N

N
N

HAL

open science

Blown-up intersection cochains and Deligne’s sheaves

David Chataur, Martintxo Saralegi-Aranguren, Tanré Daniel

» To cite this version:

David Chataur, Martintxo Saralegi-Aranguren, Tanré Daniel. Blown-up intersection cochains and
Deligne’s sheaves. Geometriae Dedicata, 2020, 204 (1), pp.315-337.

hal-01426143

HAL Id: hal-01426143
https://univ-artois.hal.science/hal-01426143

Submitted on 9 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.1007/s10711-019-00458-w .


https://univ-artois.hal.science/hal-01426143
https://hal.archives-ouvertes.fr

1801.02992v2 [math.AT] 7 May 2019

arxXiv

BLOWN-UP INTERSECTION COCHAINS AND DELIGNE’S SHEAVES

DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE

ABSTRACT. In a series of papers the authors introduced the so-called blown-up in-
tersection cochains. These cochains are suitable to study products and cohomology
operations of intersection cohomology of stratified spaces. The aim of this paper is
to prove that the sheaf versions of the functors of blown-up intersection cochains are
realizations of Deligne’s sheaves. This proves that Deligne’s sheaves can be incarnated
at the level of complexes of sheaves by soft sheaves of perverse differential graded alge-
bras. We also study Poincaré and Verdier dualities of blown-up intersections sheaves
with the use of Borel-Moore chains of intersection.
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Let R be a commutative unitary ring and let M be an oriented topological manifold
of dimension n, without boundary, but not necessarily compact. Poincaré duality is
satisfied as an isomorphism

H*(M;R) = H.(M; R)

between singular cohomology and Borel-Moore homology (see [2]). There is also a com-
pact supports version which is an isomorphism

Hi(M;R) = Hy—.(M; R)

between singular cohomology with compact supports and singular homology. These two
isomorphisms come from the cap product with a fundamental class [M] € H2M(M; R).
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Poincaré duality and sheaf theory. Let us recall how to interpret these isomorphisms
in terms of complexes of sheaves of R-modules, where R is a principal ideal domain. We
consider two sheaves, N* and Cg,;. The sheaf of singular cochains N* is the sheafification
of the presheaf of singular cochains

U — N*(U;R).

The sheaf of Borel-Moore chains Cf); is the sheafification of the presheaf of relative
locally finite singular chains (|13, section 3.1|)

U~ CBM (M, M\U;R).

These two sheaves are both acyclic resolutions of the constant sheaf R. In the derived
category D(M) of complexes of sheaves of R-modules we have the isomorphisms,

R = N* = Cgy;.
Then taking hypercohomology we have the following isomorphisms,
H*(M; R) = H*(M;R) = H*(M; N*) = H*(M; Chyy) = HM (M R),
and the corresponding compact supports version,
HE (M3 R) = H(M;R) = Hi(M;N¥) = Hi (M; Cpy) & Hy,—«(M; R).
Let F* be a complex of sheaves on M. Borel, Moore and Verdier introduced a dual sheaf
D(F*) (see [1, V.7]) which gives an isomorphism
D(Cpumln]) = N*
in the derived category D(M). This proves that the constant sheaf R is self-dual for
Verdier duality:
D(R[]) = R.
As a consequence, we get a bilinear pairing
HY(M;R)® H" ' (M;R) - R
between singular cohomology and singular cohomology with compact supports that is

nonsingular on the torsion free parts of H(M; R) and H?~{(M; R).

Poincaré duality and singular spaces. For singular spaces, Poincaré duality is not
satisfied in general. However when the space is stratified, Verdier duality still makes
sense and we can ask for the existence of self-dual sheaves.

In the case of an oriented pseudomanifold X of dimension n, Goresky and MacPherson
introduced complexes of sheaves called intersection complexes IC5 parametrized by se-
quences of integers called perversities p (|17, 18]). For a fixed perversity p they give a list
of axioms, the Deligne’s axioms, that characterize IC5 up to isomorphism in the derived
category D(X). Working over a field IF, they proved the following duality result

DIC: ) = IC},

where Dp is the complementary perversity of p. As a consequence, in cohomology, we
get a nonsingular bilinear pairing

H'(X;IC;) ® H}*(X;ICH,) — F.
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This pairing comes from an intersection type product
i J i+j
ICG; ® IC; — IC; %

defined in the derived category D(X).

Blown-up cochains. In [9, 6, 8] we introduced a functor of singular cochains ]Vg , the
blown-up cochains (also called Thom-Whitney cochains in the first works). In fact,
we have a family of cochain complexes {Ng (X; R)}pep compatible with the poset of
perversities P that comes equipped with a cup product,

Ni(X;R)® NJ(X;R) — N (X R),
whose construction is related to the classical cup product on the singular cochain complex

N*(X:R).

There is also the singular chain complex CP(X; R) introduced by King in [21] whose
sheafification is the intersection sheaf of Goresky and MacPherson. The homology of
c? (X;R) is called intersection homology. Let us notice that to intersect chains in
cr (X; R) one generally needs to deform them, the cup product defined on Ng(X ; R) ob-

viates this requirement. Moreover, in [8] we introduced a cap product between Ng(X i R)

and a generalization QE(X ; R) of cP (X; R), better adapted to large perversities, see Def-
inition 3.3. When X is compact and oriented, we proved that the cap product with a
cycle vy € €Y(X; R) representing the fundamental class I'x € H2(X; R),

Ni{(X;R) =% ¢@_(X;R),
is a quasi-isomorphism for any ring R (|10, Theorem BJ). This extends the Poincaré
duality theorem of Friedman and McClure [16] established for field coefficients.
Outline. In this paper we study the sheafification 1(1;‘7 (see Definition 2.5) of the blown-
up cochains Nz. After a brief recall in Section 1 of the basic definitions, Theorem A of
Section 2 is our first result: the sheaf N3 satisfies Deligne’s azioms. As a consequence,

we get that N]’g offers a way to promote the multiplicative structure of Deligne’s sheaves

directly on the complex of sections of N]’g This multiplicative enrichment at the level of
sections has some nice consequences for the study of intersection cohomology: it makes
the development of a rational homotopy theory possible in this context (|9]) and brings
a better paradigm for the study of Steenrod squares in intersection cohomology ([6]).

Let R be a principal ideal domain and I}, an injective resolution of R. In Section 3,

we introduce a complex of Borel-Moore chains of intersection, denoted by Q*BM’ﬁ(X i R).

