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STEENROD SQUARES ON INTERSECTION COHOMOLOGY AND A
CONJECTURE OF M. GORESKY AND W. PARDON

DAVID CHATAUR, MARTINTXO SARALEGI-ARANGUREN, AND DANIEL TANRE

ABSTRACT. We prove a conjecture raised by M. Goresky and W. Pardon, concerning
the range of validity of the perverse degree of Steenrod squares in intersection coho-
mology. This answer turns out to be of importance for the definition of characteristic
classes in the framework of intersection cohomology.

For this purpose, we present a construction of cup,-products on the cochain complex,
built on the blow-up of some singular simplices and introduced in a previous work.
We extend to this setting the classical properties of the associated Steenrod squares,
including Adem and Cartan relations, for any loose perversities. In the case of a PL-
pseudomanifold and range 2p, we prove that our definition coincides with M. Goresky’s
definition. We show also that our Steenrod squares are topological invariants which
do not depend on the choice of a stratification of X.

Several examples of concrete computation of perverse Steenrod squares are given,
including the case of isolated singularities and, more especially, we describe the Steen-
rod squares on the Thom space of a vector bundle, as a function of the Steenrod
squares of the base space and the Stiefel-Whitney classes of the bundle. We detail
also an example of a non-trivial square, Sq>: Hy — Hpt2, whose information is lost
if we consider it as taking values in Hp, showing the interest of the Goresky-Pardon
conjecture.

Intersection cohomology was introduced by M. Goresky and R. MacPherson in [I1]
and [12], in order to adapt Poincaré duality to singular manifolds and extend charac-
teristic classes to this paradigm. Steenrod squares on the intersection cohomology of a
pseudomanifold, X, were already defined and studied by M. Goresky in [I0]. For that,
he uses a sheaf introduced by Deligne and proves that the Steenrod construction of
cup;-products induces a morphism, Sq’,: H(X;Fa) — Hrgi(X;]FQ), for any Goresky-
MacPherson perversity p such that 2p(¢) < ¢ — 2 for any ¢ and with Fs the field with
two elements. _

Here, we consider the blow-up, N*(X), of the normalized cochain complex on a filtered
version of the singular simplicial set associated to X. This notion of blow-up, defined in
[4] and recalled in Section [Il comes from a version adapted to differential forms already
existent in [3]. The elements of N*(X) have a perverse degree (see Definition [2]) which
allows the definition of a complex, Ng(X ), for any loose perversity p. In [4], we have

proved that the blow-up, C *(X), gives the Goresky-MacPherson intersection cohomology
of the pseudomanifold X, for the complementary perversity, when we are working over
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a field. With Proposition [5, the blow-up N* (X)) inherits this property; we denote its
cohomology by Hivy , (X;TFy).

When the coefficients of N *(X) are in Fa, we define a structure of cup;-products,
Us: Ng(X) ® Ng(X) — Ng+q(X), for any loose perversities p, §. This is done following
the work of C. Berger and B. Fresse in [I] (see also [I8]): we consider a normalized,
homogeneous Bar resolution, €(2), of the symmetric group X9 and prove that there exists
a Yg-equivariant cochain map, ¥s: £(2) ® NI—’;(X) ® Ng (X)— Ng+q(X). Such a map is
called a structure of perverse £(2)-algebra on ]Vf (X); its construction comes from the
existence of a diagonal on &(2), established in [I]. Moreover, we prove in Theorem [Al that
the cup;-products arising from the existence of 1, verify the two following properties,
aUlga = aand aU; a’ = 0, if i > min(|al, |a'[) where |a|, [a'| are the respective degrees
of a and d’.

The definition of perverse £(2)-algebras can be extended to perverse €(n)-algebras, for
any n. As this work is concerned with Steenrod squares, we consider only perverse £(2)-
algebras over Fy. Nevertheless, it is clear that our methods of proof can be enhanced to
give a structure of perverse E.-algebras over Z on N,* (X). We will come back on these
points in a forthcoming paper.

As usual, Steenrod squares are defined on H{iwj(X; Fy) by Sq‘(a) = a Uy_; a. Using
May’s presentation of Steenrod squares in [I8], we see that the classical properties of
Steenrod squares are direct consequences of the structure of perverse £(2)-algebra. We
collect them, together with Adem and Cartan relations, in Theorem[Bl (One may observe
that the proof of the Adem relation on a tensor product needs a brief incursion in the
world of perverse £(4)-algebras over Fs.)

In Theorem [Bl we also answer positively to the problem asked by M. Goresky in [10]
Page 493] and to the conjecture made by M. Goresky and W. Pardon in [I3] Conjec-
ture 7.5]. This problem concerns the range of the perversities: with the definition of
Steenrod squares via the cup;-products, it is clear that Sq’ sends Hffwﬁ(X ;Fy) into

H§w72ﬁ(X; ). We prove that, in fact, there is a lifting as a map, Sq’: H%W’ﬁ(X; Fy) —

Héw’ﬁ(ﬁ’i)(X;FQ), where L(p,i) is the loose perversity defined by L(p,i)(¢) =
min(2p(¢),p(¢) + ¢), which is exactly [I3, Conjecture 7.5]. This reveals an important
fact because it allows the lifting of Wu classes in intersection cohomology, in a lower
part of the poset of perversities.

In Theorem[C| we prove that our definition of Steenrod squares coincides with Goresky’s
definition introduced in [I0]. For doing that, we transform the blow-up, ]V.* , into a sheaf
IN; on X and prove that IN} is isomorphic to the Deligne sheaf, in the derived cate-
gory of sheaves on X. The rest of the proof comes from a unicity theorem for Steenrod
squares defined on an injective sheaf, established by M. Goresky, [10].

We end this part of the work with examples of concrete computation of perverse
Steenrod squares, beginning with the case of isolated singularities. From it, we are
able to write the Steenrod squares on the intersection cohomology of the Thom space
associated to a vector bundle, as a function of the Steenrod squares of the base space
and the Stiefel-Whitney classes of the bundle. We detail also an example of a non-trivial
square, Sq®: Hyw 5(X;Fa) — Hryw g5,2)(X; F2), whose information is lost if we consider
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it as values in Hrw 25, showing the interest of the Goresky-Pardon conjecture. This last
example can also be seen as a tubular neighborhood of a stratum, which is the first step
in the study of intersection cohomology of pseudomanifolds.

In Theorem[D], we prove that Steenrod squares, Sq': H%W,ﬁ(X; Fy) — H%‘;é’ﬁ(ﬁ’i)(X; Fs),
are topological invariants when X is a PL-pseudomanifold. This completes the re-
sult of [10] that the Steenrod squares are topological invariants, as homomorphisms
HZ(X;Fa) — H;; {(X;Fy). The proof is combinatorial, using the description of Steen-
rod squares made by Steenrod in [22].

We emphasize now some particularities which are important in the process of the
proof of the Goresky-Pardon conjecture. The main point is that our technique allows
an explicit construction of the cup,-products at the level of cochain complexes, without
requiring the derived category for their definition. In the context of filtered objects,
observe first that the notion of filtered singular simplices is a natural one, see Remark [[.71

The second modus operandi is the blow-up of these simplices. In differential geometry,
a blow-up is the replacement of a sub manifold N of a manifold M by the boundary of
a tubular neighborhood of N in M. Its simplicial version can be illustrated as follows
in the case of A = A% x AJ': we cut off a small open neighborhood of A% in A to get
A = cA¥ x A1, For instance,

(A% x {1}) x A%t

AJ1 AN

cA.jO

A =A% At has for blow-up A = cA¥ x AT,

In the general case of A = AJ0 % ... % AJn we use an inductive process which consists
in cutting off a small open neighborhood of the smallest stratum. As an illustration,

(Ajf—‘ X {1}) X cAIL x A2

AJo

cAJ0 x (ATt x {1}) x A%

A = AJo % ATL 5 AJ2 has for blow-up E = cAJ0 x cATL x AJ2,
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The faces containing A% x {1} as a factor, which play a fundamental role in the
definition of the perverse degree (see Definition [[.2]), have been shadowed in the previous
drawings.

The motivation for such process occurs when one determines the intersection co-
homology of a pseudomanifold with differential forms : as these forms cannot be de-
fined on the singular strata, the only possibility is to define them on the regular part
and ask for some control in the neighborhood of strata. That is what we do here for
cochains. As observed in [8], by G. Friedman and J.E. McClure, the classical way for
the definition of a cup-product (with back and front faces) does not fit with perverse
degrees. But, one advantage of the blow-up is that we can define the cup-product (and
more generally the cup;-products) stratum after stratum, on each factor of the product
cAJO x -+ x cAIn=1 x AJn_ from the classical definition and in a compatible way with the
perverse structure. Finally, this procedure reveals itself of an easy use and does not lose
any information in cohomology; it gives the same structure on cohomology as Goresky’s
definition, as it is established in Section @l

CONTENTS

Blow-up and perversity

Perverse £(2)-algebras and filtered face sets

Steenrod perverse squares

Comparison with Goresky’s construction

Pseudomanifolds with isolated singularities

Example of a fibration with fiber a cone

. Topological invariance of the Steenrod squares in intersection cohomology
References

Nt W

EREREE e

In Section [Il we recall basic notions concerning filtered face sets and their intersection
cohomology. Section 2 is devoted to the construction of a structure of perverse &£(2)-
algebra on the blow-up, N* (X), which corresponds to the building of cup;-products. In
Section Bl we establish the main properties of perverse Steenrod squares, including the
proof of the perverse range conjecture of M. Goresky and W. Pardon. The comparison
between our definition and Goresky’s definition of Steenrod squares, in the case of a
pseudomanifold, is done in Section @l The particular case of isolated singularities and
the treatment of Steenrod squares in the intersection cohomology of a Thom space are
presented in Section Bl An example of a square, Sq?, in the intersection cohomology of
the total space of a fibration whose fiber is a cone is given in Section [fl This example
shows the interest of having a range of perversity in £(p,i) instead of 2p. Finally,
Section [ is devoted to the topological invariance of our Steenrod squares.

All the cohomology groups appearing in this text are over the field with two elements,
Fy. If there is no ambiguity, we simplify the notation H*(X;Fs) in H*(X).

We thank the anonymous referee for her/his comments and suggestions which have
contributed to improve the organization and the writing.
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1. BLOW-UP AND PERVERSITY

In this section, we recall the basics of a simplicial version of intersection cohomology,
already introduced in [4].

Let A* be the standard simplex of RFt! whose vertices, vo,...,vs, verify v; =
(to,...,tg), with t; = 01if j # 4 and t; = 1. Let 6;: {0,1,...,k — 1} — {0,1,... ,k}
defined by

] if  j<i,
5’(‘7)_{j+1 it j >
Such maps generate linear applications, still denoted &;: A¥~1 — AF and defined by

di(vj) = vs,(j)- More generally, any map o: {0,1,...,¢} — {0,1,...,k} generates a
linear application o: Af — AF,

[n]

We fiz an integer n and consider the category As" whose

e objects are the joins, A = AJ0 x AJt x ... x A where A% is the simplex of
dimension 7j;, possibly empty, with the conventions A™! =@ and 0 x X = X,

e maps are the o: A = AT« AT s ..« AJn — A/ = AFox ARy .« AFn of the shape
o = ' o0, with o;: {0,1,...,5;} — {0,1,...,k;} an injective order-preserving
map for each 1.

I+ [n]

The category Agl is the full subcategory of Ag" whose objects are the joins JANLR®
AUk Adnowith Adn #£ (), ie., j, > 0. To any such element, we associate its blow-up

which is the map
" A =cA0 x oo x AT x AT oy A= AT ko x A
defined by

(Yo, sols -5 [Yn—1,Sn—1],yn) = Soyo+ (1 —s0)s1y1 + -+
+(1 - SO) tet (1 - Sn—2)3n—1yn—1
‘|‘(1 - 50) ce (1 - 5n72)(1 - Snfl)yn,

where y; € A% and [y;, ;] € cAJ = (AJi x [0,1])/(A% x {0}). The prism A is sometimes
also called the blow-up of A.

Observe that this blow-up is well defined thanks to the restriction to the subcategory
Agl M In the topological setting (see Remark [[7)) this restriction means that we do not
consider simplices entirely included in the singular part.

Definition 1.1. A filtered face set, of formal dimension n, is a contravariant functor,

K, from the category ALJ?} to the category of sets, i.e., (jo,.-.,jn) = K . The

restriction of the filtered face set, K, to Agf I+ is denoted K, .

If K and K’ are filtered face sets, a filtered face map, fTK— K ', is a natural trans-
]

7.777«) '

formation between the two functors K and K’. We denote by Agl —Sets the category

of filtered face sets.

To any simplicial set, Y, we can associate the Fo-vector space Cy(Y) generated by the
d-dimensional simplices of Y. The normalized chain complex, Ny(Y), is the quotient of
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Cy4(Y) by the degeneracies s;,
Nd(Y) = Cd(Y)/ﬁ()Cdfl(Y) 4+ -+ sd,lCd,l(Y).
We consider also the duals N*(Y') = homp, (N, (Y),Fy) and C*(Y) = homp, (C(Y),F2).

Any face operator, 6;: At — AJetL for some £ € {0,...,n— 1}, induces a chain map,
55 N*(CAjO) R ® N*(CAlerl) R ® N*(A]n) N N*(CAJO) R ® N*(CAJl) R ®
N*(AJn), defined by the identity on the factors in A% for i # /.

We denote also by &;: AJ0 % oo x ATl x oo Adn 5 AJO oo AJetl ooy An
the operator defined by 6;: A% — AJetl and the identity maps. For any simplex,
o1 Aok x AJetly ok Adn — K, we define a simplex, 0,01 A0k - - Adtx. - xAIn — K
by 0;0 = 0 0 §;, and a complex,

N = N*(cA?) @ - -- @ N*(cAln1) @ N*(Ad).
These previous considerations on face operators can easily be adapted to the case £ = n.
A global section (or cochain) on K is a function which assigns to each simplex o € K |
an element ¢, € N* such that ¢y, = 07(c,) for all o € K and all §; € Agl}’Jr. (The
restriction to AL; bt implies AJn £ ().)
The space of global sections is denoted by N*(K) and called the blow-up of N* over

the filtered face set K. Global sections have an extra degree, called the perverse degree,
that we describe now.

