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Infinitesimal Carleson property for
weighted measures induced by analytic
self-maps of the unit disk

Daniel Li, Hervé Queffélec, Luis Rodriguez-Piazza

June 6, 2012

Abstract. We prove that, for every o > —1, the pull-back measure p(Ay) of
the measure dAs(2) = (a+1)(1 — |2|*)* dA(2), where A is the normalized area
measure on the unit disk D, by every analytic self-map ¢: D — D is not only
an (a + 2)-Carleson measure, but that the measure of the Carleson windows of
size h is controlled by %12 times the measure of the corresponding window
of size h. This means that the property of being an (a + 2)-Carleson measure
is true at all infinitesimal scales. We give an application by characterizing the
compactness of composition operators on weighted Bergman-Orlicz spaces.
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1 Introduction and notation

It is well-known that every analytic self-map ¢: D — D induces a bounded
composition operator f +— C,(f) = f o ¢ from the Bergman space B? into
itself. By Hastings’s version of the Carleson inclusion theorem ([4]), that means
that the pull-back measure A, of the normalized area measure A by ¢ is a
2-Carleson measure, that is, for some constant C' > 0,

A({z €D; ¢(z) e W(,e)}) <Ce®

for every € € (0,1) and every £ € T, where W(¢,¢) is the Carleson window
centered at & and of size . It was proved in [6], Theorem 3.1, that one actually



has an infinitesimal version of this property, namely, for some constant C' > 0:
(1.1)  A({z €D; p(2) € W(&eh)}) < CA({z €D; p(2) € W(E h)}) €2,

for every € € (0,1) and h > 0 small enough.

Now, consider, for a > —1, the weighted Bergman space B2 . By Littlewood’s
subordination principle, every analytic self-map ¢ of D induces a bounded com-
position operator C,, from B2 into itself (see [8], Proposition 3.4). By Stegenga’s
version of the Carleson theorem ([9], Theorem 1.2), that means that the pull-
back measure of A, (see (1.3) below) by ¢ is an (a + 2)-Carleson measure. Our
goal in this paper is to show the analog of (1.1) in the following form.

Theorem 1.1 For each o > —1, there exists a constant C, > 0 such that, for
every analytic self-map of the unit disk p: D — D, every e € (0,1) and every
h > 0 small enough, one has, for every € € T:

A ({z eD; p(z) € W(f,sh)})

(1.2) < Coe™2 A, ({2 €D; p(z) € W(ER)}).

It should be stressed that the heart of the proof given in [6] in the case
a = 0 cannot be directly used for the other @ > —1, and we have to change it,
justifying the current paper. Moreover, the present proof is simpler than that
of [6]. We also pointed out that the result holds in the limiting case a = —1,
corresponding to the Hardy space H? ([5], Theorem 4.19), but the proof is
different, due to the fact that one uses the normalized Lebesgue measure on T
and the boundary values of ¢ instead of measures on D and the function ¢ itself.

We end the paper by an application to the compactness of composition
operators on weighted Bergman-Orlicz spaces.

Another application of Theorem 1.1 is given in [7].

Notation. In this paper, D = {z € C; |z| < 1} denotes the open unit disk
of the complex plane C, and T = 0D is the unit circle. The normalized area

measure dmﬂdy is denoted by A.

For a > —1, the weighted Bergman space B2 is the space of all analytic
functions f(z) = >, " a,z™ on D such that

1= [ 1P dAaz) < +20.
where A, is the weighted measure
(1.3) dAu(2) = (a +1)(1 — |z]H)*dA(2) .
The Carleson window centered at £ € T and of size h, 0 < h < 1, is the set

W, h)={2€D; |z| >1—h and |arg(z£)| < h}.



A measure p on D is called an a-Carleson measure (o > —1) if

|21|l:p1 u[W (&, h)] = On—o (h?).

Actually, instead of the Carleson window W (&, h), we shall merely use the sets
S h)={2€D; [z—¢| < h},

which have essentially the same size, so p is an a-Carleson measure if and only

if supgj— u[S(€; h)] = On—o (*).
We denote by I the right-half plane

(1.4) It ={z€C; Rez > 0}.

To avoid any misunderstanding, we denote by A the area measure on I, and
not this measure divided by 7.

Let T: D — IIT be the conformal map defined by:
p— 1 — z .
142z’

(1.5) T(z)
we denote by 7, = T'(A,) the pull-back measure defined by:
(1.6) Ta(B) = -Aoz[T_l(B)]

for every Borel set B of IIT. This is a probability measure on IIt.

We also need another measure ji, on II'", defined by:
(1.7) dpe, = 2% dady .

Given two measures p and v, we shall write ;4 ~ v when the Radon-Nikodym
derivative Z—‘lf is bounded from above and from below.

