to (¢L,cL\{v}), we deduce

AT W) = T EL). (35)
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By using (B35), the computation of the cohomology of a cone and the cohomology of a
product with R, we get
j o TN Ay api e TN A~ api—k—1 ~ j—k o ~ 4] .
A (R™ x 8L) = A" (EL) = AT (W) 22y ALV (EW) 2 A (R x &W), (36)
where (1) is a consequence of the condition j —k > P(s+ 1)+ 2 imposed in this second
case. O

Notice that the hypothesis “with no codimension one strata” is used in (29) where we
assume that the sphere A is of dimension s > 0.

The invariance property is deduced from Proposition 219 applied to the natural trans-
formation ®y: 5. (U) — 5. (U*). All the ingredients being established, the proof
goes as in Proposition [2.20] and we may leave it to the reader.

Theorem A. Let p be a GM-perversity. For any n-dimensional paracompact CS set
X, with no codimension one strata, the intrinsic aggregation v: X — X* induces an
isomorphism

I6.(X;R) = 7 (X" R).

4. POINCARE DUALITY. THEOREM [B]

4.1. Intersection homology and Poincaré duality. In this paragraph, X is an ori-
ented (Definition 2] paracompact pseudomanifold and R is a commutative ring. We
recall some known examples with the purpose of highlighting the conditions of exis-
tence of a Poincaré duality in intersection homology. First, Goresky and MacPherson

display a bilinear form, Hf_’ (X;Z) x Hfl__’_;(X ;Z) — 7, which becomes non degenerate
after tensorisation by the rationals, cf. [I7]. By denoting TZ-I_) (—) the torsion subgroup
of H, f_) (=), M. Goresky et P. Siegel show in [20, Theorem 4.4] that the previous bilinear
form generates a non degenerate bilinear form,

TP(X) x L2 (X) = Q/Z,

n—i—1

under the hypothesis of locally (p,Z)-torsion free. Without this additional hypothesis,
the property disappears. If we take as pseudomanifold X the suspension of RP? endowed
with the perversity p taking the value 1 on the two apexes of the suspension, we see that
HY(X;Z) =0 and HY(X;Z) = Zs.

We are interested now in the existence of a Poincaré duality given by a cap product
between intersection homology and cohomology groups. We choose in this paragraph
the intersection cohomology Hz(X; R) given by Cx(X;R) = hom(C¥(X; R), R). Even
if we avoid the previous phenomenon of torsion by choosing a field R, some restrictions
appear on the domain of values taken by the perversities.

Example 4.1. Consider a compact oriented manifold M of dimension n—1. We filter its
suspension X = XM by Xo={N,S} =---=X,,_1 C X,, = X. We choose a perversity
p such that p({N}) = p({S}) = p. The p-intersection homology of X is determined for
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instance in [9, Section 4.4] as
H;(M;R) if i<n—p—1,
5 0 if i=n—p—1leti#0
p . _ ~ )
Hi(X; R) = H;i_(M;R) if i>n—p—1eti#0, (37)
R if 0=i>n—p-—1.
Even in the case of field coefficients R, we observe the lack of duality if the perversity p
does not lie between 0 and ¢. For instance, with the space X = XM, we have:
o HY(X)=Rand H}5(X) =0if p>n—2=1(n),
o HI(X)=0and Hpy(X)=Rifp <0.
In Theorem [B] to overcome the restriction p € [0,], we use the tame intersection ho-
mology recalled in Definition [[.8]

4.2. Orientation of a pseudomanifold. We recall the definition and properties of the
orientation of pseudomanifolds, cf. [I7] et [16].

Definition 4.2. An R-orientation of a pseudomanifold X of dimension n is an R-
orientation of the manifold X™ = X\ X, _;. For any x € X", we denote the associated

local orientation class by o, € Hy(X™, X"\{z}; R) = H°(X, X\{z}; R)
Theorem 4.3 ([16]). Let X be a pseudomanifold of dimension n, endowed with an
R-orientation.

(1) If X is normal, the sheaf generated by U — $%(X, X\U; R) is constant and there
exists a unique global section s such that s(z) = o, for any x € X™. Moreover for

anyx € X, HY(X, X\{z}; R) = 0 ifi # n and H (X, X\{z}; R) is the free R-module
generated by s(x). Henceforth we denote o, = s(x) for any x € X.