Let o: AJ0 s+ x AJn — K and £ € {1,...,n} such that AJn—¢ =£ (). For any cochain
Cy € N*(cAI) ® - @ N*(cAln-1) @ N*(AJn), its restriction

(1) Con e € N'(eAR) @+ & N* (A x {1}) @ - & N*(cA¥—1) @ N*(A)
can be written ¢, ¢ = >y ¢, (k) ®c), ,(k), with

on—~_
o, k)€ N*(eA1) @ -+ @ N*(cAln—t-1) @ N*(AJn—t x {1}) and
o c), (k)€ N*(cAln—t+1) @ - - - @ N*(AIn).

Observe that each term of the tensor product in Formula (1) has a finite canonical basis
and the decomposition of ¢,,—¢ can be canonically chosen in function of the associated
basis of the tensor product.

Definition 1.2. If ¢, ,,—¢ # 0, the {-perverse degree, ||c,||¢, of ¢ is equal to
llealle = sip {|ch(k)| such that ¢/ (k) # 0} ,

on—~

/"
on—~{

(k)| denotes the usual degree of the cochain ¢/ (k).

where |c ot

If oy =0 or Aln—t =0, we set ||co||s = —oc.
The perverse degree of a global section ¢ € N*(K) is the n-tuple

llell = (llellvs - - lielln),

where ||c[|¢ is the supremum of the ||cq ||, for all o € K | .

Intersection cohomology requires a notion of perversity that we introduce now, fol-
lowing the convention of [15].
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Definition 1.3. A loose perversity is a map p: N — Z, i — P(i), such that p(0) = 0.
A perversity is a loose perversity such that p(i) < p(i + 1) < p(i) + 1, for all i« € N.
A Goresky-MacPherson perversity (or GM-perversity) is a perversity such that p(1) =
p2) = 0.

If p, and P, are two loose perversities, we set p; < Py if we have Py (i) < Py(i), for all
i € N. The poset of all loose perversities is denoted P, .

The lattice of GM-perversities, denoted P", admits a maximal element, ¢, called the
top perversity and defined by (i) =i — 2, if ¢ > 2, ¢(0) = #(1) = 0.

To these posets, we add an element, 50, which is the constant map to co. We call
it the infinite perversity despite the fact that it is not a perversity in the sense of the

previous definition. Finally, we set P = P" U {5} and P =P U {z5}.

loose loose

Definition 1.4. Let p be a loose perversity. A global section ¢ € ]V*(K) is p-admissible
if ||c[l; < p(3), for any i € {1,...,n}. A global section c is of p-intersection if ¢ and its
differential, dc, are p-admissible. _

We denote by N>(K) the complex of global sections of p-intersection and by Hx(K; N)
its homology.

By using the same process with C* in place of N*, we obtain a second complex
of global sections of p-intersection, C%(K), of homology Hz(K;C). Directly from [4,
Theorem A], we get an isomorphism between these two cohomologies.

Proposition 1.5. Let K be a filtered face set and D be a loose perversity. The canon-
ical surjection, Cy(—) — Ni(—), induces a quasi-isomorphism, Nj(K) — C3(K), and
therefore an isomorphism H(K; ]V) ~ H3(K; 5)

If there is no ambiguity, we denote by Hiyy (&) this common value and called it the
Thom-Whitney cohomology (henceforth TW-cohomology) of K with coefficients in Fy
for the loose perversity p.

The topological objects corresponding to the filtered face sets are locally conical,
stratified topological spaces. We consider here only the case of pseudomanifolds defined
as follows.

Definition 1.6. An n-dimensional topological pseudomanifold is a nonempty topological
space with a filtration by closed subsets,

P=X1CXoC- CXpo2=X,15X,=X,

such that, for all 7, X;\X;_1 is an i-dimensional metrizable topological manifold or the

empty set. Moreover, for each point z € X;\X;_1, i # n, there exist,

(a) an open neighborhood, V', of x in X, endowed with the induced filtration,

(b) an open neighborhood, U, of z in X;\X;_1,

(c) a compact topological pseudomanifold, L = (L;)o<j<n—i—1, of dimension n —1i — 1,
whose cone, ¢L = (L x [0,1[)/(L x {0}), is endowed with the conic filtration, i.e.,
(éL)Z = éLifl, for 4 Z 0,

(d) a homeomorphism, ¢: U x ¢L — V, such that
(1) ¢(u,v) = u, for any v € U, with v the cone point,

(2) (U x ¢Lj) =V N Xjyjq1, for any j € {0,...,n—i—1}.
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The couple (V, p) is called a conic chart of x and the filtered space, L, the link of .

This definition makes sense with an induction on the dimension, starting from pseu-
domanifolds of dimension 0 which are discrete topological spaces, by definition. Also,
one can prove that the subspace X\ X,,_2 is dense.

Remark 1.7. The set of filtered singular simplices is the bridge between pseudomanifolds
and the more general notion of filtered face sets. More precisely, for any pseudomanifold,
X, we define (see [4, Example 1.5]) the singular filtered face set by

1Sing” (X)jo...in = {0 AT s s AV 5 X | 071X, = A0 x5 AT,
Such simplex is called filtered.
If X is a pseudomanifold and K = ISing” (X), we use the notations Ng (X), ég(X) and

H%Wﬁ(X ) for the Thom-Whitney complexes and their cohomology. (As X,,—1 = X,,_9,
the case i = 1 in Definition [[.4], is vacuous in this setting.)

We end this section with a reminder of Goresky-MacPherson cohomology (with co-
efficients in Fs) and its link with the blow-up. Let P be a loose perversity. A filtered
simplex, o: A = A% % ... x AJn — X has a perverse degree, |[o| = (|[o]lo,---,[|o|n),
where ||o||; = dim(AJ0 % - - - % AJn—¢), with the convention ||¢||, = —o0 if 071 X,,_, = 0.

A p-admissible simplex of X is a filtered simplex, o: A = A¥0%...xAJ» — X, such that
llolle < dim A—£¢+p(¢), for any £ € {1,...,n}. A p-admissible chain is a linear combina-
tion of p-admissible simplices. A chain, ¢, is of p-intersection if ¢ and its boundary, Jc, are
p-admissible. Denote by c¢ M’ﬁ(X ) NE M’ﬁ(X ) the complexes of p-intersection chains,
by Céngp(X) = hom(CIMP(X),Fa), Ngyp(X) = hom(NMP(X), Fy) their dual and
by Hyp(X) = H(Céyp(X)) = H(NGy5(X)) their homology, called the Goresky-
MacPherson ([11]) intersection cohomology of X (henceforth GM-cohomology) with co-
efficients in Fo. This cohomology is isomorphic to the original Goresky-MacPherson
cohomology in the case of a pseudomanifold, X, and a GM-perversity, P, see [4, Propo-
sition A.29] and [15].

The GM and TW cohomologies are related in [4, Theorem B] that we recall here.

Proposition 1.8. Let X be a pseudomanifold, D and q be two perversities such that
q >0 and p(i) +q(i) =i —2 for any i € {2,...,n}. Then there is an isomorphism
between the GM and the TW cohomologies, Hyy 5(X) = Heyy 5(X).

2. PERVERSE £(2)-ALGEBRAS AND FILTERED FACE SETS

Steenrod squares are built from an action of a normalized homogeneous Bar resolution,
&£(2), of the symmetric group X9, on the normalized singular cochains. This is the way the
non-commutativity of the cup-product is controlled up to higher coherent homotopies.
This action enriches the multiplicative structure given by the cup-product. We first
review it in order to adapt this construction to the perverse setting.

Recall that the resolution £(2) of Fy as Yo-module is defined by

o E(2)i B E2)iy

with £(2); = Fa(e;, 7i), de; = dr; = e;—1 + 7i—1. (As we are using cochain complexes,
£(2) is negatively graded.) From the isomorphism Yo = {e;, 7;} with 7; the generator
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of ¥y, the action (on the left) of ¥y defines a natural action on £(2). This action is
extended to the tensor product £(2) ® £(2) as a diagonal action. Moreover, the complex
£(2) is equipped with a ¥s-equivariant diagonal, D: £(2) — £(2) ® £(2), defined by

7
D(el) = Z e; ® Tj.ei_j,
=0

with 7.ex, = 7¢, T.7% = e. This diagonal is essential for the definition of the structure
of &(2)-algebra on N*(K). Finally, observe that, for any vector space V, there is a
Ys-action on homp, (V&2 V), defined by (7.f)(v1 ® v2) = f(v2 @ v1).

Definition 2.1. An &(2)-algebra structure on a cochain complex, A*, is a cochain map,
V: €(2) ® A®? — A, which is Yg-equivariant as map from &(2) to homp, (A®2, A).
If we denote ¥ (e; ® 1 ® x2) by 21 U; 9, the previous definition is equivalent to

(1) Y(r; @11 @ w2) = P(€; @ T2 @ 1) = T2 Uj; 27,
(2) together with the Leibniz condition:
d(x1 Uj z2) = 21 Uj—1 22 + 22 Uj—g 21 + 621 U; 22 + 21 U; dxa.

This means that an (2)-algebra structure is given by a cochain map, called cup;-product,
Uj: A" @ A% — A™571 satisfying the previous Leibniz condition.

Let L be a simplicial set. In [I], C. Berger et B. Fresse prove the existence of an
&(2)-action on the normalized cochain complex of L, i.e., the existence of a cochain map

YL 8(2) ®N*(L)®2 — N*(L), e Qx1 a9 — 11 U; Z9,

which satisfies the requirements of Definition 21l As it is established by May in [I§],
classical properties of cup;-products are a direct consequence of this €(2)-algebra struc-
ture, except two of them that we quote in the next definition. (Mention that N*(L)
satisfies these two additional properties, see [1].)

Definition 2.2. An &£(2)-algebra, A*, is nice if it verifies the two next properties, for
all z, 2/ € A of respective degrees |z| and |2/],

(i) zUjg z =z,
(i) x U; 2’ =0 if 4 > min(|z|, |2/]).

Observe the useful next property of nice £(2)-algebras.

Lemma 2.3. Let A be a nice &(2)-algebra. If a € A? and b € A%, we have
alUgb=bUga.

Proof. Property (ii) of Definition and Leibniz rule imply

(5(0/Ud+1b) = 0
aUgb+bUga+daUgr1 b+ aUgy db
= alUgb+bUya.
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We recall now from [I] the construction of the tensor product of €(2)-algebras. Let
i E(2) ®A§92 — A; be £(2)-algebras for i = 0,1. We use the diagonal D of £(2) for the
construction of an €(2)-action on the tensor product Ag® Ay, as the following composite,
denoted by ®,

Sh DRidid

£(2) ® (Ag ® A1) s g(2) @ AZ” © AP £(2) ® E(2) ® A" ® AY”

B

WENe2) @45 @ E@R) @ AT,

Ao ® Ay

where Sh are appropriate shuffle maps. We have to verify that the map & satisfies the
two conditions stated after Definition 211 Assertion (2) is the compatibility with the
differentials which is direct here, because ® is the composite of maps that are compatible
with the differentials. Thus, we are reduced to Assertion (1). Recall from the definition
of the diagonal of £(2),

D(el) = Zej & Tj.ei_j and @(Tz) = ZT.GJ‘ & T]Jrl.ei_j = ZTj & TJ.TZ‘_]'.
J=0 J=0 J=0

A computation from the definition of ® gives,

‘P(Ti R ag®a; by ® bl) = Z¢0(Tj ® ag ® bo) & wl(Tj.Ti_j Ra; X bl),
=0

De; @by @b ®ap®ay) = Zwo(eg‘®b0®ao)®7/)1(7j-6¢7j®b1®a1)-
=0

If j is even, we have
Pi(tleimj @b ®@ar) =P1(eim; @ b1 ®a1) = Y1(ri—j ® a1 @ by) = Y1 (77 .75 ® a1 @ by).
A similar computation in the case j odd gives

O(1; ®ag®a; @by Rby) =P(e; @by ® by ®ag® ay).

Consider now a family of £(2)-algebras, 1;: £(2) ® A?Q — Ay, with i = 0,...,n.
As D: E(2) — E(2) ® €(2) is the diagonal of a Bar resolution, it is a cochain map,
coassociative ([I]) and we may iterate it as,

i i J
92(61') = Z D(ej) & Tj.ei_j = ZZ e ® Tk.ej,k & Tj.ei_j.
7=0

7=0 k=0
If we set i1 =k, io = j — k, i3 = i — j, this last expression can be written as

) . .
D= (e;) = E e T e @ T2 6

(41,12,43) with i1+io2+iz3=i
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More generally, an induction gives,
@”71(@) = Z e, ® 7'“.61'2 R R Ti1+”'+i"—1.e,~n.
(i1 yeeyin) With i34 Fin=i
As in the previous case of two £(2)-algebras, the action of £(2) on ®],A; is obtained

from appropriate shuffle maps and the iteration D"~! of the diagonal. By using the
notation in cup;-products, this structure is defined as the map

2) £(2) @ (Do) ™ — = Gl
which sends the element e; ® (®]_yz;) ® (R y;) to
> (21 Uiy 1) ® (22 UL 32) @ -+ @ (wn UL 070 g ),

(i1y0eyin) With i1+-in=i
where we set, for j > 0,
i ] xU;y if jis even,
(3) iny—{inx if j is odd.

Up to shuffle maps, ® is obtained as a composite and tensor product of equivariant
cochain maps; thus it satisfies the requirements of Definition 2J1 Moreover, as we
establish below, the tensor product of nice €(2)-algebras is a nice €(2)-algebra.