The pseudo-hyperbolic distance p’ on I is given by

(1.8) p'(z,w) = , o z,weD.

For every z € D and r € (0,1),
Al(z,r) ={weD; p'(w,z) <r}

is called the pseudo-hyperbolic disk with center z and radius r. It is (see [1], [3],
or [10], for example) the image of the Euclidean disk D(0,r) by the automor-
phism

z—C

=1

©-(C)



The pseudo-hyperbolic distance p on IIT is deduced by transferring the
pseudo-hyperbolic distance p’ on D with the conformal map T

(1.9) pla,b) = p (T a, T71b) =

a—1b
a+bl’
and, for every w € II'™ and r € (0, 1),

Alw,r) = {z € T plz,w) <1}

is the pseudo-hyperbolic disk of IIT™ with center w and radius 7.

Finally, we shall use the following notation:

(1.10) Q =(0,2) x (—=1,1).
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named author at the Departamento de Anéalisis Matemaético of the Universidad
de Sevilla in April 2011; it is a pleasure to thank all people of this department
for their warm hospitality. The third-named author is partially supported by a
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2 Transfer to the right half plane

As in [6], we only have to give the proof for £ = 1 and, by considering
g=nh/(1 —¢), we are boiled down to prove:

Theorem 2.1 Let a > —1. There exist constants Ko > 0, cg > 0 and \g > 1

such that every analytic function g: D — I with |g(0)| < co satisfies, for every
A Z )\0 M

Aal{lg] > ND) < % Aa({lg] > 1)

As said in the Introduction, this result is an infinitesimal version of the fact
that the pull-back measure A, , of A, by any analytic self-map ¢ of D is an
(o + 2)-Carleson measure. In fact, one has the following result.

Proposition 2.2 There is some constant C' = Cy, > 0 such that

C
a+2
(2.1) Aa{lgl > A}) < 757 19(0)]
for every analytic function g: D — IIT and every A > 0.

The goal is hence to replace in the right-hand side the quantity |g(0)|*™2 by
Aa({lgl > 1}).



Proof of Proposition 2.2. We may assume that |g(0)| = 1. Hence we may
assume that A\ > 2, taking C' > 2%%2 because A, ({|g| > A\}) < 1.

Set p(2) = [g(2) — 9(0)]/[g(2) + g(0)]. Then |g(z)| > A implies that

p(2) = 1] = 2|Re g(0)|/l9(2) + 9(0)] < 2/(A=1) <4/A.

But ¢ maps D into itself, so the measure A, , is an (a + 2)-Carleson measure
and (see the proof of [9], Theorem 1.2)

Aa({lg]l > A}) < Aag[S(1,4/0)] < C [IC P/ (A/4)* 2,

where [|C,|| is the norm of the composition operator Cy,: B2 — B2. But
©(0) = 0 and hence ||Cy|| = 1, by using Littlewood’s subordination principle
and integrating. (I

For technical reasons, that we shall explain after Lemma 3.4, we need to
work with functions defined on IIT. Proposition 2.2 becomes:

Proposition 2.3 There exists a constant C' = C, > 0 such that, for every
analytic function f: IIT — IIT, one has:
(22) ral{lf] > A}) < sg £

: o - \a+t2 )

Proof. Set Ef(A\) = {|f| > A} and define similarly E (\) = {|g| > A} where
g= foT:D — IIT. We have g(0) = f(1) as well as the simple but useful
equation:

(2.3) T7HEr(N)] = Eg(N).
So that, by Proposition 2.2:

TalEr (V)] = Aa[T7H(E; (V)] = Aa[Eg (V)]

C C
<

< arlaOI* = s,

and Proposition 2.3 is proved. O

Now, to prove Theorem 2.1, it suffices to prove that, when one localizes f
on 2, one may replace the quantity |f(1)| in the right-hand side of (2.2) by
To({|f] > 1} N Q). This is what is claimed in the next result.

Theorem 2.4 There exist constants K = K, >0, ¢c; > 0 and Ay > 1 such that
every analytic function f: 11T — TIT such that |f(1)] < ¢y satisfies, for every
A Z )\1 N

ral{lfl > A1) < 1o 7al{lf] > 11N 9)

We shall prove Theorem 2.4 in the next section, but before, let us see why
it gives Theorem 2.1 and hence our main result, Theorem 1.1.



Proof of Theorem 2.1. Let E: II™ — D be the exponential map defined by
(2.4) E(z)=e™,
which (up to a radius) maps bijectively 2 onto the annulus
(2.5) U={z€D; |z| >e "}

For every g: D — IIT with |g(0)] < (1 —8)/(1+ ) and 0 < 8 < 1, one has,
by Schwarz’s lemma (see [6], eq. (3.9)):

lg(z)>1 = |z[>8.