In the case of a PL-pseudomanifold, we prove (see Proposition 3.11):

Proposition A. Let X be a paracompact PL-pseudomanifold with a perversity p. Then,
there exists a quasi-isomorphism, linear for the structure of perverse NE*(X; R)-modules,

Ox: ¢MP(X; R) — Homy (€% (X5 R), Ih).

Thus Homy (€5 .(X; R), I};) appears as the bidual of the complex of intersection chains.
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In Section 4, we build a diagram of cochain complexes,

~ D *
NE(X;R) . Hom,, (€% (X R), I};)

DPy T(I)X
BM,p

where -
e DPx is the cap product with a fundamental cycle vx € QEM’O(X; R),
e Oy is the morphism of Proposition A,
e Dy is a product with the cocycle ®x(vx).
This diagram relates directly at the chain level Poincaré and Verdier dualities and we

prove (see Proposition 4.4 and Corollary 4.5):

Proposition B. The previous diagram is commutative and all maps are linear quasi-
isomorphisms for the structure of perverse Ny (X; R)-modules.

We fix for the sequel a principal ideal domain R. For a topological space X, we
denote by ¢X = X x [0,1[/X x {0} the open cone on X. The apex of the cone is
v=[-,0].

1. PSEUDOMANIFOLDS AND PERVERSITIES

This section is a recall of definitions of basic objects: pseudomanifolds
and perversities. We consider perversities defined on each stratum which
cover the original case of Goresky and MacPherson.

1.1. Topological background.

Definition 1.1. A filtered space (X, (X;)o<i<n), is a Haussdorff topological space X
equipped with a filtration by closed subspaces,

XoC X1 C--C X, = X,

such that the complement, X,,\ X,,_1, is non-empty. The integer d(X) = n is the formal
dimension of X. The connected components, S, of X;\ X;_; are the strata of X and we
set d(S) = 4. The strata of X,,\X,,_1 are called regular, the other being called singular.
We denote by Sx the set of non-empty strata of X. The sub-space X, is the singular
set also denoted by X x.

Definition 1.2. A stratified topological pseudomanifold or pseudomanifold for
short, of dimension n is a filtered topological space (X, (X;)o<i<n) such that, for any 1,
X;\X;_1 is a topological manifold of dimension i or the empty set. Moreover, for any
point x € X;\X;_1,i # n, we have:
(1) an open neighbourhood, V, of z € X, together with the induced filtration
Vi=VnX,
(2) an open neighbourhood, U, of = € X;\ X;_1,
(3) a compact pseudomanifold L of dimension n —i— 1, called the link of z, the cone
¢L being endowed with the conical filtration (¢L); = ¢(Li_1),
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(4) a homeomorphism ¢: U x ¢L — V such that:
e o(u,v) =u, forall u e U,
o (U xcLij) =V N X1, forallje{0,...,n—i—1}.
The pair (¢, V) is called a local chart. A pseudomanifold X is R-oriented if its regular
part X\ is R-oriented.

Definition 1.3. Let (X, (X;)o<i<n) and (Y, (Yi)o<i<n) be pseudomanifolds. A stratum
preserving map is a continuous map f: X — Y such that for any stratum S € Sx
there exists a stratum S/ € Sy such that f(S) ¢ S/ and codim (S7) = codim (S).

1.2. Perversities and perverse spaces.

Definition 1.4. A perversity on a filtered topological space (X, (X;)o<i<n), is a func-
tion, p: Sx — Z, defined on the set of strata of X and such that p(S) = 0 on any regular
stratum S. The couple (X, D) is called a perverse space. If X is a pseudomanifold, we
say a perverse pseudomanifold. We denote by P the set of perversities on X.

Let us review some important perversities.

(1) A GM perversity (for Goresky and Mac-Pherson, see [17]) is a sequence of
integers p: {0,...,n} — N verifying p(0) =p(1) =p(2) = 0and p(i) <p(i+1) <
p(7) + 1. It induces a perversity as above, defined as p(S) = p(codim (5)).

(2) The zero perversity 0 is the GM perversity defined as 0(i) = 0 for any i €
{0,...,n}.

(3) The top perversity t is the GM perversity given by #(i) =i — 2 for i > 2. We
say that two perversities p and ¢ are complementary if for any singular stratum
S we have:

p(S) +q(S) =t(S) =n — dim(S) — 2.
Each perversity p has a complementary perversity Dp defined by Dp =t —7p.
When p is a GM perversity Dp is also GM.

Definition 1.5. Let f: X — Y be a stratum preserving map and ¢ a perversity on Y.
We define the pull-back perversity f*g thanks to the formula:

Fra(8) =q(s7)
for any S € Sx.

Example 1.6. Let us review the three fundamental examples that we encounter in this
paper.

(1) Let U C X be an open set of a pseudomanifold, endowed with the induced
filtration. The inclusion i: U — X is a stratum preserving map. By abuse of
notation, the pull-back perversity ¢*p is also denoted by p.

(2) Let M be an m-dimensional manifold and (X,p) be a pseudomanifold. The
product filtration on X x M is defined by (X x M); = X;_,,, Xx M. The
projection map m: X x M — X is a stratum preserving morphism. By abuse of
notation, the pull-back perversity 7*p will also be denoted by p.

(3) Let L be a compact filtered space. A perversity p on the cone ¢L is determinate
by the number B(v) and a perversity on L, still denoted by p. They are related
by the formula p(S) = p(Sx%]0,1[), for each S € Sr.
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1.3. Perverse structures. Unlike singular cohomology that comes equipped with a
cup product, intersection cohomology at a fixed perversity is not an algebra. Rather
it is parametrized by a family of perversities, and it has a product that is compatible
with perversities. This has been formalized by M. Hovey who introduced perverse chain
complexes, perverse differential graded algebras in [19]. Let us review this formalism. It
relies on the fact that the set of perversities has two remarkable features.

(1) The set P of perversities on a filtered space X is a poset: we say that p > g if for
any stratum S we have p(S) > g(95).

(2) We can add perversities: (p+q)(S) = p(S) +q(S). And the zero perversity 0 is a
unit for this addition.

Thanks to these two properties we define perverse chain complexes, perverse algebras.

Definition 1.7. Let (M, ) be a symmetric monoidal category.
(1) A perverse object in M is a functor Me: P — M. That is, we have for each
perversity p an object My of M and a collection of morphisms of M,

Yp<g: My — Mg,

whenever p < ¢ such that <5 = id and v5<7 0 Yp<q = Vp<r-
(2) A perverse monoid in M is a perverse object M, together with a unit n: I — Mg
and associative products,
o MI—;DMg — MﬁJrq,
compatible with the poset structure. A perverse monoid in the category of complexes is
called a perverse differential graded algebra.
(3) A (left) perverse module over a perverse monoid A, is a perverse object M,
together with products
1 AI—)DMq — M5+a
compatible with the poset structure and satisfying the classical properties of modules.