Lemma 2.4. Any tensor product of nice £(2)-algebras is a nice E(2)-algebra for the
product structure coming from the diagonal of E(2).

Proof. By coassociativity of the diagonal of £(2), it is sufficient to reduce the proof to
the case of the tensor product of two nice £(2)-algebras, A and B.

Let x =Y, ar @by € (A® B) and 2/ =Y ,a, @b, € (A® B)? with d < d’. We set
f=d+m with m > 0. One compute

x Uy = Z Z(ak Ugp a})@(bk Ug b/g)
fitfo=f kit
If the element (ay Uy, ay) @ (by U;; by) of this sum is not equal to zero, we must have
fi < min(lag|, |ag]) and f> < min(|be], [6;]),

which implies f = f1 + fo = d+m < |ag| + |bg] = d and m = 0. We have established
Property (ii) of Definition As for Property (i), we consider

rUgx = Z Z(ak Ug ak/) & (bk Ug bk/).
f1+f2=d k,k"

As above, if the element (ay Uy, ai) @ (by Ug bir) of this sum is not equal to zero, we
must have
f1 < min(Jag|, |ar|) and fo < min(|bg|, [bx])-

Suppose min(|ag|, |ag’|) = |ak|, then we have |by/| < |bg|, because |ag|+ |bx| = |ar |+ |br/],
and also d = |ag| + |bk| = f1 + fo < |ag| + |bx|, which imply |bx| = |bxs|. Therefore, the
non-zero elements of this sum must be of the shape (a Ug_, ap) @ (b U by) with
lag| = |aw| = d—r, |bg| = |bgr| = r. With Lemmal[23] if ay # ap/, the same term appears
twice, as (ar Ug—, ap) @ (b, U7 by) and as (ap Ug—y ax) @ (b U by,). Their sum is
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equal to zero. With the same argument applied to the case by # by, we have reduced
the previous expression to

rUgx = Z(ak Ud—r ag) ® (bk Uy br)

k
= Z ap ® b =,
k
and Property (i) of Definition is established. O

We come back to the intersection setting and recall (J4]) that a perverse cochain
complez is a functor defined on P", with values in the category of cochain complexes. A
functor from f]sﬁ) ose With values in the category of cochain complexes is called a generalized
perverse cochain complex. For instance, if K is a filtered face set, the association p +—

Ng (K) is a (generalized) perverse cochain complex and this association is natural in K.

Definition 2.5. Let A be a generalized perverse cochain complex. We denote by

<pf_): A;k—) — Ag the morphism associated to p < g. A perverse £(2)-algebra structure on

A} is a family of cochain maps, ¢¥pg: £(2) ® AZ Q@ Az — Ag g,

(i) a compatibility condition with perversities: for any loose perversities, By, 41, P, G,
with p; <D, and g; < q,, the following diagram is commutative

verifying

* * wﬁlﬁl %
€(2) ® Aj @ A B+,
doefiod: | |52
wﬁg 42 *
E(2)®A; ® A7 . A

(ii) a Xo-equivariance as map from &(2) to (hom(A;® Az, A%, -
Yo-action on the codomain:
To any family np5: Ay ® A7 — A5, ., we associate the family (7n)pz: A5 ®@ A7 —

Ag, 2, defined by (Tn)pg(z1 ® x2) = Ngp(xe @ 21).

))p,g with the following

Equivalently, a perverse £(2)-algebra structure on A} is entirely determined by maps,
called perverse cup;-products, U;: Af ® AZ — A%igfi, satisfying the previous Leibniz
condition and the compatibility conditions with the poset structure of perversities. (The
two settings are related by x U; y = Ypg(e; ® ¢ ® y).) Nice perverse E(2)-algebras are
defined as in Definition

When A} is a perverse cochain complex and the sum p + G replaced by the sum of

GM-perversities, p @ q, in Definition [Z.5] we say that A} is a GM-perverse £(2)-algebra.

Let K be a filtered face set and o: A = AJ x AJt % ... x AJ» — K. With the tensor
product of £(2)-algebras recalled in (2) and the structure of nice €(2)-algebra defined
on the normalized cochain complex in [I], we get a structure of nice £(2)-algebra on the
tensor product N*(K), = N*(cA%) @ --- @ N*(cAfn-1) @ N*(AJr). The next theorem
establishes the compatibility of this structure with the perverse degrees.
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Theorem A. Let K be a filtered face set and D be a loose perversity. The generalized
perverse cochain complex, D — Ng(K), is a nice perverse £(2)-algebra, natural in K,
for the filtered face maps.

Recall that a continuous map, f: X = (Xj)o<j<n = Y = (Yj)o<j<n, between pseudo-
manifolds is a stratum preserving stratified map if, for any stratum S’ of Y', f=1(5") is a
union of strata of X and f~'(Y,_;) = X,,_¢, for any £ > 0. As any stratum preserving,
stratified map induces a filtered face set map, ISing” (X) — ISing” (Y), (see [4, Example
1.5]) the next result is a direct consequence of Theorem Al

Corollary 2.6. Let X be a pseudomanifold and p be a loose perversity. The generalized
perverse cochain complex, p — NT’;(ISing?(X)), is a nice perverse £(2)-algebra, natural
in X by stratum preserving stratified maps.

Proof of Theorem[dl. A cochain ¢ € N* (K) associates to any simplex, o: A = AJ0x%... %
Aim — K, an element ¢, € N*(cA) @ -+ @ N*(cAln=1) @ N*(An).

If we set (¢ U; )y = ¢y U; ¢, by naturality of the structure of &(2)-algebra on
N*(cAI) @ - - @ N*(cAin-1) @ N*(A), we get a global section c¢U; ¢ € N*(K). More
precisely, we have a Yo-equivariant cochain map,

£(2) @ N*(K)®* — N*(K),

entirely defined by ¢; ® c®¢ — ¢U; ¢/, which gives to N*(K) a structure of &(2)-algebra.
The niceness of this structure is a direct consequence of Lemma 241
The naturality in K comes from the naturality of the £(2)-algebra structure on a tensor

product, already mentioned, and from the naturality of the association, K — ng (K),
see [4, Proposition 1.36].

We study now the behavior of this structure with the perverse degree. The perversity
degree being a local notion, we consider ¢ and ¢ in N*(cA) ® -+ ® N*(cAl»—1) ®
N*(AJn), with j, >0, and £ € {1,...,n} such that Af»—¢ £ (). We denote by ¢,_, and
c,_, the respective restrictions of ¢ and ¢ to N*(cA?) @ --- @ N*(Aln—t x {1}) ® -+ - ®
N*(cAJn-1) @ N*(AIn).

We decompose ¢, ¢ inc =) 1" (@ --®ch, d = Z:Zo cf®---@c! and their restriction
I Cnog =3 o Q@ @ty (@R, =3l ® DOy ® @y,
where 7, is induced by the inclusion AJn—t x {1} « ¢AJn—t. By definition, we have

llclle = sup{|c;,_y 1 ® -+ ® c;| such that c§ ® - ® ¢, _,c;_p # 0}
S

Let
N*(cA) @ -+ @ N*(cAIn=t) @ - -+ @ N*(cAln-1) @ N*(AIn)
lizlid@n;Z@id
N*(cA?) @ -+ @ N* (At x {1}) ® - - - @ N*(cAIn—1) @ N*(AJn).
As the cup;-product is natural, we have i} _,(cU; ) =% _,(c) U; i _, ().
o If i ,(c)=0or i ,()=0,wehave i ,(c)U;i ,(c)=0and thus

leU; e = —cc.
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e Suppose now i ,(c) # 0 and ¥ _,(¢') # 0. By definition of the cup,-product,

if_,(c)U; it _,() is a sum of tensor products whose elements are of two kinds:

(1) 5 Uy, cf, with j #n —£, or

(2) Ty p(ch_g) gy Brg(ch_y)-
As ¢ Uy, ¢f| < |es| +|¢f| = fj, the cochain degree decreases and we obtain, for each £,

lle Ui dlle < llelle + NI lle,
by definition of the perverse degree, see Definition Therefore, we have
lle Ui Il < lell + lI<']I
Now, the rule of Leibniz implies
16(c Ui )| < max(floc]l + [I'll, 16¢ Il + liell, llell + 'l

Thus, if |lc]| <, [dc]| < P, || < G and [|6c[| < G, we have [lcU; || < P+ 7 and
16(c U; ¢)|| < P+ g This implies that the &(2)-algebra structure on N*(K) induces
equivariant cochain maps

€(2) ® Ni(K) ® Ni(K) — N

pia(LL)-

That means: N} (K) is a perverse &(2)-algebra. O

3. STEENROD PERVERSE SQUARES

From the existence of perverse cup;-products, we define Steenrod squares, as in the
classical case. In the next statement, when ¢ > 0, the fact that the loose perversity
image of Sq’ is £(p,4), defined by £(7,i)(¢) = min(2p(¢), p(f) + i), answers positively a
conjecture of M. Goresky and W. Pardon, see [13, Conjecture 7.5]. More explicitly, we
prove the existence of a dashed arrow which lifts the square Sq’,

r+1
HTW,L(ﬁ,i)

7
-
~
-

Sqt :
r 417
HTW,ﬁ HTW,Zﬁ‘

7

We still denote by Sq' this lifting.

Theorem B. Let K be a filtered face sel and p, G be loose perversities The perverse
cup;-products induce natural perverse squares, defined by Sq'(z) = x Ujy—; , for x €
qu?\LV’ﬁ(K), which satisfy the following properties.

(1) If i <0, then Sq(z) = 0.

(2) If i > 0, then we have

Sq’: Hiwy 5(K) — H{“W,L(m) (K),
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(iv) If x € H‘T?\LVP(K) quy\‘;vq(K), one has the (internal) Cartan formula,

Sz Uy) = Y Sq’(x) USq2(y) € Hiw X (K),
i1+ia=1
with T = min(2p + 2¢,p + ¢+ 1) and U = Up.
(v) For any pair (i,7), with i < 2j, one has the Adem relation,

iQ e J—k-1 itj—kq, k
Squ:Z i ok Sq Sq

and Sq'Sq’ sends Hffwﬁ into H*HJQ], with T = min(4p,2p + 4, p + i + j).

Before proving this theorem, we establish a technical property on the tensor product
of two nice &(2)-algebras, which is the keystone in the proof of Theorem [Bl

Lemma 3.1. Let A and B be two nice £(2)-algebras and A @ B their tensor product
equipped with the &(2)-algebra structure coming from the diagonal of €(2). Let x, 2’ in
A, y, ¥ in B such that |z| + |y| = |&'| +|y'| = d, ly| <7 and |y'| < r. Then, for any
k€{0,...,d—i} such that (xUg_g—;2") @ (y UL ="y") £ 0, we have [yUL 1y'| < r+i.

Proof. Suppose d —k —i even. If (x Uy j_; 2') @ (y Ux ') # 0, we must have k <
min(|yl, |y'|) and d — k — i < min(|x|, |2'|), which implies

d —i—min(|z|,|2'|) < k.
Suppose min(|z|, |#’|) = |x|. Then we have

I+ 1| — d+i+min(lel &) = |yl + 1] — (2l + lyl) + + |2
= ‘y/’ +1,
which implies
ly Uy < [yl + 1y =k < |yl + |y| — d+i+min(z], |2]) < Y| +i <7+

A similar argument gives the result in the case min(|z|,|2'|) = |2/|. Also, the proof is
analogous to the previous one if d — k — i is odd, since |y’ Ug y| < |¢/| + |y| — k. O

Directly from the definition of cupj-products, the inequalities |y| < r and |y/| < r
imply |y Ug 3| < 2r. Thus, the bound |y U, 3| < r + i obtained in Lemma [B] is
exactly what is needed for the proof of the Goresky-Pardon conjecture, as we show in
the beginning of the next proof.

Proof of Theorem [B. Let ¢ > 0. From their definition as particular cup,-products, the
Steenrod squares have their image in the intersection cohomology with loose perversity
2p. We prove first that the loose perversity 2p can be replaced by £(p,7). We take over
the arguments and the method used at the end of the proof of Theorem [A] by considering
acocycle ¢c € N*(cA”)®---@ N*(cAIn-1)@N*(AJn), £ € {1,...,n}, such that AJn—t #£ (),
and the restriction ¢,y of ¢ to N*(cA®)®--- @ N*(Aln—¢ x {1}) @ --- @ N*(cAl-1) ®
N*(AJ). Observe first that, by naturality, we have (c Ule|—i ©)n—t = Cn—t Yle, ,|—i Cn—e-

e If ¢, ¢ =0, we have (cU,—; ¢)n—¢ = 0 and [|c Uj¢—; c|lg = —o0.

o If ¢,_¢ # 0, we decompose it in a canonical form, ¢,_y = > .? , @ , € A® B,

with A = N*(cA7)®--- @ N*(AIn—t x {1}) and B = N*(cAn-+1)®- - @ N*(cAl1)®
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N*(An). Using Lemma B.1, we 'know that (<f_, Ue, ,1—k—i €t _y) ® (b2, ULC"_"‘_k_i
" ,) # 0 implies |%, UJ,:"*Z‘*I%Z A" ,| < p(l) + 1, for any pair of indices, (s,t), in the

writing of ¢, . This implies ||c Uj—; ¢[| <P + 14, as announced.

The condition on the perversity of the differential of ¢ Uy _; ¢ is immediate here
because ¢ is a cocycle, and the naturality follows from the fact that the lifting already
exists at the level of the spaces of cocycles.

The list (1), (2)-(i), (2)-(ii), (2)-(iii) of properties is a direct consequence of Theo-
rem [A] and [I8] Section 5].