(2) If X is not normal, we denote II: X — X the normalisation constructed by G. Pa-
dilla in [24] and we endow X with the R-orientation induced by the homeomor-
phism I1: X\X,,_1 = X\X,,_1. Then, we have f_)?(X,X\{x};R) =0sii#n and
92X, X\{z}; R) is the free R-module generated by {IL.(o,) | y € II"Y(z)}. We
denote o, = Zyen—l(x) IL.(oy).

(8) For any compact K C X, there exists a unique element I'y- € $H9 (X, X\ K; R) whose
restriction equals o, for any x € K. The class F)Ig s called the fundamental class
of X over K. If there is no ambiguity, we denote T'yx = T'%.

Remark 4.4. Let U C V C X be two open subsets of a pseudomanifold X. If K C
U is a compact subset, the canonical inclusion U — V induces a homomorphism,

I: 99(U,U\K; R) — $9(V,V\K; R). By construction, the fundamental class satisfies
L(TY) =T} (38)
4.3. The main theorem. In this section, we prove that the cap product with the

fundamental class of a pseudomanifold is the isomorphism of Poincaré duality.

Proposition 4.5. Let R be a commutative ring and X an oriented pseudomanifold of
dimension n, endowed with a perversity p. The cap product with the fundamental class
of X defines a homomorphism,

D: AKX R) = 9] (X; R). (39)
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< )
Proof. Let w € NEC(X ) be a cocycle with compact support K C X. We choose a

representing element vy € Q:E(X,X\K) of the fundamental class T'% € Y)E(X,X\K).
The differential of the chain w Ny equals

o(wNK) = (6w) N i + (1w (07x) = (=1)*w N (07k).

The chain vk being a relative cycle, its differential satisfies 0yx € Qg_l(X \K). The
subset K being a support of w, we have w N0y = 0 and thus w N vk is a cycle in
Q:z_ +(X). Denote [wNvyg] € .62_ x(X) the associated tame intersection homology class.
We have to prove that this class does not depend on the choices done in its construction.

e The class [w N7yk] does not depend on the choice of the representing element i
of I'c. This is a consequence of the two following observations.

— If we replace v by i + p with u € €2(X\K), we have, by definition of
the cap product, wN (Vg + ) =wN Yk +wNp =wNyk.

— If we replace v by vk + 0u with u € €g+1(X,X\K), the same argument
implies [w N (yx +0u)] = [w N vk].

e The class [w N k]| does not depend on the choice of the support K of w. If K
and L are two supports of w, we may suppose L C K. Therefore, the cycle yx €
¢Y(X, X\K) is also a cycle in ¢(X, X\L). By uniqueness of the fundamental
class over a compact, the classes in $0(X, X\L) associated to v, and vx are
equal. Therefore, there exist o € €2, ,(X,X\L) and 8 € €2(X\L) such that
vk — YL, = 0a + 8. Then we may deduce,

wNyg] —[wNy] =[wnNoa]+ wnNp]=0.

e The class [wN~yk]| does not depend on the choice of the cocycle w in its associated
cohomology class. This is a consequence of the Leibniz formula [(w+ dn) Nvyk] =
[wNyk £0(nNvyK) £ NOYK] = [w N k]

From Proposition [Z 10, we get the homomorphism D of the statement. O
Theorem B. Let R be a commutative ring and X an oriented paracompact pseudo-
manifold of dimension n, endowed with a perversity p. Then, the cap product with the

fundamental class of X induces an isomorphism between the blown-up intersection co-
homology with compact supports and the tame intersection homology,

D: (X R) = 9°_(X;R).

By using Proposition [Z20, Theorem [Bl gives also the duality theorem established by
Friedman and McClure in [16], see also [9].

Corollary 4.6. Let R be a Dedekind ring and X an oriented paracompact pseudoman-
ifold of dimension n, endowed with a perversity p. If X is locally (Dp, R)-torsion free,
the cap product with the fundamental class induces an isomorphism,

D: 9 (X3 R) = 97 (X; R).

In the case of a compact pseudomanifold, we retrieve the first result in this direction,
proved by Goresky and MacPherson in [I7].
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Corollary 4.7. Let X be an oriented compact pseudomanifold of dimension n, with no
strata of codimension 1. For any GM-perversity p, there exists an isomorphism,

D: Hb(X:Q) = HE_,(X;Q).