Example 1.8. We will consider the next examples of categories M.

- The category of graded R-modules: intersection homology and cohomogy provide ex-
amples of perverse objects in this category.

- The category of complexes of R-modules: the blown-up cochains introduced in the next
section, equipped with its cup product is a perverse monoid.

- The category of complexes of sheaves of R-modules on X.

2. BLOWN-UP INTERSECTION COHOMOLOGY

In this section we introduce the cochain complex of blown-up intersection
cochains N7 and prove, in Theorem A, that its sheafification N3 gives a
nice realization of the Deligne sheaf.

2.1. Blown-up intersection cochains. We start with the standard k-simplex viewed
as an ordered simplicial complex A. We associate to this k-simplex the simplicial chain
complex N,(A), whose component of [-chains is the R-module generated by the [-faces
of A, together with the usual differential given by the face operators. We define N*(A)
as the R-linear dual of N,(A). This simplicial complex has a geometric realization which
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is the standard k-simplex embedded in R*t! by abuse of notations we also denote this
geometric realization as A.

Our constructions use simplices in a "good" position with respect to the filtration of
X, let us give a precise definition.

Definition 2.1. Let (X,p) be a perverse space.
(i) A filtered simplex o: A — X is a singular simplex such that each o~ 1(X;) is a
face of A. A filtered simplex admits a join decomposition:

A=NAg*---x A,

A filtered simplex is said to be regular if A,, # (.
(ii) Let F'Simp(X) be the category whose objects are the regular simplices of X and
whose morphisms are induced by the face operators of the simplices.

If o: A — X is a regular simplex and F' a regular face of A, we notice that the
canonical map i: F' — A induces a morphism in F'Simp(X) between o o ¢ and o.

Having defined filtered simplices we can introduce the functor of blown-up cochains as
a system of coefficients on the category F'Simp(X).

Definition 2.2. Let (X,p) be a perverse space and o: Agx*---*x A, — X a fixed regular
simplex.
(i) To o we associate the cochain complex:

NI =N"(cAy) @ N*(cA1) @ - @ N*(cAp_1) @ N*(A,).
(ii) For any regular face F' of o we have the restriction morphism:

i*: N* — N*

ooi”

We define the blown-up cochains as the inverse limit

N* (X) - @UGFSimp(X) No-

Said differently a blown-up cochain is a collection {w,},. A,y of tensor products of
cochains parametrized by regular simplices, satisfying gluing conditions with respect to
restrictions to the regular faces. A blown-up cochain owns a perverse degree relatively
to any stratum of X. Let us see that.

Definition 2.3. Let A = Ag *--- x A, be a regular simplex. For any 1 < k < n we
consider the restriction map,

Pk N*(cAp)®- - QN*(cAp—1)QN*(A)) = N*(cAp)®- - QN*(cAp_—1) N (Ay_)®
N*(CAn—k—i—l) Q- & N*(CAnfl) ® N*(An)

For each n € N*(cAp) ® --- @ N*(cAp—1) ® N*(A,), the cochain p(n) can be written
as a finite sum ), ; a; ® b;, where {a;}ics is an R-basis of the free module N*(cAo) ®
@ N*(Ap—k) and b; € N*(cAy_j41) ® - @ N*(A,). We set

Il = {‘OO i ()

— 0,
max {deg(b;) | b; # 0} if px(n) # 0.
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Definition 2.4. Let w be a cochain of N* (X; R). The perverse degree of w along a
singular stratum, S € Sy, is equal to

lwlls = sup {||wellcodim s | o: A = X regular with o(A) NS # 0} .

where sup () = —c0.

Let us fix a perversity p on X. We say that w € N* (X; R) is p-allowable if for any
singular stratum S we have |w||g < P(S). The cochain w is a p-intersection cochain
if w and its coboundary, dw, are p-allowable. We denote by ]v]i;(X ; R) the complex of p-
intersection cochains and by ,%”I—)* (X; R) its homology, called blown-up p-intersection
cohomology of X with coefficients in R, for the perversity p.

2.2. Properties of blown-up cochains. Let us recall the main properties of blown-up
cochains (see [8], [10] or [9], [6], [7] where they are called TW-cochains). They satisfy
the Mayer-Vietoris property [8, Theorem C| and are natural with respect to stratum
preserving morphisms (for a careful study of this naturality [8, Theorem A]).

We also have a stratified homotopy invariance [8, Theorem DJ. If (X,p) is a per-
verse space then the canonical projection pr: X x R — X, which is a stratum preserving
map, induces a quasi-isomorphism

(2.1) pr*: NX(X;R) — Ni(X x R; R).

A crucial property is the computation of the blown-up intersection cohomology
of an open cone. Let L be a compact filtered topological space and p a perversity on
the cone cL, of apex v. We have |8, Theorem EJ:

HMLR), ik <B(),

(22) ‘%?@Lﬂa::{o it k> p(v).

If £ < p(v), the previous isomorphism is given by the inclusion Lx]0,1[= ¢L—{v} < ¢L.
Moreover, the collection {Ng (X; R)} > is a perverse differential graded algebra
pe
whose products,

—U—: Ny (X;R) ® N7 (X5 R) — N5

ﬁ+q(X§ R)7

are induced by the classical cup product on the tensor product N*(cAp)®- - - @N*(cA,—1)®
N*(A,,) (see [8, Section 4]).
2.3. The sheaf of blown-up intersection cochains.

Definition 2.5. Let us consider an open covering U of X the complex of small U-
cochains denoted by Ng’u(X ; R) is the chain complex of blown-up cochains defined on
filtered simplices included in an open set of the covering U, see [8, Definition 9.6]. If I/’
is a covering that refines U, we have canonical restriction maps

N . N7k U . U’
N2 (X;R) = N*Y(X:R) » N:% (X.R).

Let V' be an open subset of X. We define the category Cov(V') of open coverings of
V' as the category associated to the poset of open coverings. The sheaf of blown-up
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intersection cochains N;i) is defined by its sections as the direct limit
NT* : N*yu .
F(V’ NT’) - hglUGCOV(V)NT) (V’ R)

As the cup product is natural with restriction maps, the family {N;—)}ﬁe'p is a perverse
differential graded algebra.

Proposition 2.6. Let (X,p) be a perverse space. The complex of sheaves N;—) over X 1is
a complex of flat and soft sheaves.