Let A and B be two nice £(2)-algebras. By definition of the diagonal action of £(2)
on the tensor product, we have a Cartan external formula,

Sqi(a®b) = Y Sq'(a)®Sq?(b),
i1+1i2=1

for a € A and b € B. In our case, each factor, A and B, satisfies the Cartan internal
formula. Therefore, the Cartan internal formula on A ® B is a direct consequence of the
next equalities:

Sq'((a®b) U (a' @ V) =(1) Sqi((aUd) @ (bUY))
=) Z Sq™t (aUd)® Sq (bUV)

i1+10=1
=(3) > (8¢ (a) USe®(a’)) ® (Sq*! (b) U Sq* (1))
J1t+je+ki+ke=i
and
Z Sq" (a®@b)USq?(a' ®@b) = Z (Sq® (@) ® Sq*2 (b)) U (Sq** (¢') ® Sq*2 (V')
i1tiz=1 s1tsott1+ta=1

=q) ST (84 (a) USq" (a) ® (Sa** (b) USq"2 (b)),

s1tsott1+ta=1

where =(1) comes from the definition of the cup-product on a tensor product, =) from
the application of the Cartan external formula and =3 from the Cartan internal formula
on each factor.

For the Adem’s formula (2)-(v), we need to recall some properties in order to track the
perversity conditions. The classical proof uses the Bar resolution, £(4), of Fq as a ¥4-
module, and the existence of a ¥4-equivariant cochain map, &(4) ® N*(L)®* — N*(L),
for any simplicial set L, called an €(4)-algebra. As these objects appear just in this part
of proof, we do not recall them in detail, referring to [I, Section 1]. We mention only
the points related to the control of perversities.

Denote by w: £(2) ® £(2) ® £(2) — E(4) the cochain map induced by the wreath
product Yo x Yo X 39 — ¥y4. Let A be an £(2) and an £(4)-algebra whose structure
maps are respectively denoted 15 and 4. By definition, we say that A is an Adem-object
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([18]) if there is a commutative diagram

A

£(2) ®E(2)P2 @ A% — T _euyg et

) T

&2 &(2) @ A®2)®2 &(2) @ A®?
(D) ® (€Q) 0 A7) ——r—E2) e

where Sh is the appropriate shuffle map.

Let A = AJ % ... x AJn and A = N*(cAP) ® --- @ N*(cAJ»—1) @ N*(AJn). Because
N*(L) is an Adem-object for any simplicial set L and because the tensor product of two
nice &(2)-algebras which are Adem-objects is an Adem-object ([I8, Lemma 4.2, Page
174]), A is an Adem-object.

In Theorem [A]l we prove that i restricts to a map €(2) ® Ay ® Az — Aptg. Exactly
the same argument can be used for 1y, replacing ¢ U; ¢ by ¥y(a; ® ¢1 @ ca ® ¢3 ® ¢4)
for each o; € €(4), in the last part of the proof of Theorem [Al Thus v, restricts to a
map €(4) ® Ay, ® Ay, ® Ap, ® Ap, — Ap 4p,4p,+p, and we get an Adem formula for
intersection cohomology.

Successive applications of Lemma 3.1 show that the non-zero terms in the right-hand
side of the Adem relation belong to intersection cohomology in perversities less than, or
equal to, min(4p,2p+25,2p+4,p+i+ j) < min(4p,2p +4,p+ i + j), since ¢ < 2j. The
same argument applied to the left-hand side implies that the non-zero terms belong also
to intersection cohomology in the same range of perversities. O

Remark 3.2. Previous definitions and results can be adapted to the context of GM-
perversities. By restricting to GM-perversities p and g such that p +q < ¢, the cup;-
products are defined by
L. AT s r4+s—1
Uit Ap ® Ag — AZe™,
where the sum p @ @ is taken in the lattice P", see [14] or [4, Section 2.1]. The Steenrod
squares introduced in Section [3]

Q. r r—41
Sq': HTW,ﬁ — HTW,Fv

are therefore defined for GM-perversities P, 7 such that min(2p,p + i) <T.

4. COMPARISON WITH GORESKY’S CONSTRUCTION

As this section is concerned with isomorphisms between different definitions of Steen-
rod squares in intersection cohomology, in some crucial points, we keep all the informa-
tion in the notations of cohomology groups.

In [12] (see also [2, Chapter V]), the intersection cohomology on a pseudomanifold, X,
is introduced by the use of a sheaf due to Deligne. The Deligne’s sheaf, Py, is defined by
a sequence of truncations starting from the constant sheaf on X,\X,_2. As we are not
using this specific construction, we do not recall it, sending the reader to the previous
references.
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In [10], M. Goresky has already defined Steenrod squares, Sq’., on the intersection
cohomology, H*(X;Pp), of a topological pseudomanifold, X, in the case of a GM-
perversity 5. In this section, we prove that the two Steenrod squares, Sq' and Sqé,
coincide.

Recall the filtered face set ISing” (X) introduced in Remark 70 The next result
connects Goresky’s definition of Steenrod squares on H*(X;Pp) to our definition of
Steenrod squares on the TW-cohomology of the filtered face set ISi_ngg (X), denoted

Hiyy 5(X)-

Theorem C. Let X be an n-dimensional topological pseudomanifold. For any GM-
perversity g, there exists an isomorphism 0z: H"?w,q(X) — H*(X;Pg). Moreover, if p

is a GM-perversity such that 2p < t, then the following diagram commutes,

Sq* . .
Hiwy 5(X) — H%\Zf,zz(m) (X) —— Hiyy o5(X)
| "
Sqt .
H'(X;P5) e H™(X; Pys).

The previous statement implies that HZTTj’i)oSqio(H%)*l H"(X;P5) — H ”“'(X ;P e(pi))
is a lift of the Steenrod squares defined by Goresky, Sqi,: H"(X;Pp) — H™(X; Pop).
Therefore the Goresky-Pardon conjecture has a positive answer.

From the functor N *, we define a presheaf on X by
* ATk T
IN;(U) = N;(ISing” (U)),

for any open set U of X. Denote by Cov(U) the directed set of open covers of U, ordered
by inclusions. For any U € Cov(U), ISing”!(U) is the sub-filtered face set of ISing” (U)
whose elements have a support included in an element of U. The sheafification of I N3
is given by

* . NTk . FU
ING(U) = uegg}(U) N (ISing™*(U)),

see [9 Exemple 3.9.1.] in the case of singular cochains. The cup;-products introduced
in Section B on N} (ISing™"(U)) induce cup;-products on IN}(U), by definition of the
last one as a direct limit.

Theorem [C] is a direct consequence of Lemmas [41] and £3l First, we connect the

definition of Steenrod squares on ISing” (X) with a definition involving the sheaf IN}
on X.

Lemma 4.1. For any n-dimensional topological pseudomanifold, X, and any GM-
perversity p, we have a commutative diagram,

Sq*

Hry 5(X) Hir ) (X)

gl ) l~

H"(X;INp) — H""(X;INg5.5),
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in which vertical maps are quasi-isomorphisms induced by the canonical map IN} —
IN;.
Proof. For any U € Cov(X), there is a restriction map, i : TN (X) — ]Vlif(ISingg’u(X))7
compatible with the inclusions of open covers. This gives the morphism,
IN*(X) = T(X,IN%) := lim N*(ISing” % (X)),
p(X) = T P e ) Ny (ISing™ (X))

induced by the canonical map INJ — INj. By taking the direct limit of the quasi-
isomorphisms of Lemma [£2] we get an isomorphism
H* ( lim ]V;(ISilgg’u(U)O ~ H* (Ng(m_ng?(U))) = Hiw 5(U).
UeCov(U)

In a second step, by following the lines of [9, Exemple 3.9.1.], we prove that the sheaf,
INZ, is soft. The elements of [ Ng(U ) are O-admissible vertices; they are the vertices of
the regular part and the map N°(U) — I Ng (U) can be considered as the restriction to
the regular part. Also, in this degree 0, the presheaves N and I Ng are clearly sheaves
and NO(U) — I Ng (U), is a morphism of sheaves of rings. Observe also that IN3(U)
is an INg(U)—module for the cup-product. As the sheaf NV is soft, and as (see [,
Théoreme 3.7.1.]) any sheaf of modules over a soft sheaf of rings is soft, we deduce the
softness of IN7. Thus, the hypercohomology is the cohomology of the space of sections
of the sheaf and we get a series of isomorphisms,

H(X5ING) = H*(D(X,ING)) = H*(N; (1Sing” (X)) = Hivy 5(X).
By definition of the cup;-products on IN}, the following diagram commutes,

Ui

INJ(X) ® IN:(X) INIZ(X)

NL lN

(X, IN7) ® D(X,INS) —"> [(X, INGEs 7).

With the properties already established, the vertical maps are quasi-isomorphisms in-
duced by the canonical map IN}S — INj. The stated result is now a consequence of the
definition of Steenrod squares from cup;-products. O

Lemma 4.2. Let X be an n-dimensional pseudomanifold and U be an open cover of X .
The canonical inclusion, ¢: ISing”"(X) — ISing” (X), induces an isomorphism in in-
tersection cohomology, for any GM-perversity D.

Proof. With Proposition [F, we can replace N *(=) by the blow-up 6’*(—), already
studied in [4]. Let g be the GM-perversity defined by p(k)+g(k) = k—2. Recall from [4]
Theorem BJ, the existence of a quasi-isomorphism, eval: CN'I—“; (K) — hom(CSMI(K), Fy),
defined for any filtered face set, K, as follows:

for any ® € C5(K), o: A0 s+ 5 Al — K, we have @5 = 3, $0j @+ @ Ppgj €
C*(cA?) @ --- @ C*(AI") and we set

eval(®)(0) = 3 oo j([AT]) - B gy ((AT]),
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where [—] is the maximal simplex. By using it for K = ISing” (X) and K = ISing” !(X),
we get the following diagram, whose commutativity follows directly from the definitions
of maps,

eval®

Hipwy 5(ISing” (X)) =2 H§,; . (ISing” (X))

L%Wl lLaM
Hiyy 5(18ing (X)) <5 HE,y, - (1Sing™(X)).

We know that the two evaluation maps, eval®, are quasi-isomorphisms and we have
to prove that the map, 11y, induced by the inclusion, ¢, is an isomorphism. With the
commutativity of the previous diagram, and the fact that the homology is over a field,
it is sufficient to prove that

et HOM(TSing (X)) — HOMT(ISing? (X))
is an isomorphism. Set CZ(X) = CSM’E(ISilgg(X)). Recall from [4, Lemma A.16],
the existence of a chain map, which is the classical subdivision, sd: CI(X) — C¥(X),
and, for any integer m, the existence of a homomorphism, T: C¥(X) — CZ 4+1(X), such
that 0T + T9 = id — sd™. By construction, for any element ¢ € C7 (X), there is an
integer m such that sd"c € CS’M’a(ISiﬁ?’u(X)). Moreover, if ¢ € CSM’a(ISiﬁgvu(X))

then Tc € CSM’E(ISingrf’u(X)). Also, if ¢ is a cycle, sd™c is a cycle also and the two
homology classes [c] and [sd™¢] are equal. This implies the surjectivity and the injectivity
of tam,« through a classical argument. O

The second step in the proof of Theorem [C| is the comparison of the two definitions
of Steenrod squares, respectively associated to the sheaf IN} and to the Deligne sheaf
P,. This is a consequence of the comparison of the two associated cup;-products, done
in the next lemma.

Lemma 4.3. Let X be an n-dimensional topological pseudomanifold and let D, q be two
GM-perversities, such that p®q < t, where p® q is the smallest GM-perversity, T, such
that p+¢q < 7. Then, for any i, there is a commutative square in the derived category
of sheaves on X, linking the two cup;-products,

U;

IN(X) @ INE(X) INZ - (X)
V g ’
PE(X) ® PL(X) P 0 (X),

and such that vertical arrows are isomorphisms.

Proof. Let S* be a differential graded sheaf on the pseudomanifold X. We denote by

S; the restriction of S* to the open set X\X,,_j, for £ € {2,...,n + 1}. Recall the

conditions (AX1) of [2, V.2.3]:

(a) S* is bounded, S* = 0 for i < 0 and S} is quasi-isomorphic to the ordinary singular
cohomology.

(b) For any k € {2,...,n} and any = € X,,_\X,_k_1, we have H*(S), = 0 if i > p(k).
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(c) The attachment map, ay: Sj ; — Ri+Sj, induced by the canonical inclusion
X\Xp—r = X\X,,—k—1, is a quasi-isomorphism up to p(k).

If S* is soft, from [20, Remark 2.3.], we may replace condition (c) by the following

equivalent one:

(¢)) for any k € {2,...,n}, j <p(k) and z € X,,_;\X,,_x_1, the restriction map induces

an isomorphism,

lin,, (0 (Uz; §) = lingy, H)(T(Uz\ X5 S"))

where U, varies into a cofinal family of neighborhoods of x in X\ X,,_x_1.

On the regular part, the sheaf IN} is the sheafification of N* and thus computes the
singular cohomology. Therefore, condition (a) is satisfied for IN*. In order to prove that
the sheaf IN7 satisfies the axioms (b) and (c¢’), we use the isomorphism established in
Lemma [4.1]

H*(X;IN,) = Hryy o(X).
Let x € X;,_k\Xn—k—1. The cohomology H*(IN,), is determined by the following
isomorphisms,

5 (ING), = ling,, H*(D(U,:ING)) 2 limy, Hiyy o (U),

where the direct limits are taken over the open neighborhoods U, of x. (The first equality
is the definition of the stalk at a point.) Moreover, these limits can also be obtained from
a restriction to a cofinal family of trivializing open neighborhoods, U, = R"* xcL, where
L is the link of z. Axiom (b) follows now from hﬁ’fv\,j@l@”_"C x cL) = Hiy 5(cL) =0, if
* > p(k), see [4, Corollary 1.47].