Proof of Theorem [B. As any open subset U C X is a pseudomanifold, we may consider
the associated homomorphism defined in Proposition 4.5, Dy : t%%’fc(U ) — .62_ R(U). If
U C V C X are two open subsets of X, the equality (38]) gives the commutativity of the
next diagram,

SR (V) 2 9P (V) (40)

A

HE(U) 2 57 (U)

where I, et I* are induced by the canonical inclusion U < V (see Proposition 2Z.TT]).
The morphisms Dy give a natural transformation between the functors ,%%kc(—) and

9P, (=) and we apply Proposition 2T after having checked its hypotheses.

e Condition (ii) is direct and condition (iv) is the classical Poincaré duality theorem
of manifolds.

e By applying @0) to V = R x ¢L et U = R* x ¢L\{v} = R’ x Lx]0,00][, the
condition (iii) comes from the properties of the blown-up cohomology with compact
supports established in Proposition .14l and Corollary 2.17] together with the properties
of tame intersection homology recalled in the Propositions [L.T0 and [.TT1

e We consider now condition (i). The two theories, /2".(—) and £} _,(—), have Mayer-
Vietoris exact sequences, cf. Proposition and Theorem [l It is thus sufficient to
prove that the map D induces a commutative diagram between these two sequences.
This problem is reduced to two cases:

e a square with an open subset U of a pseudomanifold X and that is exactly the
situation of ([0),

e a square containing the connecting maps of the two sequences and that we detail
now. We consider the following diagram where X = U; U Us and the maps §,
dp, are the connecting maps.

Dx

A (X) 1 (X) (41)

J Jo

Du,nu =
AL (UL N V) —— 5, (U1 NVa).

Let w € NI—I;’ZL(X) be a cocycle of compact support K. Fori =1, 2, let g;: X — {0,1} be
a partition of unity with Suppg; C U; and g; € Ng (X) the associated 0-cochain defined
in Lemma [ZT3l The connecting map d. is constructed as follows in Proposition 212k

we choose relatively compact open subsets, Wi, W1, Wo, W5 such that Suppg; N K C
W/ C W; C W; C W; C U;, and we define a cochain §; Uw € NI—I;’ZL(X) with compact
support W;, pouri =1, 2. The open subset W = W1NWy and the compact F = W{NWy
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satisfy
Suppgi NSuppge N K C W C F C Uy NUs.

We define also an open cover W of Uy NUs and we set d.([w]) = [0g1 Uw] where §§1 Uw €
Ngv’gN(Ul NUs) is a cochain of compact support F'. By composing with the duality map,
we get,

(Dvrnw, © de)([w]) = [(6g1 Uw) Nyl (42)
with vp € €0(X, X\F) a representing element of the fundamental class of X over the
compact F. The compact L = K UW; U W3 is also a compact support of w. From
the open cover {U\W1,Us\Wa,U; NUs} of X, by using properties of the subdivision
process in intersection homology (cf. [4, Proposition 7.10]), we decompose a representing
element 77, € €9(X, X\L) of the fundamental class of X over the compact L as

vL = a1 + ag + agg + (0F° + T90) (1), (43)

where s is an integer, oy € €Q(U\W;), i = 1,2 and aqa € €2(U; N Uy). The chain 7y,
is a relative cycle and by construction we have T°0(vyr) € €,(X\L). The chains oy, as

having a support in X\F, we get [yz] = [a12] € H9(X, X\F). With Remark EE4] and

F C Uy NUs, we can choose [a1s] € HO(Up N Uy, Uy N UL\F) as fundamental class of
U1 NUs over F. Then, the equality (42]) becomes,
Duinv, (de([w])) = [(691 Uw) Maua] = [(6(71 Uw)) Nouz]
= (DM@ Uw) Noay]

=1 —(=DM[G vw) Nd(ar + 1))

=@ (“DM[(G Uw) Noay] (44)

=z (DFwnoay], (45)
where

e the equality (1) is a consequence of the fact that §; Uw has for support W1 and
a1 € Q:?L(Ul\Wl),

e the equality (2) comes from day +0a2 = 0y, —0a—0T*0 () and (g1 Uw)Ndy, =
(§1Uw)N0T*0(y1) = 0, because § Uw has for support W1 and 0y, € €0 (X\L),

e the equality (3) happens from §; + g2 = 1, from the fact that go Uw admits Wy
as support and from ay € €9(Uy\Wy).

We proceed now to the determination of (65 0 Dx)([w]). As the duality map does not
depend on the choice of the support of w, we have, with the notations of (43)),

Dx([w]) =wNyL] =wNaz+wn (aq + ai2)],
with w N ay € €(Uy) and w N (o1 + ayz) € €2(UY). It follows
Sn(Dx ([W]) = pw Naz)] = (=1)*/[w N daz]. (46)

The result is now a consequence of the equalities (43]) and (E6). O
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