Proof. (Flatness) Let us prove that for any = € X the stalk (1(1;‘—))m is flat. A direct limit
of flat modules being also flat, it suffices to prove that the module of sections I'(V; 1(1%)
is a flat module for any open subset V' C X. This module of sections is also the direct
limit of small /-cochains N;’U(V; R). We are therefore reduced to prove that these small
cochains are flat. As we work over a principal ideal domain, a torsion free module is flat
and a sub-module of a torsion free module is also torsion free. Thus let us use the fact
that N>(V; R) C N*(V; R) and that N*(V; R) is R-torsion free.
(Softness) For any perversity p the complex of sheaves I(T;i) is a complex of Ng—modules,
this structure being induced by the cup product Ng ® N;—) - N;g In particular they
are Ng—modules.

We have constructed in [8, Lemma 10.2] an R-linear operator N*(X; R) — ]Vg (X;R).
As this operator preserves the product, we have a morphism of sheaves of rings N — N%

between the singular zero cochains and the blown-up zero cochains in perversity 0. We
recall that a complex of sheaves of modules over a soft sheaf of unital rings is soft. We
conclude by using the fact that the sheaf NV is soft. O

Proposition 2.7. Let (X,p) be a perverse space. We have the following isomorphisms
H (X5 R) =2 HY(T(X;N3)) = H* (X;N3).

Proof. The theorem of small U-cochains (see [8, Corollary 9.8]) implies that for any open
covering of X the restriction map Ng (X;R) — Ng’u(X ; R) is a quasi-isomorphism. This
gives us the first isomorphism, the second being a direct consequence of the softness of
the sheaf N;g O

2.4. Blown-up intersection cochains with compact supports.

Definition 2.8. Let (X, D) be a perverse space. The blown-up complex of cochains
with compact supports is the direct limit,

N o(X) = limg , N3 (X, X\K; R),

where the limit is taken over all compact subsets K C X. Its cohomology is denoted by
K (X5 R).

Proposition 2.9. Let (X,p) be a perverse space. We have the following isomorphisms

Ay o( X3 R) = H(Do(X; Ny)) = H(X; Np).
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Proof. The second isomorphism follows from the softness of the sheaf N;i) In order to
get the first one we use the fact that

CNE) — T Na'd
PC(X’ NI_7) - hi>nMECOV(X)N570 (X7 R)

where Ng’i’[(X ; R) is the cochain complex of U-small blown-up cochains with compact

supports. And to conclude we use the theorem of small ¢/-cochains with compact supports
proved in [10, Proposition 2.5]. O

2.5. Deligne’s sheaves and blown-up cochains. Intersection homology was first in-
troduced in [17]| for PL-pseudomanifolds. In [18], Goresky and MacPherson replace the
simplicial point of view of [17] by a sheaf construction due to Deligne [11]|. Topological
pseudomanifolds and GM perversities are the paradigm of [18], the main tool being an ax-
iomatic characterization of the Deligne sheaf in the derived category D(X) of complexes
of sheaves on X. If one replaces GM perversities by the perversities of Definition 1.4,
an adaptation Qg of the Deligne’s sheaf is done by G. Friedman in [15], thanks to a
generalized truncation functor for sheaves.

Let (X,P) be a perverse pseudomanifold. We show that the sheaf N% is isomorphic to
Qj in D(X). Let us first recall the Friedman version of the Deligne’s axioms for perverse
spaces (see [15, Section 3|).

Definition 2.10. Let F* be a sheaf complex on X. We denote by F} the restriction of
F* to X\ X,,_. We say that F* satisfies the axioms (AX)p if:

(1) F* is bounded, F? = 0 for i < 0 and the restriction F} to the regular strata is
quasi-isomorphic to the ordinary singular cochain complex.

(2) For any stratum S and any x € S, the cohomology sheaf H!(F*), vanishes if
i>p(9).

(3) For any stratum S C X,,_j and any = € S, the attachment map, oy: Fj ; —
Ri;F7, induced by the canonical inclusion X\ X, — X\X,_j_1 is a quasi-
isomorphism at x up to p(S5).

If F* is soft, from [23, Remark 2.3|, we may replace the axiom (3) by the following
one.
(3 bis) For any k € {2,...,n}, stratum S C X,, x\X,,_r_1, ¢ € S and j < p(9), the
restriction map induces an isomorphism,

limy |, HY(D(Vii F)) — ling |, 9 (D(V,\ X, F),
where V, varies into a cofinal family of neighborhoods of z in X\ X,,_;_1.

Proposition 2.11. [15, Proposition 3.8| Let (X,p) be a perverse pseudomanifold. Then,
any sheaf complex satisfying the azioms (AX)g is isomorphic to Qg in D(X).

In [14], G. Friedman extends such unicity theorem to the setting of the homotopically
stratified spaces of F. Quinn, [24]. We do not consider these spaces in this work.

Our first result relates Deligne’s sheaf to the blown-up intersection cohomology.
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Theorem A. Let (X,D) be a perverse pseudomanifold. Then the sheaf complex N;i) 18
isomorphic to Qg in the derived category D(X) of sheaves on X. Hence we have the
following isomorphism:

Ay (X3 R) = H'(X; Qp).
Moreover, this isomorphism is compatible with the products.

Proof. With Proposition 2.11, it is sufficient to prove that the sheaf N% satisfies the
axioms (AX)p.

Property (1) follows from the fact that the restriction of the sheaf N% to the regular
strata is the sheafification of the singular cochains.

The fact that N;g satisfies (2) and (3 bis) follows from the softness of this sheaf and
the properties of blown-up intersection cohomology recalled in (2.2). Let us begin with
axiom (2). Let S be a stratum of X,,_; and € S. We choose a cofinal family of local
charts such that ¢: V, = R"* x ¢L where L is the link of x. By softness of N;g we have
the following isomorphisms:

H'(Ng), = lim |, H'(D(V,,Np)) = lim |, (Vy, R).
Following (2.1) we get that
H'(N%), = 7/ (R"F x ¢L;R) = J#(¢L; R).

Then (2) follows from the fact that s£/(¢L; R) = 0 whenever i > p(S), cf. (2.2). In
order to prove that N7 satisfies (3 bis), we use the same cofinal family of local charts.
We have to analyze the attaching map J27(Vy; R) — 7 (Vi\ Xy —x; R). Using ¢, the
attaching map becomes %%(R”*k x ¢L;R) — %”}—f(R”*k x (¢L\{z}); R). Now, the result
is a consequence of (2.1) and (2.2).

The restriction of the product of blown-up cochains (see [8, Proposition 4.2]) on the
regular part is the classical cup product, which is a resolution of the canonical product

RoR —R.