The verification of (¢) is quite similar. As noticed in [20, Proof of Theorem 7.1.], we
are reduce to analyze the map,

liglUgEI‘F(U};; IN,) — @UIH*(Ux\Xn—W IN.),

where the direct limit is taken over a cofinal family of trivializing open neighborhoods
of z, U, = R % x ¢L. We consider the following commutative diagram, whose horizontal
maps are induced by the canonical inclusions and vertical maps are isomorphisms,

H*(U,;IN,) H*(U\ X IN,)

| |

H*(R"* x cL;INy) — H*(R"* x (cL — {v}); IN,)

: y

H*(cL;IN,) H*(cL — {v};IN,)

H*(L;IN,).

Finally, we note that the composite at the bottom is an isomorphism when * < p(k), as
shows the classical computation of the intersection cohomology of a cone. Modulo the
vertical isomorphisms, this is exactly the axiom (c’).

Therefore, the sheaf INj satisfies conditions (AX1) and, by [2, Theorem 2.5], there
exists a quasi-isomorphism between IN; and P, (see also [12]). As a consequence, these
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two sheaves have a common injective resolution and we may apply to it the uniqueness
of cup;-products established by M. Goresky in [I0, Proposition 3.6]. U

From the previous results on cup;-products, we get an isomorphism of algebras of
cohomology, with coefficients in Fs.

Corollary 4.4. If X is an n-dimensional pseudomanifold, there are isomorphisms of
perverse algebras,

Hiwe(X) = H*(X;IN,) = H*(X;P,).

Moreover, if X is compact and PL, one has also an isomorphism of algebras,

H*(X;P,) = H.-*(X;Fy),

*

with the intersection product on the last term.

Proof. The two first isomorphisms are consequences of the previous results on cup;-
products. The last one is established by G. Friedman in [6]. O

If we are interested only by the cup-product, Uy, we may consider versions of the
sheaves, IN and P, over any field. In this case, the previous corollary is still true for
any field and not only for Fo. With more work of this type, one should be able also
to show the existence of an isomorphism between our definition of cup-product and the
definition of G. Friedman and J. E. McClure ([g]).

5. PSEUDOMANIFOLDS WITH ISOLATED SINGULARITIES

In this section, we determine Steenrod squares on the intersection cohomology of
pseudomanifolds with isolated singularities. In this case, if the pseudomanifold is of
dimension n, the perversity p is determined by one number, p(n). Recall now that the
intersection cohomology of a cone cY” on a space Y is given by Hiy ;(cY) = H"(Y), if
r < p(n) and 0 otherwise.

Proposition 5.1. Let p be a GM-perversity and X be an n-dimensional pseudomanifold
obtained from a triangulated manifold with boundary, (W,0W), by attaching cones on
the connected components, (OuW )uer, of OW, i.e., X is the push out

OW = UyeOgW —os W

l |

Uerc(8uW) —— X.

We filter the pseudomanifold X by O C {v, | u € I} C X, where v, is the cone point of
c(0,W). Then, the following properties are satisfied.

(i) The cochain complex, NE(X), s quasi-isomorphic to the pullback in the category
of cochain complezes, N*(W) ® n+@aw) T<pm)N* (OW), where T<p(,y N*(OW) is the
usual truncation (see [2, Page 52]),

NT(OW)  if r <p(n),
(<pmy N (@W))" = & ZNPM(OW) i r=Dp(n),
0 if r>p(n),
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in which Z denotes the vector space of cocycles. Moreover, the GM-perverse £(2)-
algebra, p — NE(X), s quasi-isomorphic to the pullback in the category of GM-
perverse &(2)-algebras, defined by p — N*(W) @ n«@aw) T<pm)N*(OW), with the
&(2)-algebra structure on N*(—) defined in [1].

(i) The intersection cohomology of X is determined by

H*(W) if k<p(n),
Hiwp(X) =1 Ker (HK(W) — H¥OW)) if k=5(n)+1,
HY(W,0W) if k>p(n)+1.

(ii) If (o, ") € N* (W) @ n+aw) T<pn)N*(OW) is a cocycle of P-intersection and i is
a positive integer, we have

Sq‘ (e, t*a) = (Sq'a, 1*Sq'a) € H,’EW,L(W) (X).

Proof. (i) Starting from a triangulation of (W, 0W), we may suppose that X, W, oW
and Uyerc(9, W) are triangulated in such a way that any simplex of the triangulation of
X is filtered, for the filtration 0 C {v, |u € I} C X.

Let Y be one of the spaces above and Y7 be the associated triangulated space. In
[7, Chapter 3 and Chapter 5], G. Friedman proves that the cochains C¢y;5(Y) and
C’éMﬁ(YT) are quasi-isomorphic for any GM-perversity p. Let p and g be two GM-
perversities such that p(k) + q(k) = k — 2. There exists a quasi-isomorphism between
Cimz(Y) and C5(Y), see [4, Theorem B] or PropositionNIEl RecallNalso from Propo-
sition the existence of a quasi-isomorphism between C7(Y) and N;(Y). Thus, the
isomorphism,

Comg(XT) = C*(WT) B(g,c 0 (0.w)) (BuerCing(c(0uW)7)),

obtained by construction of the triangulations, gives quasi-isomorphisms,
Comg(X) = C°(W) Scsow) (BuerCimg(c(0uW)))
~ C*(W) @ ow) (Buel T<in)—g(n)C (W)
~ CY (W) &c+ow) T<i(n)—qn)C" (OW)
>~ N*(W) SPN (OW) ng(n)_q(n)N*(aW).
Therefore we have obtained a quasi-isomorphism,
Ng (X) ~ N*(W) @N*(BW) Tsﬁ(n)N*((?W).

We investigate now the structure of £(2)-algebra. In [I], C. Berger and B. Fresse prove
that a restriction map, N*(Y') — N*(Z), induced by an inclusion Z < Y, is a morphism
of £(2)-algebras. Therefore, we obtain functors from the lattice of GM-perversities (and
) to GM-perverse £(2)-algebras, defined by p — Ng (X),p—= N*(W), p+— N*(OW),
P = T<pn)N*(OW). Restriction maps define GM-perverse €(2)-algebra maps between
Ng (X) and the three other GM-perverse £(2)-algebras. From them, we obtain a GM-
perverse &(2)-algebra map

(4) N3 (X) = N*(W) @+ ow) T<p(m) N (OW),
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whose codomain is a pullback in the category of GM-perverse £(2)-algebras, see [I]. We
have proved above that this last map is a quasi-isomorphism for each p and the first
item of the statement is established.

(ii) An element of the previous sum is of the type (a,t*a), with t*« of degree less
than, or equal to, p(n). This means that, if « is of degree k, we must have

Ffa=0 it k> p(n),
t*ais a cocycle if k=p(n),
no condition it k<pn).

This implies immediately H%W@(X) = H¥(W) if k& < p(n) and that HFIEW@(X) =
HE(W,0W) if k > p(n) + 1. In degree k = p(n) + 1, the P-intersection cohomology of
X is formed of the elements of H*(W) which are in the image of H*(W,0W), i.e., the
kernel of H*(W) — H*(OW).

(iii) The quasi-isomorphisms between NI—’;(X) and N*(W) ©n=ow) T<pmn)N*(OW)
defining a map of GM-perverse £(2)-algebras, they are compatible with the cup,-products,
and the right-hand complex of () can be used for the determination of cup;-products,
i.e., we have

(o, * ) U; (B, B) = (aU; B, a U; L B),

from which we deduce the announced formula for Steenrod squares. U

Remark 5.2. This remark gives a direct proof of the Goresky-Pardon conjecture in the
case of isolated singularities. Let («,*«) be a cocycle in Nk(W)@Nk(aw)TSI—,(n) NE(OW).

The perverse degree of the Steenrod square, S (o, t*a) = (v, t* ) Ug—; (o, t* ), verifies
(e, ") Up—j (a, o) || <qy [efa Up—j "ol <o) k45 <(3) P(n) +J,
where

e <(1) comes from the fact that the perverse degree of a cochain is less than, or
equal, to its usual degree,

e <(9) is a consequence of |a U; b| < |a| + [b] — 1,

o <(3) uses t"a=01if k > p(n).

Remark 5.3. The fact that the image of HP’EW@(X) by Sq’ is in perversity £(p,i) =
min(2p, p+1) is perfectly in phase with the characterization of the intersection cohomol-
ogy of X, written in Proposition 5.1 (4i). This remark follows from the next observations
for a cocycle (a,t*a) € N*¥(W) B kW) Tgﬁ(n)Nk(aW).
e If £ < PB(n), then, by definition of the Steenrod squares in H*(W), we have
Sq ()| = k +1i < p(n) +i.
— If i < B(n), this implies |Sq’(a, t*)| < L(B,1)(n).
— If i > B(n), we have Sq'(a, t*a) = (Sq'a, 1*Sq’a) = 0.
o If k > p(n), then t*a = 0 and |Sq’(a, t*a)| = k +i > p(n) +i > L(B,i)(n).
In conclusion, Sq’ respects the caesurze in the determination of the perverse cohomologies,

Hiw 5(X) and Hiw o Z‘)(X). Moreover, in degrees k < p(n), the Steenrod squares on

H{iw’ﬁ(X) coincide with the Steenrod squares on H*(W).



INTERSECTION COHOMOLOGY AND STEENROD SQUARES 25

Example 5.4 (Steenrod squares on the intersection cohomology of the suspension of a
manifold). Let X be an (n — 1)-dimensional manifold and p be a GM-perversity. The
following pushout defines XX, as in Proposition [B.1],

v—1Uer

X1 UXy ——=Xx [—1,1]

| |

cX_1UeXq ¥ X,

where 11: X1 = X x {1} - X x[-1,1] and t—;: X_; = X x {-1} —» X x [-1,]]
are the canonical injections. From (i) of Proposition (1] we know that NF(XX) is
quasi-isomorphic to the cochain complex
5) VXX L) @ {a e NPO(X x [-1,1]) | dij(a) = di* 4 (o) = 0}

©  (Ker i NKeri*)>PM),

in which the superscript refers to the degree. For instance, (A)<* is the set of elements
of A of degree less than k.

The suspension, ¥.X, can also be obtained as a cofiber, X;UX_; — X x[-1,1] —» XX,
which gives a short exact sequence,

0 — (Ker¢j NKere* ;) — N*(X x [-1,1]) M) N*(Xy1)® N*(X_1) — 0.
The morphism of £(2)-algebras ([I]), N*(¥X) — N*(X x [-1,1]), lifts as a quasi-
isomorphism of cochain complexes, N*(XX) — (Ker:} N Ker:*;). From (f) and the
previous observation, we deduce the intersection cohomology of the suspension XX, as
HF(X) if k < B(n),
Hiw5(EX) = 0 if k =p(n) +1,
HK(EX) = HY(X) ifk>p(n)+ 1.

With Remark[5.3] we know that, in degrees k < p(n), the Steenrod squares on H%W’ﬁ(EX )
coincide with the Steenrod squares on H*(X). Moreover, the intersection of kernels be-
ing endowed with the induced structure of £(2)-algebra of N*(X x [—1,1]), the quasi-
isomorphism N*(XX) — (Ker¢jNKer:* ) is a morphism of £(2)-algebras, see [1]. Thus,
in degrees k > p(n) + 1, the Steenrod squares on H%W’ﬁ(EX) coincide with the Steenrod

squares on, H*(XX), which are the suspensions of the Steenrod squares on X.
We consider now the case of the Thom space of a vector bundle, R — F — B.

Example 5.5 (Steenrod squares on the intersection cohomology of a Thom space). Let

R™ — Dg 9 B be the disk-bundle of associated sphere-bundle S™ 1 — Sg i) B.
The Thom space, Th(E), is built from the disk-bundle along the process described in
Proposition Bl We filter Th(E) by the point of compactification. Let p be a GM-
perversity entirely determined in this case by the number p(n) with n = dim E. In this
example, we prove that the Steenrod squares on H;Wﬁ(Th(E)) are entirely determined
by the Steenrod squares on the base space and the Stiefel-Whitney classes of the bundle.
Denote by ¢ € H™(B) the Euler class and by § € H™(Th(FE)) the Thom class.
Let j: Dp — Th(E) be the canonical map and recall that the Thom isomorphism,
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Th: H*=™(B) — HF(Th(E)) = H*(Dg,Sg), is defined by Th(y) = g*(y) U6. The

Euler and the Thom classes are connected by the two exact sequences,

.. —— H¥(TW(E)) -~ H*(Dp) —— H*(Sg) —— H*'(Th(E)) —— ...

S | 7|

o H*m(B) % gh(B) L HR(Sp) —— HFM(B) .

and j*(0) = ¢*(c¢). From Proposition B we know that the complex, ]Vg (Th(E)), is
quasi-isomorphic to

N* = N'(B)®n+(sp) T<pm)N " (SE)
N<P™)(B) @ {a € N?™(B )\df( ) =0}
®(Ker (N*(B) L5 N*(Sg))>P™.

I

Thus, we recover (see [16, Page 77]) the intersection cohomology of the Thom space,

H*(B) if k<p(n),
Hiy 5(Th(E)) = H*(N) = (Im (= Uc))* if k=pn)+1,
HF¥™(B) =gy, H*(Th(E)) if k> p(n) +1.
e In the case k <P(n) + 1, the Steenrod squares, Sq': H};(Th(E)) — HEEL_Z )(Th(E)),
coincide with the Steenrod squares, Sq*: H*(B) — H**(B), cf. Remark (.3
e Let k >p(n) +1 and v € H*"™(B). The (classical) internal Cartan formula gives,

Sd (9" () ub) = ZSqJ “(g* (7)) US4 (0)
{=0
J
= > 4" (Sq U g*(we) UG,
{=0

where the wy’s are the Stiefel-Whitney classes of the fibration f, see [19, Page 91]. Set
p=g*(y) Ul = Th(y) € H*(Th(E)). In this range of degrees, the Steenrod squares on
Th(E), denoted by Sqry,, and the Steenrod squares on B, denoted by Sqp, are related
by
S (1) =Y g (Saly “(v) Uwe) UG,
£=0

With the Thom isomorphism, Th: H*~™(B) — H*(Th(E)), the previous formula can
be written as,

Scthy (1) = Th <Z S “(Th ™ () U w£> .
(=0
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6. EXAMPLE OF A FIBRATION WITH FIBER A CONE

In this section, we construct an example showing the interest of the lifting of the
image of Sq’ to the perversity £(p,4) instead of 2p. As the case of Sq' was analyzed in
[13], we choose an example with Sq?.