The result follows from a direct application of [15, Theorem 1.4], which asserts that this
canonical product defined on the regular part of X can be extended uniquely to the
Deligne’s sheaves. O

Let us focus on the fact that the product on Deligne sheaves is only defined at the
level of the derived category D(X), whereas the blown-up cochains give a sheaf of per-
verse algebras. This is the starting point of a rational homotopy theoretic treatment of
intersection cohomology as done in [9].

3. INTERSECTION CHAINS AND COCHAINS

In this section we introduce the intersection chain complex and its dual,
the intersection cochain complex, together with a Borel-Moore intersec-
tion chain complex. In Proposition 3.11, we extend to pseudomanifolds a
theorem of Spanier (|26]) originally stated for singular chains and cochains
on manifolds.
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3.1. Borel-Moore intersection chains. We denote by CEM(X;R) the complex of
formal sums & = Zj Ajoj, with o; filtered, A\; € R and such that any x € X possesses
a neighboorhood for which the restriction of £ is finite. We say that £ is locally finite
or a Borel-Moore chain. If we restrict to finite linear combinations, we recover the
filtered chains and denote by C.(X; R) the associated complex.

Definition 3.1. Consider a perverse space (X,p) and a filtered simplex o: A = Ay %
ek Ay — X

(i) The perverse degree of o is the (n + 1)-tuple, ||o|| = (||o]o,---,||o]|n), where
lloll; = dim(Aqg * - - - x Aj,—;), with the convention dim () = —oc.
(ii) Given a stratum S of X, the perverse degree of ¢ along S is defined by

lolls = —00, if SNImo =0,
7l lo]lcodims if SNImo # 0.

(iii) The filtered singular simplex o is p-allowable if |o||s < dim A — codim S + p(S),
for any stratum S.

(iv) A (finite or locally finite) chain c¢ is p-allowable if it is a linear combination of
p-allowable simplices. The chain ¢ is a p-intersection chain if ¢ and its boundary
Oc are p-allowable chains. The complexes of p-intersection chains of X with the
differential 9 are denoted by CP(X; R) or C2P(X; R). Their respective homology
HP(X;R) and HPMP(X; R) are respectively the p-intersection homology and
the Borel-Moore p-intersection homology of X.

For a perversity P such that p € ¢, we may have p-allowable simplices that are not reg-
ular in the sense of Definition 2.1. This failure has bad consequences on Poincaré duality
(see [10]). To overcome this point, the tame intersection homology and cohomology has
been introduced in [25] and [8]. Let us remind it.

Definition 3.2. Given a regular simplex A = Ag*---* A, we denote by 0A the regular
part of the chain OA. That is 0A = J(Ag*---*x A1) x* Ay, if |A,| =0, or DA = A, if
A, > 1.

Definition 3.3. Let (X,p) be a perverse space. Given a regular simplex o: A — X,
we define the chain 9o by o o 9. Notice that 0> = 0. We denote by €.(X;R) (resp.
¢BM(X: R)) the complex of finite chains (resp. locally finite chains) generated by the
regular simplices, endowed with the differential 9.

A p-allowable filtered simplex o: A — X is p-tame if o is also a regular simplex. In
the two cases, finite or locally finite, a chain £ is p-tame if it is a linear combination
of p-tame simplices. A chain £ is a tame p-intersection chain if ¢ and 0¢ are p-tame
chains. B

We write €4(X; R) C €,(X;R) the complex of tame p-intersection finite chains en-
dowed with the differential 9. Its homology $%(X; R) is the tame p-intersection ho-
mology.

In the same manner, we write Q*BM’ﬁ(X ; R) for the complex of locally finite tame p-
intersection chains. Its homology HEMP (X; R) is the Borel Moore tame p-intersection
homology.

Let us recall the main properties of tame p-intersection homology (see [5] or [12]).



BLOWN-UP INTERSECTION COCHAINS AND DELIGNE’S SHEAVES 13

e It is natural with respect to stratum preserving maps, [5, Proposition 7.6].

e It satisfies Mayer-Vietoris property, [5, Proposition 7.10]. This comes from the
fact that the classical subdivision operator Sd: C\(X;R) — C.(X; R) can also
be defined on the complex €% (X; R) and gives a quasi-isomorphism. As a conse-
quence if we consider an open covering U of X the inclusion of U/-small chains

CPY(X; R) — €L(X; R)

is a quasi-isomorphism, [5, Corollaire 7.13|.

e We also have a stratified homotopy invariance, [5, Proposition 7.7].

e Let L be a compact filtered space, p a perversity on the open cone cL, of apex
v. By denoting p the perversity induced on L, we have ([5, Proposition 7.9]):

HY(L;R) if k < Dp(v),

(3.1) ,V)z(ZL; R) = {0 if k> Dp(v).

e If U is an open subset of a perverse space (X,p) with the induced perver-
sity, we deﬁPe relative tame p-intersection chains as the quotient ¢(X,U;R) =
e (X;R)/€(U; R). Its homology denoted $HY(X,U;R) fits into an exact se-

quence,
(3.2) .. = 9P(U;R) — Y (X;R) — 9P (X,U;R) — P (U;R) — ...
Also if K C U is compact, we have by excision $7(X, X\K; R) = $7(U,U\K; R).
The next result connects tame p-intersection chains to Borel-Moore ones.

Proposition 3.4. Let (X,p) be a perverse space. Suppose that X is locally compact,
metrizable and separable. The complex of locally finite tame p-intersection chains is
isomorphic to the inverse limit of complezes,

(3.3) NP (X R) — lim, _ €X(X, X\K; R),
where the limit is taken over all compact subsets of X.

Proof. Let ¢ be a chain of ¢2M?(X; R). Following [9, Proposition A.13] we know that
there exists a locally finite family {0} of p-intersection simplices, a locally family {7}
of p-bad faces and a decomposition ¢ = ) _r,0 + Y _c¢r, where r, € R and ¢, is the
p-intersection chain putting together all the simplices of ¢ having the same bad face 7.
In particular, any ¢ € Q*BM’ﬁ(X ; R) can be written as a locally finite decomposition

(3.4) c= ch,

keJ
where each ¢ is a p-intersection chain. Let K be a compact subset of X. We define

Jx ={k € J | Supp(cx) N K # 0} and a map
pic: CMP(X; R) = €0(X, X\K; R)
by
pr(c) = classg Z Ck

keJk
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This is a finite sum since K is compact and J is locally finite. Let us see that px is well
defined. If ¢ =}, e is another decomposition of ¢ as in (3.4) then the chain

ch— Zek:—ch—FZek

keJk keJy. kg Jk kg Jj

does not meet K and therefore classy (D ey ck) = classg (D e 7 ek).
Also, we observe that pg clearly commutes with differentials. By taking the limit over
all compact subsets of X, we get a chain morphism,

p: CNP(X5R) — lim,  €(X, X\K; R).

If p(c) = 0 then classg (c) = 0 for any compact set K. This implies ¢ = 0 and therefore
the injectivity of the map p.

In order to prove the surjectivity, we notice first that the topological hypotheses imply
(28, 16C]) the existence of an increasing sequence of compacts Ko C K1 C -+ K, C - -+
such that any compact K C X is included in some K,,. In particular, the family (K,,)
is cofinal in the family of compact subsets of X and X = (J,,cyy Km- Let us consider a
collection of chains

¢ = {cym = classg (™)} € T&nmeﬁf(X,X\Km;R).

For m > 0, the natural inclusion ¢,,41 — ¢ gives pg,, (™) = pg, (™), that is,
Supp(c™t! — ¢™) N K,,, = 0. So, we have

(3.5) Supp(c¢™t — ™) N Ky = 0 if m’ < m.
Let us consider the chain
c= Z(ckJrl — k).
keN

Condition (3.5) gives ¢ € €2MP(X; R). We end the proof with p(c) = ¢, that is,

classg,, <Z(ck+1 - ck)> = classg, (™),

k

for each m € N. Since Jg,, = {k € N | Supp(cfT! —cF)n K,,, # 0} € {0,...,m — 1} (cf.
(3.5)) then

classg,, (Z(0k+1 - ck)> = classg,, <Z (Pt — ck)> = classg,, (¢™).

k k<m
O

Propositions 3.5 and 3.7 have been already established in the context of filtration
depending perversities in [13].

Proposition 3.5. Let L be a compact filtered space, a € N and p a perversity on the
product R™ x L. By still denoting p the perversity induced on L, we have

MP(RY x L; R) = 97 __(L; R).
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Proof. We consider the following cofinal family of compact subsets of R* x L,
{K,=]-n,n|*xL|neN.}.

As the open subsets (R*x L)\ K, are stratified homeomorphic by the canonical inclusions,
we are reduced to the case n = 0. From Proposition 3.4, we deduce:

S TRY X L) = 9 T(R® x Ly (R x L\{0}) x L) = @ipjmiHi (R, R\{0}) © 97(L)

= H(S") @9} (L) =9;_,(L).

O
Before the next determination of Borel-Moore homology, we need the value of the
intersection homology of a join with an a-dimensional sphere S®. Let X be a filtered
space. Recall that the join S%* X is the quotient of the product with the closed unit ball,
BT x X by the equivalence relation (z,7) ~ (2,2') if 2 € S%. The strata of 5% X are
5% and the products B! x S, with S a stratum of X and B®*! the open unit ball. For
any perversity on X, we get a perversity on the join from p(B%T! x §) = p(S) and the

choice of a number p(S%).

Lemma 3.6. Let p be a perversity on the join S* * X. We have
_ SP(X:R) i k< Dp(s?),
(S« X R) = 0 if Dp(S%) +1<k<Dp(S) +a+1,
o (X;R) if k>Dp(S*) +a+2.

Proof. Set Bf;rzl ={z e R | ||z|| < 1/2} and F = (Bf;rzl x X)/ ~. We apply the

Mayer-Vietoris exact sequence to the open sets U = (5% * X)\S* and V = (5%« X)\ F,
(3.6)
S N V)T (V) @ (V) (S 5 X)), (U N V)
and get a short exact sequence
(3.7) 0—=Coker J,—=} (5 ¥ X)—=Ker J;_; —0.
We study the map Jy and for that determine first,
o Gp(U) = DB x X) = §](X),
o (V) = 57((8“x11/2,1] x X)/ ~) = 9](5 x €X) = iy, j=pHi(5*) © 57 (€X),
o 9, (UNV)=5,(5"x]1/2,1[xX) = H(S* x X) = @iy j=cHi(5*) ® H7(X).
The map Jy can be written as
Dy j=eHi(S") © H7(X) = 97 (X) © Biyj=eHi(S) @ H](EX)
which can be simplified in
N_a(X) = H(eX) © H_, (eX).
From (3.1), we deduce
0 if ¢<Dp(S%) + a,
o) (X) if > Dp(S%) +a,
Coker J; = ﬁ?(&X).

KerJ, = {
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The result follows from (3.1) and (3.7). O

Proposition 3.7. Let L be a compact filtered space, a € N and p a perversity on the
open cone ¢L, of apex v. By denoting D the perversity induced on L, we have

> 0 if k < Dp 1
PP (RS x L R) = 4 L, Jhs o Do),
a5 R) ifk>a+ Dp(v) + 1.
Proof. We consider the following cofinal family of compact subsets of R* x ¢L,
{K, =[-n,n|*xc,L|neN}U{Ky={(0,v)}},

where ¢, L = {[z,t] € ¢L | t < n/(n+ 1)}. As the open subsets (R* x ¢L)\K,, are
stratified homeomorphic by the canonical inclusions, we are reduced to the case n = 0.
From Proposition 3.4, we deduce:

MP(R® x eL) = 9P (R® x EL, (R x L)\{(0,v)}).
Let u and v be the respective apex of ¢(S%! x L) and ¢L. Let a: [0,1[— [0,00][ be a
fixed homeomorphism. From [4, 5.7.4], we get the homeomorphism
h: e(S% 1« L)\ {u} — (R* x ¢L)\{(0,v)},
given by

_ (2rz, [y, a(r)]) it []z] <1/2,
I R T A T Y
Let us see that h preserves the stratifications. We distinguish the following cases.
o n(S%1x]0,1[) = (R® x {v})\{(0,v)} since h([z,y],7) = (rz,v) if ||z|| = 1.
e The restriction h: B* x Lx]0,1[— R® x Lx]0, 1], given by