Proposition 6.1. There exists a pseudomanifold X and a GM-perversity p, with an
explicit non-trivial perverse square,

Sq® # 0: H%W,ﬁ(X) — H%W,L(m) (X)),
whose composition with the canonical map H%WL@ 2)(X) — H%W’Qﬁ(X) 1S zero.

Proof. To begin with, we describe the general strategy of the proof. The first step is the
construction of a fibration, 7 x $* — E % CP(2), with a non-trivial differential on a
generator ay of H7(S” x S%), in the Serre spectral sequence. Secondly, we consider the
fiberwise conification, ¢(S7 x S4) — X », CP(2), of the fibration . The space X is a
pseudomanifold. A GM-perversity, p, on X is determined by the value p(12) = k and we
denote it by k. (As p is a GM-perversity, we have k < 10.) In our fibration, depending

on the value of k, the element a7 is a class of p-intersection or not; more precisely, we

get ng%(X) % 0if k =6 and ng%(X) = 0 if k = 8. This property generates a

non-trivial Steenrod square, Sq?: H%W7ﬁ(X) — H%W,L(p,Q) (X), such that the composite
2

with the canonical map, ngﬁ(X) 54, H%W,L@,Q) (X) — H%W,%(X)7 is the zero map.

Details are as follows.

e First, we observe, from the cellular approximation theorem and the construction
of K(Z,8), that the classifying map of the top class, CP(2) x S* — K(Z,8), lifts as
a map f: CP(2) x S — S% We denote by p;: E — CP(2) x S* the pullback of
the Hopf fibration, S® — S®, along f. We compose p; with the trivial fibration,
p2: CP(2) x 8% — CP(2) and obtain a fibration

p: E— CP(2),

whose fiber, F, is S7 x 84 To show this last point, consider the next commutative
diagram:

F E S15

NE]

i . cp@)x st —L g8

p2

CP(2)

*

The rectangle formed of and is a pullback. As is a pullback, we deduce ([17,
Section III.4]) that is a pullback. Therefore, the rectangle formed of | 2| and is a
pullback and the triviality of the map S* — S® implies that F is S7 x S4.
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We study now the Serre spectral sequence of the fibration ¢. We denote by a4, ar
and a7 x a4 the generators of the reduced cohomology of S7 x S* and by x and z?
the generators of the reduced cohomology of CP(2). An inspection of the degrees in
the differentials, d,: ESt EﬁJrr’t*rH, shows that the only differential which can be
potentially non-trivial is

dy: EYT = BY" = Foar — E;* = By = Fo(2? © ay).

By definition of ST — E — CP(2) x S* as a pullback of the Hopf fibration, we already
know ([21, Section IT1.4]) that the top class a7 of S” transgresses on the product 2% x ay.
This gives d4(a7) = 22®ay in the Serre spectral sequence of the fibration p: E — CP(2).

We continue with the determination of the image of the cohomology class  ® a4 by
Sq? in H*(CP(2)) ® H*(S7 x §*). From the external Cartan formula, we have

Sq*(x ® as) = Sq*(x) ® as + Sq' (x) @ Sq' (as) + = @ Sq*(au).
The last two terms are zero, for degree reasons. The equality Sq? (z) = 2% gives
S (x ® ag) = 2% ® ay.

e The second step is the fiberwise conification, ¢(S7 x %) — X Y, CP(2), of the
fibration o. If z € CP(2), we denote by (S7 x S%), the fiber over x and by v, the cone
point of the cone ¢((S” x S%),). A continuous section u of 1, defined by u(z) = vy,
identifies CP? to a closed subspace of X. We filter X by ) C Xy = CP(2) C X. Observe
that the singular set in X is CP(2) and that the link of a singular point is ST x S4,

Let k be a GM-perversity. The intersection cohomology, H;WE(X ), is the abutment
(see |5, Theorem 3.5]) of a Serre spectral sequence with

Ey° = H'(CP(2)) ® H%W%(C(S’Y x S1)).
We may replace the right-hand term of this tensor product by its value and obtain
zEy® = H"(CP(2)) ® H*(S" x S%),

if s < k and 0 otherwise. The existence of a morphism, £ — X, over the identity
on CP(2), gives a morphism of spectral sequences, (;EY°,ds) — (Ey*,dy). From our
previous determination of the Serre spectral sequence, (Ey”°, d.), associated to the fi-
bration ¢: E — CP(2), we deduce that the differentials d, of EEI’S are zero, except
dy(a7) = 22 ® ay, if 7 < k. Thus, in perversity ¥ < 7, as the class ay is not of k-
intersection, the class 2% ® a4 survives and H%W%(X) # 0. But, if k = 8, the class a7 is
of 8-intersection and kills the element 22 ® a4 (which is the only element of degree 8 in
the Ea-term). Thus H%w,g(X) = 0.

The square Sq?, that we have previously determined, arises in the GM-perversity 4
and we have

Sa”: Hy 7(X) = Fa(e ® ag) = Hiyy 7(X) = Fa(2? @ ay).
Observe that 6 = £(4,4 + 2) is a GM-perversity and thus, with the argument above,
Sq? still survives as map from H’?“WZ to H’%Wé = Hfliw 7 But, for the GM-perversity
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8=2 x4, as H%W’g(X) = 0, this square Sq° disappears if we express it as a map from
ng,z to H"?w,z <1’ =

7. TOPOLOGICAL INVARIANCE OF THE STEENROD SQUARES IN INTERSECTION
COHOMOLOGY

In the case of PL-pseudomanifolds, we know from [I0] that the Steenrod squares are
topological invariants, as homomorphisms Hiyy 5(X) - H{:\%’zﬁ(X ). In thig section, we
prove that the lifting we have introduced before, Sq’: H%W75(X ) — H{ﬁ\x, L) (X), is
also a topological invariant. The proof is based on the original combinatorial description
of Steenrod squares made in [22].

Theorem D. Let X be an n-dimensional PL-pseudomanifold and p be a GM-perversity.
Then, the Steenrod squares, Sq': H%Wﬁ(X) — H:R;\;L@ i)(X), do not depend on the
stratification of X.

Theorem [D] is a direct consequence of Proposition [7.1] and Proposition [7.9. Before
stating and proving these two results, we need to introduce some material. First, recall
from [I5, Page 150] and [7, Chapter 2|, the existence of a PL-pseudomanifold, X*, which
is an intrinsic coarsest stratification of X, together with a stratified map, v: X — X*,
defined by the identity map, see [4, Definition A.18]. In [15], H. King proves that
v induces a quasi-isomorphism between the Goresky-MacPherson chain (and cochain)
complexes. Here we consider the map ¥, induced by v between the Thom-Whitney
complexes.

Proposition 7.1. Let X be an n-dimensional PL-pseudomanifold and p be a GM-
perversity.  Then the canonical map, v: X — X*, induces a quasi-isomorphism,
x: NZ(X™) — NZ(X).

Construction of x, the local step. Before giving the proof, we detail the construction
of x, based on the effect of v: X — X* on filtered simplices of X. Let o A = A0 %
--+x AIn — X be a filtered simplex of X. Suppose that,
e for some integer 0 < i < n — 1, the set o(A% x -+ % AJi)\g(AJ0 x ... x AJi-1)
is included in an é-stratum of X which “disappears” inside an (i 4+ 1)-stratum
of X*,
e for the other indices, ¢ # i, the corresponding strata of o(A) stay unmodified.
Then, the filtered simplex o: A = A% ... x AJn» — X becomes a filtered simplex of X*,
voo: A(i) = AR x ...« AFn 5 X* with

(6) {kjg:]g if fl<iorl>i+41,

ki=-1 and ki1 = ji+jis1 + 1.
This process is called an elementary amalgamation. In general, the simplex voo: A —
X* can be written as a filtered simplex after a finite number of elementary amalgama-
tions. As we work with blow-ups, we need to consider two cases, depending if i +1 =n
or not. We write

N*(A) = N*(cA) @ - - - @ N*(cA¥) @ N*(cAf1) @ - - @ N* (A
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and
N (AG)) = N*(cA”) @ -+ @ N*(cf)) @ N*(cAlitiiith @ ... @ N*(AJn), ifi#n—1,
V)T N*(eA0) @ -+ @ N*(cll) @ N*(Adn—1Fint1), ifi=n-—1.
We define below two morphisms,
a: N* (A o N*(cA%) @ N*(cA) and B: N*(cA*H) - N*(cA%) @ N*(Ab),

which correspond to the casesi#n—1and i=n — 1.
Let v be the cone point of c). We use o and f for the definition of a morphism
it N*(A(i)) = N*(A) as follows. If @ =3, P ; ® -+ ® Py ; € N*(A()), we set
o fori#n—1,

(1) &(®) =D ®ij([v]) o, @ ©Bim1; @ a(Pig1j) © Pigo; @~ @ Py,
i

o fori=n-—1,

(8) §i(®) = Z Pp1,([v]) B0 @ @ Ppgj @ B(Pp ).

These §;’s are the local ingredients used in the (global) definition of y, stated below.

Construction of a: N*(cA%+1) — N*(cA%) @ N*(cAl). We define a by its values
on the elements of a basis. If L is one of the simplicial complexes, cA%, ¢A? or cA*to+]
we denote by {1} the dual basis of N*(L) obtained from the basis of faces, F', of L.

If we represent by F, the faces of A® and by Fj, the faces of Ab, a face of AT+ ig
of the type ¢(Fy * Fp) or Fy x F, where F, and F}, can also be the emptyset. A linear
map « is entirely determined by

a(lypr)) = ler, @ Lok, the cases F, = (), F}, = () being included,
a(lp,er) = ler, ®1p, if F, # 0, the case F, = () being included,
a(lFa) = 1Fa ® 1Vb + 1Fa ® 1Vb7

where 1y, is the sum of 1, when p runs in the set of vertices of A” and v, is the cone
point of cAP.

Construction of 5: N*(A**1) — N*(cA?) @ N*(AP). With the previous notation,
the linear map f is defined by

B(rsr,) = lep, @1p, if Fy # 0, the case F, = () being included,

Br) = 1 @ly,.

These maps verify the next properties whose proofs are postpone after the proof of
Proposition [T 11

Lemma 7.2. The two morphisms, «: N*(cA®tPH1) - N*(cA?) @ N*(cAb) and
B: N* (AT & N*(cA*) @ N*(AY), are compatible with the differentials and the
restrictions to faces of A* and AP.

Lemma 7.3. The morphism &;: N*(A(z)) — N*(A) is compatible with the differentials
and the restrictions to faces of the AV¢’s. Moreover, it respects the perverse degree, i.e.,
§i(N; (A(7))) C Ny(A), for any GM-perversity, p.



INTERSECTION COHOMOLOGY AND STEENROD SQUARES 31

Construction of y: N*(X*) — N*(X), the global step. Let 0: A, = A% % .- %
AJr — X be a filtered simplex of X, of blow-up Ag = c¢AJ0 x ... x AJn. As we have
noted before, the domain of the filtered simplex, v o 0: Aoy = AR x5 AFn 5 X*
has a different decomposition, obtained by a succession of elementary amalgamations.
We denote by Aveo the associated blow-up.

These elementary amalgamations give a finite sequence of decompositions, A(i¢)o<s<m.,
such that A(0) = AJ0 % ... x AJn = A, and A(m) = AR % ... x Ak» = A . Two con-
secutive terms correspond to an elementary amalgamation, i.e., A(ig) = A%0 % ... % A%n
and A(ipr1) = AY x - x AYn with

Yy = Ty if u < 1tporu>ip+ 1,
Yip =—1 and  y;,41 = T4, + @i, + 1.

Recall the map &, N*(A(ig41)) — N*(A(ig)) defined in (@) and (§). We set,
Xo = &ig 0+ 0 &ipy-
Finally, with Lemma [.2] we have a map, x: ]v*(X*) — N*(X), defined on 0: A — X
and ® € N*(X*), by
X(q))o = Xa(q)l/oa)-

Proof of Proposition [7.1] With Lemma [7.3], the previous map, x: ]V*(X*) — N* (X), is
a cochain map which restricts as x: N3 (X*) — N3 (X).

There exists also a map, evaly: N*(X) — hom(NSM(X),Fy), defined as follows.
For any ® € N*(X) and o: A% % --. x AJn — X, with &, = 2P0 ® @Dy, €
N*(cAP) @ - @ N*(AIm), we set

evaly(®)() = 3 @o ([cA”]) ... @y (A7),

Let g be the GM-perversity such that p+ ¢ = ¢. The canonical morphism, p,: C.(—) —
N.(-), induces p*: hom(N™7(=),Fz) — hom(Cs™ (=), F) and j: Nx(—) — Ci(-).
The previous map, evaly is connected with the morphism eval introduced in the proof
of Lemma by p* oevaly = evalop. As p and eval are quasi-isomorphisms (cf.
Proposition and Proposition [[¥), we know that the composite p* oevaly is a quasi-
isomorphism. Consider now the following diagram,

o) NE(X*) eval y hom(NEMﬁ(X*)’F2) p_*> hom(C*GMﬁ(X*),F2)
XJ/ lN*(V) lC*(u)

eval

Nz(X) =% hom(N M (X), Fy) —— hom(CFM(X), Fy).