(2rz,y, a(r)) it ||z]] <1/2,
(r9,r) = { (rz/|l2l, g, a(2r(L = |2]1)) i 2] > 1/2,

is clearly a stratified homeomoprhism. The determination of the inclusion map
(R x EL\{(0,v)}) — H7(R? x ¢L)
can thus be replaced by the determination of
MUE(S™ ™ = D)\{u}) = H(EL).
Using Lemma 3.6 for the domain and (3.1) for the range, we obtain,
SP(L) S 97(L) if k< Dp(v),
(3.9) ~0—=0 if Dp(v)+1<k<Dpv)+a,
o _(L)—0 if k>Dp(v)+a+1.
The result follows from the long exact sequence of intersection homology. (]
Mention from [8, Proposition 6.7] the existence of cap products,
(3.10) Ni(X;R) ® €¥(X;R) == ¢T (X} R)
such that ([8, Proposition 6.6|)
(MUw)NE=nN(wnNg).
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Hence, the collection {@E (X; R)}pep is a left perverse module over the perverse algebra
{Ng(X ; R)} . This cap product can also be extended in a cap product,

ge
(3.11) NUX;R)® €MP(X; R) ——= ¢NPHI(XR),
as follows. As (see (3.4)) any ¢ € €2"P(X; R) can be written as a locally finite sum of
p-intersection chains, £ =), - ; &k, we set

wNE=Y (WN&).

keJ
A verification shows that this cap product is well defined and makes of {Q*BM’ﬁ(X i R)}pep

a left perverse module over the perverse algebra {K%* (X; R)} .
qe

3.2. Intersection cochains. The tame p-intersection cohomology $7(X; R) is defined

from the dual complex €(X; R) = Hom(€L(X; R), R). We still denote 0 its differential.
This cohomology satisfies properties as those already listed for the tame homology (see
[8]): naturality with respect to stratum preserving maps, Mayer-Vietoris property and
invariance for stratified homotopy. Moreover, the case of an open cone on a compact
perverse space is determined by

HE(L; R) if k < Dp(v),
HE(cL; R) = { Ext (9% _,(L; R),R) if k = Dp(v) + 1,
0 if k> Dp(v) + 1.
The cap product (3.10) defines a map
(3.12) *: €)(X; R) ® N}(X;R) — €' (X; R)
by

(cHw)(§) = c(wng).
We check easily ¢ (wUn) = (cxw) 7. Hence, the collection {€5(X; R)}5ep is a right
perverse module over the perverse algebra {Ng(X ; R)} o This operation respects the
qe
cochains with compact supports and makes {&€ .(X; R)}pep a right perverse module over

the perverse algebra {]ti(X; R)}gep.
There is also a notion of U-small cochains relatively to an open covering, as follows.

Definition 3.8. Let U be an open covering of X and p a perversity on X. The complex
of U-small cochains is Qﬁ;i)’u(X; R) = Hom(¢?Y(X; R), R). If V is an open subset of X,
we recall the category Cov (V') of Definition 2.5. The sheaf of intersection cochains
C5 is defined by its sections as the direct limit

* . *,Z/[ .
(3.13) D(ViCp) =lim,, o0& (ViR).

Proposition 3.9. Let (X,p) be a perverse space. The complex of sheaves C% over X 1is
a complex of soft and flat sheaves.
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Proof. (Softness) We have defined, on the complex of cochains €3 (X; R), a structure of
right module over Ng(X ; R). This structure being compatible with the restriction maps,

the sheaf CJ is a sheaf of right modules over Ng Thus the softness of Ng implies the
softness of C3.

(Flatness) The proof is similar to the proof made for N;—) (see 2.6). O
Mention also the existence in [16] of an intersection cohomology with compact supports
defined by $7 .(X;R) = lim kcompact$7(X, X\K; R). In [10], [8] we have connected

these cohomologies with the blown-up cohomology. In particular, we have established
the following isomorphisms.

Proposition 3.10. Let (X,p) be a paracompact perverse pseudomanifold and R a field.
Then there are isomorphisms

(3.14) I (X5 R) = 95 (X5 R) and 7 (X; R) = Hp5(X; R)
3.3. Bidual. Let us take an injective resolution of R,

0—>R—>Q—p»Q/R—>O.

We denote by Iy the cochain complex 19 = Q—p»l}% = Q/R, of differential d = p.

We define a chain complex Hom. (&€ (X; R), I), whose set Homg (&5 .(X; R), IR) of

elements of degree k is formed of the couples (¢p, 1) such that

po: € (X:R) — Q and ¢;: €5TY(X;R) - Q/R,
and whose differential is defined by d(yq, 1) = ((—1)F@g 00, (=1)Fp1 00 +d o ).
The star product (3.12) defines a map
(3.15) L: NAX; R) @ Hom;(€5 ., Ify) — Hom; (€5, 2 ., I};)
by
(w L @)(c) = p(crw).

We check easily (wUn) L ¢ =w L (n L ¢). Hence, the collection {Hom*&% o IE)} -
) ﬁE

is a left perverse module over the perverse algebra {Ng(X ; R)} .

ge
The following result is the well-known “biduality” for intersection homology, proved in

[1, Theorem V.8.10] in sheaf theory and in classical algebraic homology in [26], see also
[22]. We give a short proof below.

Proposition 3.11. Let (X,p) be a paracompact perverse pseudomanifold. Suppose that

X admits an exhaustive sequence of compacts X = U;K;, K; C Io(iJrl, such that the
R-module

(3.16) H5(X, X\K;; R) is finitely generated.
Then the morphism

(3.17) Oy ¢MP(X; R) — Homy (€5 (X3 R), I),
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defined by ®x (&) = (¢(£)0,0) with p(§)o(c) = ¢(§) € R C Q, is well defined and a

quasi-isomorphism, linear for the structure of perverse modules over the perverse algebra

{N:(x:iR)}

7eP
Remark 3.12. The hypothesis (3.16) is satisfied for PL-pseudomanifolds. This comes
from the existence of isomorphisms between

e the intersection homology and its PL-version, see [12, Theorem 6.3.31],
e the PL-intersection homology and the simplicial intersection homology associated
to a triangulation of X, [12, Theorem 6.3.30].

Proof of Proposition 3.11. From & .(X; R) & liqu,Qf(X, X\K;; R) and Proposition 3.4,
we may replace (3.17) by the map
G im, @)X, X\K; R) — lim  Homy (€2(X, X\K;: R). I,
defined as the limit of the maps
Uit (X, X\K;; R) — Homy (€0(X, X\K;; R), I};)
with ¥xi(§)(c) = ¢(§) € R. Observe that the natural maps
Homy,(€2(X, X\K;;1; R), I;) — Homy,(€2(X, X\K;; R), If,)

and

P (X, X\Kiy1; R) — €2(X, X\K;; R)
are surjective. The Mittag-Leffler condition being satisfied, we have Milnor exact se-
quences ([27, Page 605]). Therefore, the map ¢ x is a quasi-isomorphism if the 1x;’s
are so. With the finiteness hypothesis on 5’);7(X , X\ K;; R) this last property is a classical
result in homological algebra, see [22, Proposition 1.3] for instance. [

4. POINCARE AND VERDIER DUALITIES

In the case of a PL-pseudomanifold, we construct a commutative diagram
of quasi-isomorphisms,

(4.1) NE(X; R) —> Hom,_4(&5.(X; R), I})
DPy T‘bx

¢PMP(XR),

where D Px is the Poincaré morphism, defined by the cap product with
a fundamental cycle and Dy is related to Verdier duality.

We first bring back definitions and basic properties of the elements of this diagram.
Recall that R is a principal ideal domain together with an injective resolution I,. We
refer to (|1, chapter V], [3], [20]) for more details on Verdier duality. For the construction
of the quoted maps, we proceed along the next steps.

e In Proposition 4.2, we show that the Verdier dual sheaf D(C7[n]) is quasi-isomorphic
to the Deligne’s sheaf.
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e If a quasi-isomorphism Wy: N;i) — D(Cj[n]) is given, we show in Proposition 4.3
how one can pertube it in a Né—linear map and keep a quasi-isomorphism.

e Finally, in Proposition 4.4, we construct the two quasi-isomorphisms Dyx and
D Px making the diagram (4.1) commutative.
This program is based on the existence of structures of perverse modules on the various
complexes, see (3.15) and (3.11). Therefore any linear map (for these structures) of
domain N7 (X; R) is entirely determined by the image of the constant map 1x.

Definition 4.1. Let X be an oriented PL-pseudomanifold of dimension n and C3 the
sheaf of p-intersection cochains defined in (3.13). The Borel-Moore-Verdier dual of
Cs is the complex of sheaves D(Cz[n]) defined by

U +— Hom,, (T(U; C5), IR).
This is a cochain complex of sheaves.

Proposition 4.2. Let X be an oriented PL-pseudomanifold of dimensionn. The complex
of sheaves D(C3[n]) is quasi-isomorphic to the Deligne’s sheaf.

Proof. Let us prove that the complex of sheaves D(Cj[n]) is quasi-isomorphic to the
Deligne sheaf Q7. As the sheaf C is flat and soft (Proposition 3.9), the sheaf D(Cz[n])
is an injective sheaf, hence it is soft. We are reduced to verify that the conditions of
Definition 2.10 are fulfilled.

From Proposition 3.11, we may replace Hom,, (&5 .(X; R), I) by Q:SE/?(X; R). Now,
if U~ R", we have @&, HPM (U) = H°(U) and Property (1) is satisfied.

As in the proof of Theorem A, Property (2) is a consequence of .655/2’5(]1%""“ xcL)=0
if ¢ > p(S). This last property has been established in Proposition 3.7.

The third condition is equivalent to the fact that the map .V)SE/[Z@ (R"F x ¢L) —
.V)SE/[Z@ (R"=k x (¢L\{v}) is a quasi-isomorphism for i < p(S). This is a consequence of
Propositions 3.5 and 3.7. O

The sheaves D(C3[n]) and ﬁ% are both quasi-isomorphic to Deligne’s sheaves. As
the sheaf D(C7[n]) is injective there exists for any perversity p a (non unique) quasi-
isomorphism of sheaves x;: N% — D(C3[n]). In the next proposition, we pertube it in a

quasi-isomorphism compatible with the structures of perverse modules.

Proposition 4.3. Let X be be an oriented PL-pseudomanifold of dimension n and U C
X an open subset. Let By I'e(U,D(C5[n]) — I}, be a cocycle in the class of xg(1v). For
any perversity p on X, we construct a morphism of complex of sheaves

U5 NZ — D(C3[n])
at the level of sections, ¥p: I'(U; N]’g) — L'e(U,D(C3[n]), by
Upr(w) =w L fy.

Then W5 1s a quasi-isomorphism, linear for the structure of perverse modules over the

perverse algebra {Ng(X; R)} .
qeP



BLOWN-UP INTERSECTION COCHAINS AND DELIGNE’S SHEAVES 21

Proof. By properties of Deligne sheaves it suffices to check if the restriction to the regular
part X;e; of X is a quasi-isomorphism. Moreover, when restricted to the regular part,
for any perversity p we have the following equality of complexes of sheaves

(ND) Xrex = (NF)x,, and (D(CH[n))) x,., = (D(CG[n])) | x,0, -
Thus it is sufficient to consider the perversity 0.
Let U = R"™ be an open subset of Xyeg. As ¥5,(1y) = ly LBy = By and Py is
in the class of x5(1p), the difference V5 ;(1y) — xg(1lv) is a boundary. The map xg

being a quasi-isomorphism, the generator [17] of HO(U; N%) is sent on the generator
Y5 (1v)] = xg(1v)] of HO(U;ID)(C%[n])). The result follows. O

For the rest of this section, the space X is an oriented, separable, metrizable PL-
pseudomanifold of dimension n and p is a perversity. Since the map ®x : Q:E’M’O(X; R) —
Homn,*(ﬁac
such that ®x (vx)—xg(1x) is a boundary. The idea is to use Proposition 4.3 with U = X
and Sy = ®x(vx). More precisely, we define the two maps Dx and DPx by

(4.2) Dx(w) =w L ®x(vx) and DPx(w) =w Nyx.

(X R), I},) is a quasi-isomorphism, there exists a cocycle yx € QEM’G(X; R)

Proposition 4.4. The two maps Dx and DPx make commutative the diagram (4.1)
and are quasi-isomorphisms.

Proof. We identify the homology of the sections I'( X; N%) with the homology of ]Vg (X;R),
and similarly for the homologies of I'(X;D(C5[n])) and Hom,,—.(& .(X; R), I};).

By construction we have Dx(1x) = ®x(DPx(1x)). As the three maps DPx, Dx and
® x are compatible with the structure of perverse modules, we obtain the commutativiy

of (4.1).
The maps ®x (see Proposition 3.11) and Dx (see Proposition 4.3) are quasi-isomor-
phisms. Thus D Px is one also. O

The next statement is a direct consequence of Proposition 4.4.

Corollary 4.5. The cap product with the fundamental class [yx] induces an isomorphism
between the blown-up intersection cohomology and the locally finite tame intersection
homology,
k ~/ BMv_ .
% (X;R) = f)n_kp(X7 R).

From this corollary and [10, Theorem B|, we deduce the existence of a commutative
diagram between the two duality maps, corresponding to the blown-up cohomology and
the blown-up cohomology with compact supports.

Corollary 4.6. Let vx € Q:SM’G(X;R) be a cycle representing the fundamental class.
Then there is a commutative diagram whose vertical arrows are quasi-isomorphisms,

N;%(X;R)% N7 (X5 R)

—MNx J/ J{—fo

P (X;R)— MP(X;R).
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