The right-hand square is commutative by naturality of p,. We prove now the commu-
tativity of the left-hand one. Let ® € N;(X*) and 0: A, = A0 % ... x AJn — X be a
filtered simplex, of associated filtered simplex v o o: A,or — X*. We have to check

(10) (N*(v)oevaly(®))(o) = evaln(x(P))(o).
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For a given o, we can decompose v in a finite number of elementary amalgamations
and thus replace xo: N*(Apos) = N*(A,) by &: N*(A(i)) — N*(A), as defined in
(@) and (). Set Pyoy = >-; Po,; ® - @ Py j € N*(A(4)) and suppose i # n — 1. By
definition (), we have

X(®)o = Xo(Puos) = &i(Proo)
= Y P ([v]) Do @ @ Bin1j ® A(Pig1) @ Piga ® - ® D
J

and the right-hand side of (I0) is equal to
evaly(x(®)(0) = Y Poj([cA"]) - Dy j([cA]) - @i 5([v]) -
J

A(@it1,)([cAT] @ [cATH1]) - By 5([A]).
We determine now the left-hand side of (0],
(N*(v) oevaly(®))(o) = evaly(P)(voo)
= Z‘Po,j([CNO]) @ ([eAT]) - @y ([V]) -

q)HLj([CAJHrJHlH]) c Dy i ([eA(GR]).

Thus, the left-hand and the right-hand sides coincide by definition of . A similar
argument gives the result when i =n — 1.

We have established above that the two horizontal lines of the commutative square
@) are quasi-isomorphisms. The right-hand vertical map is a quasi-isomorphism also
(cf. [15]). Thus, x: Ny (X*) — Nj(X) is a quasi-isomorphism. O

Proof of Lemma [7.3 We consider first the map o and its behavior with restriction maps.
Let V, and V}, be faces of A* and A, respectively, including the cases V, = 0 or V;, = 0.
Then the following diagram commutes,

N*(CAa—i-b—i—l) —a>N*(cAa) ®N*(0Ab)

Resl lRes

N*(Cva+b+1) e N*(Cva) ®N*(va),

where the two vertical maps are given by the restriction map. To verify this assertion,
we consider two faces, F, of V, and Fj, of Vj, and check the commutativity for the
cochain 1.(x,+r,), the other cases being similar,

Res(a(ly(r,«r,))) = Res(ler, ® 1er,) = ler, @ Lok, = a(ler,«r,)) = a(Res(ler,«r,)))-

Now, comes the differential. Let L be a finite simplicial complex, endowed with a
partial order of its vertices such that the vertices of any simplex are simply ordered. In
the cone, cL, the cone point is the greatest element. In the sequel, we adopt (see [22]
Page 292]) the
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Steenrod’s convention: A symbol, as F', G, V will denote, ambiguously, either (1)
a simplex of L or (2) the array of vertices of the simplex ordered as in L, or (3) the
orientation of the simplex determined by this order, or (4) the elementary cochain which
attaches +1 to this oriented simplex and 0 to all others. The ambiguity can usually be
resolved by examining the context in which the symbol is used.

With this convention, the definition of a: N*(cA%TtH1) — N*(cA%) @ N*(cAP) can
be written as

ale(F, * Fy)) = cFy ® cFy, the cases F, = (), F}, = () being included,
a(F, * Fy) = cF,® F, if F, # (), the case F, = () being included,
a(Fa) = Fa®vp+ Fa @V,
where V;, denotes the sum of the vertices of A’. The definition of the coboundary with
this convention is also specified in [22] Page 296]. Let F, = (ay,...,ar) be a nonempty
face of a simplex A® we denote by cF, = (ao,...,ar,v,) the face obtained from the

adjunction of the cone point v,. It is important to observe that, in this setting, the
differential of a face F' (view as a cochain) depends on the simplicial complex in which
we do the computation. For instance, the differentials 6% in A% and §°* in cA“ are linked
by

0% (cFy) = c(0*F,),

0°CF, = 0%°F, + cFy,

6%, = ¢V,

where V, is the sum of the vertices of A®. If F} is a nonempty face in A®, the differential
59t in A% % AP is defined by:

S (Fyx Fy) = (09F,) * Fy + Fy % (°Fy),
6a*bFa = 6aFa +Fa *Vb’
5P Fy = Vg% Fy+ 6°F.

The differential on c(A® x A?) = (cA%) x Ab can be deduced from the combination of the
previous equalities; we denote it by §°**). We make uniform the notations by setting
508 and §°9®® for the product differentials on N*(cA%) ® N*(cA®) and N*(cA%) ®
N*(AY), respectively. We verify now the compatibility of o with the differentials, by
considering the various cases.

e Suppose F, # (0 and F, # ().
(69D (a(e(F,  F}))) = (6°CDP)(cF, ® cFy) = 6°(cF,) ® cFy + ¢Fy @ 6% (cFy)
¢0°F, ® cFy + cF, ® c6'F),
= a(c((6°Fo) * By)) + alc(Fa * (" Fy))) = a(c(8% (F,  Fy)))
= (6 e(F, « Fy)).

(
(5ca®cb)a(Fa «F) = (5ca®cb)(cF ® Fy) = (6°CcF,) @ Fy + cF, @ (5Cbe)
(c0Fa) ® Fy + cFu ® (8°F}) + cFa ® cF
a((6°F,) * Fy) + aFy # (8" Fy)) + afc(Fy * Fy))
= a(0"(F, * Fy) + c(F, x F))
= a6 (F, « B)).
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e Suppose F, # () and F, = ().

(699N (cF,) = (6%CD)(cF, @ vp) = (6°¢cF,) @ vy + cFy @ 6%y,
= (c0°F,) @ vy + (cF,) @ cVy = a(c(60°Fy + Fp + Vy))
= a(c(6™F,)) = a(6° @) eEy).

(55D (F,) =

(8°P) (Fa @ vy + Fo @ Vo) = 8 Fy @ (v + V) + Fo ® 8%(vy + Vi)
(0°F,) @ (vp+ Vp) + cFpa @ vy + cFp, @ Vp + 0

= a(6Fy) + a(cF,) + a(F, * V) = a(6“F, + cF,)

= a6 Ry,
(We have used 6°*F, = §%F,+cF, and 6% (v, +V,) = 0. For the last one, observe

that v, + Vj is the non trivial cocycle in degree 0.)
e Suppose F, = () and F, # ().

(6ca®cb)a(ch) — (6ca®cb)(va ® CFb) =V, ®cF) + v, ® C5be
a(c(Va * Fb)) + Oé(C(Sbe) = Q(C5a*be)
a((sc(a*b) ch).

(6999 (Fy) = (09CP) (v, @ Fy) = Vo @ Fy + v, @ 0VF,

= V,@F +v,®F +v, ®cF
= a(Vy* Fy) + a(°F,) + a(cFy)

_ (5 ).
e Suppose F, = F, = ().
(°9D)a(ch) = (6“FD) (v, ® vp) = Vg ® Vi + V4 @ ¢V,
= a(cVy+cVy) = a(cVaypi1)
(55 cp).

As for the map B: N*(ATtHL) o N*(cA%) ® N*(AP), its description with Steenrod’s
convention writes,

B(FyxF,) = cF,®F,, if Fy,#0, the case F, = {) being included,
B(Fa) = Fa ® Vb-

The proof of its compatibility with restriction maps is totally similar to the proof done
for . Therefore we are reduced to check the compatibility of 8 with the differentials.
As before, we list the different cases.

o Suppose F, # 0 and F, # 0.
(69N (B(Fy % Fy)) = (6°®Y)(cF, @ Fy) = (6cFy) @ Fy 4 cFy @ (6°F)
= (c0°F,) ® Fy + cF, ® (6°F)
= B((0°Fu) * ) + B(Fa x (6°Fp))
= B(6¥(F, x Fy)).
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e Suppose F, # () and F, = ().

B = () Fa @ Vi) = (7Fa) 9 Vs + Fy © (V)
= (0F,) @V + (cFp) @V +0 = B(6°F, + cF,)
— B(éa*bFa)-
e Suppose F, = () and F, # ().

(6“9 (B(F,)) = (0% (vq @ Fy) = (¢V,) @ Fy + vy ® (8°Fy)
= B(VyxFy) + B(0°F,) = B Fy).
O

Proof of Lemma[7.3. The compatibilities with restriction maps and differentials being
local, they are direct consequences of Lemma[.2l We study now the behavior of & with
the perverse degrees.

We continue with the Steenrod’s convention and begin with the expression of the
perverse degree in this context. Let F' = Fy® - --® F,, be a tensor product of nonempty
faces in A = AT x - x ¢AJn—1 x AJn. In Steenrod’s convention, we do not distinguish
between F' and the tensor product of cochains, 1, ®---®1g,. We observe that, if a face
F, of ¢AJ* is not included in A7, then the cochain 1 F, Testricts to 0 on the subcomplex
AJk x {1} of ¢AJ*. Therefore, by Definition [[2}, the perverse degree of F is given by

00 if F_p ¢ Adn—t,

e - ®F|, = B : j
[ Fo ® ® Fulle { | Fro—et1| + -+ + | Fal lan—ECAjn_zy

for any ¢ € {1,...,n}. A similar definition occurs for the blow-up A(i) of A(3).
As &; is compatible with the differentials, it is sufficient to prove that the image of
a p-admissible cochain is p-admissible. Let V = Vg ® --- ® V,, be a tensor product of

faces of A(7) such that
[Vo®: - ® Vylle <p(f), for any £ € {1,...,n}.

As we are dealing with A(i) (cf. (@), we have V; = ¢f) and, with the notations of (),
®;;([v]) = 1. Thus,

Vo ®Vi1®a(Vip1)®Vi2® - @V, ifi#n—1,

{i(Vo®...®Vn):{ Vo®: - ®@Vy_o®B(Va), ifi=n-—1.

The morphisms « and S preserving the dimension of faces, it is sufficient to consider the
following cases.

e Suppose i #n — 1 and n — ¢ =i. Then ¢ # 1 and we have,

—00, if Vit1 = Vg * Vy with V,, #* @,
[6i(Vo® - @Vy)lle = or if Vip1 = (Vg * V),
max(|v|,|V]) + [Vyp_ryo| + -+ V|, if Vi1 =V,
< [Vo®--- @ Va1 <P —1) <B(0).

We have used here that the perversity p is order-preserving and |v| = |[V| =0 in
CAj"_Z”'l .
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e Supposei#n—1andn—¥¢ =i+ 1. We have,

1€:(Vo @ - © Vn)lle ‘anuﬂ + -+ ’Vn’ if Vis1=Vg*xVyor Viy1 =V,

< Vo® - @ Valle < B(0).

{ —00 if Vi1 =c(Va x V),

e Suppose i =n — 1 and £ = 1. We have,

l&(Vo @@ V)i = {—00 if V,, = V, %V}, with V, # 0,

V| if V,, =V,
< 0=p(1).

0

Steenrod’s definition of cup;-products in [22]. Let L be a finite simplicial complex,
endowed with a partial order of its vertices such that the vertices of any simplex are
simply ordered. Let F' = (ay,...,a;) and G = (by,...,bs) be two (ordered) simplices of
L and let ¢ > 0 be an integer. The ordered pair, (F,G), is called i-regular if F' and G
have ezactly (i 4+ 1) vertices in common, (cy,...,c¢;), such that

co = bo,
co and c; are adjacent vertices in F',

.y

[ ]

[ ]
o .
e c; and c;j11 are adjacent in F' if j is even and adjacent in G if j is odd,
° ...,

[ ]

¢; is the last vertex of F if 7 is even and the last vertex of G if 7 is odd.

Denote by Fy the face of F' spanned by its vertices lower than or equal to ¢y and by
Fy; the face of F' spanned by its vertices greater than or equal to cy;—1 and lower than
or equal to cg;, (0 < 2j <4). If i is odd, let Fj;1 be the face of F' spanned by its vertices
greater than or equal to ¢;. We do a similar decomposition for G, denoting by Gaj1
(1 £2j+1 < i+1) the face of G spanned by its vertices greater than or equal to c; and
lower than or equal to cgj11. If 7 is even, let G;41 be the face spanned by the vertices
greater than or equal to ¢;. This gives the decompositions

F=FyxFyx*--x Iy andG:Gl*Gg*---*G25+(_1)¢,

with 2s =7 if 7 even and 2s =i+ 1 if 7 is odd.
Now, we denote by G’Qj 11 the face of G241 obtained by deleting the vertices cz; and
c2j+1. Moreover, if 7 is even, let G 41 be the face of G 11 obtained by deleting c;.

Definition 7.4. We define F'U; G = 0 in the group of (k + ¢ — i)-cochains, if the couple
(F,G) is not i-regular and, otherwise, by

! . .
Gi., ifieven,

. f— / / ...
FU; G =FyxG) *x Fyx Gy % *{Fz‘+1 4 odd.

Example 7.5. We give an illustration of the cases ¢ even and i odd in low dimensions.
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1) The pair (F' = (ag,...,ax),G = (b, ..., b)) is O-regular, if ar = by. We write their
vertices as follows,

F : ag — — — ag

G : bo — — — by

By definition, F Uy G = (ag, ..., a,b1,...,by) is the (classical) cup-product.
2) The pair (F,G) is 1-regular, if they have two common vertices (cg,c1) such that
the vertices of F' and GG can be put in two lines, as follows

F : ag — — — G, = € Qlo+1 = C1 — — —

G : b():CQ****63201

By definition, F' U1 G = (ag, ..., Gy, b1y - -y bo—1, Qgt1s - - -5 Q)-
3) The pair (F,G) is 2-regular, if they have three common vertices (co,c1,c2) such
that the vertices of F' and G can be put in two lines as,

F : ag — — — G, = Cp Qly41 =C1 ———— A} = C2
G : b():CO****b51201 b[lJ’,l:cQ***bz
By definition, F' Uy G = (ao, . .. s Qkos b1, b 1, Qg1 - - QR by, - ., be).

For the convenience of the reader, we recall the next statement of Steenrod, written
with the notations of this paper.

Proposition 7.6 ([22] Theorem Page 295]). The Steenrod squares verify the next prop-
erties,

(1) FU; (cG) = { S(F e Z; szln
[ o, if i even,
(2) (cF)U; G = c(FU; GQ), ifi odd,
(3) (cF)U; (cG) = ¢(F Ui_1 G).

The domains of the applications  and /3 are the euclidean simplices A% = A®x AP
and c(A® ¥ Ab). Therefore, we need to study the cup;-products in these complexes.
The case of the cone, c¢(A® x Ab), can be deduced from the first one, A0+ with
Proposition We order the vertices of A®T?+1 such that any vertex of A% is lower to
any vertex of Ab. Also, the cone point, v, is the greatest element of the set of vertices.
Recall from (3)) the notation,

FU; G if jis even,

J
FUiG_{ GU F it j is odd.
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Lemma 7.7. Let F,, G, be (nonempty) faces of A%, Fy, Gy be (nonempty) faces of AP.
For any i > 0, we have, in A®x A,
(11) (FaxFp) Ui (GaxGo) = Y (FaU;, Go)* (F UL Gy).

i1+i2=1—1

Note that the right-hand side of the equality (I1]) has at most one non-zero term.

If we set —U_1— = 0, the right hand side of (ITl) is equal to zero in the case i = 0. Note
also that F, and GG cannot have a common vertex, neither Fj, and GG,. Therefore, with
the hypotheses of Lemma [[.7] the simplices F, x Fp and G, * G} cannot have exactly
one vertex in common and respect the convention on the order of the vertices. As a
consequence, the equality () is also true for ¢ = 0, with the two sides equal to zero.

Proof. The cup,-product of F' = F, * Fy, and G = G, * G} is not zero only if F and G
have (i + 1) vertices in common. Denote by (z + 1), with 0 < x < i, the number of
vertices in common for F, and G,. Thus F, and G} have (i — x) vertices in common.
We observe also that the only non-zero term of the right-hand side of (Il corresponds
to 11 = x.
Suppose i even and x odd. With the previous notations, we decompose,
Fy=Foox--xFg,p1 and Gg=Gg1x- %Gy,
Fy=Fo* - *xF; .1 and Gy =Gp1 % *Gpi_z.
Thus, we have
(Fox Fy) Ui (GaxGy) = Faox Gy % Gopx Fapp1x Foox Gyyx %Gy
— (Fa Uy Ga) * (Fb Ui—z—1 Gb)
= (FaUy Go) * (B, UFTL | Gy).

i—r—1
Suppose now i even and x even. We decompose
F, :Fa,O*"'*Fa,m and G, :Ga,l*"'*Ga,erl-
Thus, we have
Fa Ul‘ Ga: a70*G2L71*...*Fa,x*G/a,l‘-i-l'
Note that F, U, G, contains all the vertices of F'U; G belonging to A®. The first vertex
in common between F, and G, is the first vertex of GG,. The number of common points
in A® being the odd number x + 1, the last vertex of A® in common must be the last
vertex of F,. Therefore, the first vertex of A’ in common is the first vertex of Fy. (See
Example [ for an illustration of this argument.) Thus, for writing this final part of
vertices in F'U; G as a cup,_,_,-product, we have to decompose Fy and G} as follows,
Gy =Gro* - *xGyjgand Fyy=Fy 1 %% Fy ;5 1.

We deduce
(Fa * Fb) Ui (Ga * Gb) = Fa,O * Ggg koeeeok GZL,$+1 * Gb,O * Fl:,l *ooeok Fl:,ifmfl * Gb,i*$

- (Fa Uy Ga) * (Gb Ui—z—1 Fb)

= (F, U, Go) * (B, UTTL Gy).

i—xr—1

In the case i odd, the conclusion is obtained with totally similar arguments. O
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Example 7.8. We particularize with = 2 the argument done in the previous proof.
Let Fy x Fy = (fg,..., [}) * (fé’,,f,g) and G, * Gy = (g8,...,9%) * (g5, .., 4%). The
following diagram represents (F, * F}) U; (Gq * Gy) = (F, Uz Gg) * (F, U 53 Gp) =
(Fa Usg Ga) * (Gb Ui—3 Fb).

R i

Proposition 7.9. Let X be an n-dimensional PL-pseudomanifold, p and q be GM-
perversities. Then, the quasi-isomorphism, x: NJ(X*) — NJ(X), induced by v: X —
X* is compatible with the cup;-products, i.e.,

X(PU; ¥) = x(P) Ui x(P),

for any i >0, ® € NI(X*), U € N3(X*) and ®U; ¥ € NI TH(X*)

G, %Gy : 9% 96

As cup;-products on N *(—) are defined locally, it is sufficient to do the proof for an
elementary amalgamation. Thus Proposition [[.9] is a direct consequence of the next
lemma.

Lemma 7.10. The two morphisms, a: N*(cA™H1) - N*(cA?) @ N*(cA) and
B: N*(AHHL) — N*(cA) @ N*(AY), are compatible with the cup;-products.

Proof. Consider the faces F = F, % F, and G = G, % G}, of A®t0+1

e Suppose first F, # 0, F, # 0, G, # 0, Gy # 0 and begin with the map 3. We have
to prove,
(12) ﬁ((Fa * Fb) U; (Ga * Gb)) = ﬁ(Fa * Fb) U; ,B(Ga * Gb)

From Lemma [Z.7 and the definition of 3, we get

B((Fax Fy) Ui (GaxGo)) = > (c(Fo Uiy Ga) @ (F ULT Gp).
11+i2=1—1
On the other side, we have
B(Fa * Fb) U; ,B(Ga * Gb) =(1) (CFa ® Fb) U; (CGa X Gb)
=(2) Z(CFa Uk ¢Ga) ® (Fy U, Gy)
k=0

=(3) Z C(Fa Ug—1 Ga) X (Fb U?*k Gb)
k=1
= Z (C(Fa Ul'l Ga)) ® (Fb U::;—i_l Gb),
i1+ig=i—1
where =y is the definition of 3, =) comes from the structure of £(2)-algebra on a

tensor product of £(2)-algebras, recalled in Section 2l and =) is [22] Formula (4.3)],
recalled in Proposition
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e With the same restriction, F, # 0, F, # 0, G, # 0, Gy # 0, we study now the
map «. The arguments are coming from Lemma [T from the structure of £(2)-algebra
on a tensor product and from Proposition [.6], as before. In the sequel, we use them
without an explicit recall. We have only to study the cases where one of the faces
contains the cone point, the other cases being already verified when we have considered
the map 3.

i) Let ¢(F, * F,) and ¢(G, * Gp) be faces of ¢A?T*+1 Then we have,
(i) ( )

a(c(Fy * Fy) Ui c(Gy % Gy)) = a(c((Fy * Fp) Ui—1 (Gg % Gy)))

— a(c( > (FaUhGa)*(FbUg*le)))
i1+io=1—2
= ) dFaUi, Go) @B UL Gy),

i1+io=1—2
and

alc(Fy x Fy)) Ui a(c(Gy % Gy)) = (cFy ® cFy) U; (¢Gy @ ¢Gy)
= Z(cFa Uk ¢Ga) @ (cFy UF ;. ¢Gy)
k=0
i1
= Z c(Fy Ug—1 Gy) ® c(F U?—k—l Gyp)
k=1
= Y c(FaUi, Ga) ®c(F, UL Gy).

11 +10=1—2

The compatibility with cup,-products is proved for these faces.
(ii) Let ¢(F, * Fy) and (G, * G,) be faces of cA%T0+1 We have to prove that,

(13) alc(Fy x Fy) Ui (Go x Gp)) = alc(Fy x Fy)) U a(Gg % Gy).

Observe first, a(c(F, * Fy)U; (Go*Gp)) = 0 if i even, cf. Proposition[.6l We study
now the cup;-product of the images by a.

alc(Foyx Fp)) U a(Gy x Gy) = (cFy ® cFy) U; (cGy @ Gy)
= Z(CFa Uk ¢Gq) ® (cFp Uf_k Gyp).
k=0

We study the last right-hand side term in the case ¢ even.
- If k is even, then (cFy Uf“;k Gy) = cFp U;_, Gy = 0, since i — k is even.
- If k is odd, then (cFy Uf“;k Gp) = Gy U;_, cF, = 0, since i — k is odd.
Thus the equation (3] is satisfied for ¢ even.
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Suppose now that i is odd. The left-hand side of (I3]) can be developed as,
a(c(Fy * Fy) Ui (G x Gp)) = alc((Fg x Fp) Ui (Gq * Gp)))

- (C ( Z (Fa Uiy Ga) * (Fy Ug“ Gb)>>

i1+i0=1i—1
= ) dFaUi, Go) @ c(F UL Gy).
i1+i0=1i—1
We consider now the expression of the right-hand side of ([3]) already obtained,
i

Z(CFQ Uk ¢Ga) @ (cFy UF . GYy).

k=0
- If k is even, then (cFp Ui‘tk Gy) = cFy Ui Gy, = ¢(Fp U;_i Gy), since i — k is
odd.
- If k is odd, then (cFy Ui'tk Gp) = Gy Uik, cFy = ¢(Gy Ui, Fp), since i — k is
even.

In conclusion, we have proved, cFj Uf_k Gy = c(F, Uf_k Gyp) and
7
a(c(Fa* Fy)) Ui a(Gax Gy) = > c(FaUg—1 Ga) ® ¢(Fy UY_;, Gy)
k=1

= Y c(FaUi, Ga) @ c(F, UL Gy).
i1+i2=1—1
We have established the compatibility with cup,-products in this case.

(iii) Let (F, * Fy)) and ¢(Gy * Gp) be faces of cA?TP+1, This situation is similar to the
previous one.

e We consider now the case where at least one of the subsets, F,, Fy, G, Gy, is
the empty set and begin with the map 5. The verification follows the same routine
than above but we cannot apply Lemma [T.7] in this situation. Therefore, we prove the
compatibility with a direct computation of the two sides of the equality (I2]). We list the
different possibilities with the values of the left-hand side (LHS) and of the right-hand
side (RHS). If F,, = F},, = 0 or G, = G}, = (), the expressions become trivial and we may
focus on the cases below.

Before doing these verifications, we note that V, is a chain of vertices and, if F, C A®
is given, one (and only one) of theses vertices, say a;, is the first vertex of F,. This
implies V, Ug F, = (a¢) Up F, = F,. Similarly, we have F, Uy V, = F, and V, acts as a
neutral element for — Uy —. Also, as v, ¢ Fy, we have v, Uy F, = F, Ug v, = 0.

(1) Fo=0, F, 20, Go =0, Gy # 0.
LHS = B(Fb Ui Gb) =V, ® (Fb U; Gb)
RHS = (v, @ F}) U; (Vo ® Gy) = (v Up va) @ (Fy LY Gy) = v, @ (Fy U; Gy).
(2) Fu 20, F, =0, G, # 0, Gy = 0.
LHS = ﬁ(Fa U; Ga) = (Fa U; Ga) ® (Vb + Vb) A
RHS = (F, ® (vp + V) U; (G @ (vp + Vp) = (F, U; Go) @ (v + V) U (vp +Vp)) =
(Fa U; Ga) ® (Vb + Vb)
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(3) Fo#0, Fy=0, Gy =0, Gy # 0.

LHS = B(F, U; Gy) = 0.
RHS = (F, ® (v + V})) U; (vq ® Gp) = 0, because Fy, Uy, v, = 0 for any k.

(4) Fo=0,F, #0,Ga #0, Gy = 0.

LHS = B(F, U; G,) = 0.
RHS = B(Fp) U; B(Ga) = (Vo ® Fp) U; (G & (v + Vp)) = 0, because v, Ug G, = 0 for
any k.

(5) Fu=0, F, #0, Gy # 0, Gy # 0.

LHS = B(Fy U; (G4 * Gy)) = 0, because F, N G, = 0 and G, # 0.
RHS = B(F}) U; B(Ga * Gp) = (Vo ®@ Fy) U; (cGa @ Gy) = (Vo Up cGo) @ (Fy Ui Gy) =
0, because the cone point, v, is the greatest vertex.

(6) Fa#&Fb:@,Ga#@,Gb#@.

_ , | B((Fa Ui Gg) % Gy) = ¢(F, U; Go) @ Gy, if i even,
LHS = B(Fy U; (Go * Gy)) = { 0, if 4 odd.
RHS = B(F,)U;i B(GaxGy) = (Fu@(vp+Vy))Ui (cGa®Gyp) = (FuU;cGo)® (VUi Gp) =

c(F, U; Gg) @ Gy, if i even,
0, if i odd.
The nullity when 7 is odd comes from Proposition

(7) Fu# 0, Fy £ 0, Gy =0, Gy # 0.

LHS = ﬁ((Fa * Fb) U; Gb) = ,B(Fa * (Fb U; Gb)) =cF,® (Fb U; Gb)
RHS = B(F, * Fy) U; B(Gy) = (cFy @ ) U; (va @ Gp) = (cFy Ug va) ® (F Uy Gy) =
cF, ® (Fb U; Gb)

(8) Fu#0, Fy # 0, Ga # 0, Gy

= 0.
LHS = B((F, * F}) U; Ga) = { 0 if ¢ even,
“ v B(( Ui Go) * Fp) = c(Fo U; Go) ® Fp,  if i odd.
RHS = B(Fa*Fb)Uiﬁ(G ) ( Fo® Fi )Uz( a®(vb+Vb)) = (CFanGa)(X)(FbUg]Vb) =
0, if ¢ even,
C(Fa U; Ga) ® Fy, if i odd,
with the argument already used in the case (6).

e The end of the proof is concerned with the map o when at least one of the subsets,

Fy, Fy, Gg, Gy is the empty set. Computations are similar to the previous ones. O
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