Therefore we only have to work on the annulus U, taking ¢y < tanh 7 in Theo-
rem 2.1.

Let L = E~! be the inverse map of the restriction of E to 2, and
(2.6) 0o = L(Aa)

be the pull-back measure of A, by L. This measure is carried by Q and we
have:

Lemma 2.5 On 2, one has: 04 ~ fig ~ To.

Taking this lemma for granted for a while, let us finish the proof of The-
orem 2.1 (the measure p, does not come into play here). Let g: D — IIT be
an analytic function and f = go E: IIT — II™ (so that g = f o L on E(Q)).
We have |f(1)| < ¢ if |g(0)] < ¢, with ¢o > 0 small enough. In fact, the
analytic function h = T o ¢ maps D into itself and hence, by the Schwarz-Pick
inequality, h is a contraction for the pseudo-hyperbolic distance on D (see [1],
eq. (3.3), page 18, for example); hence p'[h(e™™), h(0)] < p’(e™™,0) = e~ ™, that

s [£e 0 < o7 Tt follows that [g(e™™)]| ~ |9(0)] < e [lg(e™)| +9(0)]];

ice. lg(e™ )| < mk= [g(0)]. Therefore |£(1)] = lg(e~™)| < e1 if [g(0)] < co with
cogcltanhﬁ
Set:

E,N) ={lg| >A\}nU and E:(\) ={lfl >} nQ.
Observe that, as in (2.3),
LB (W] = E,(\)  and  E7HE,(1)] = Ef(1).
Hence, in view of Theorem 2.4 and Lemma, 2.5:

Aa[Eg(N)] = Ao (LTHEr(V)]) = 0a[Er (V)]

/! /

< et oalBr 0] = 55 o (51, (1)

K/, K&
= 1225 (Boa)[By(1)] = 1% AalBy (1),
which is exactly what we wanted to prove. (I



Proof of Lemma 2.5. Let us compute o, with the change of variable w =
E71(2). One has z = E(w) and

 dAG)

dA(z) = |E'(w) = %e*%“ew dA(w).

We get:

/Qh(w) do(w) = / h(Lz)dAn(z) = (a+ 1) /U h(E7 2)(1 — |2])*dA(2)

U

1
— a+ / h(w) 6727r9%ew(1 _ 6727r9iew)a dA(w),
™ Ja
so that
1
(2.7) da-a(w) — % e—QWmew(l _ e—27r9%ew)a ]IQ(w) dA(w).

Thus, on €2, we have 0, ~ fio. Indeed, the factor e 2%¢" is bounded from below

and from above, and (1 — e~ 2M¢®)® ~ (Rew)® as Rew goes to 0. This proves
the first equivalence of Lemma 2.5.

To prove the second equivalence, we use the change of variable formula
z=Tw in

/Q h(w) dro(u) = / WT2) dAa(2);

U
it gives dr,(w) = |T"(w)]?(1 — |T(w)|*)*(a + 1) dA(w) /T, i.e.:

4t (o 4+1)  (Rew)®
(2.8) dre(w) = - 1w

I (w) dA(w),

showing that u, ~ 74 on €. O

3 Proof of Theorem 2.4

Let us split, up to a set of measure 0, the square 2 into dyadic sub-squares

(3.) = (220« (B -0 2000 )

on on on on

of center

2j + 1 2%k + 1
(3.2) =2t +z’< - —1>,

2n 2n

withn >0,0<jk <2"—1 and where | = (n, j, k).

Note that Q = Q(0,0,0)- We are going to use the special form of the measure
Ta, taken in (2.8), to get a localized version of Proposition 2.3 as follows.



Proposition 3.1 There is a constant Cy, > 0 such that, for any analytic func-
tion f: IIT — I and any dyadic sub-square Q; of Q, one has, for any X\ > 0:

(3.3 (U] > M NQ1) € sy 7 (@) F(e0) |+

Proof. Using Lemma 2.5, we may replace the measure 7, by du, = =% dady.
This measure is no longer a probability measure, but it has the advantage of
being invariant under vertical translations, and, especially, to react to a dilation
of positive ratio A by multiplying the result by the factor \®*2.

We first need a simple lemma.
Lemma 3.2 For every 0 < s < 1, there exists a constant My > 0 such that,
for any analytic function f: 1T — U and any pseudo-hyperbolic disk A(c,s)
in IIT, we have, for every z € Alc, s):

(3.4) 1/Ms < [f(2)|/1f(c)] < M.

Proof. By the classical Schwarz-Pick inequality, any analytic map f: IIt — IIT
contracts the pseudo-hyperbolic distance p of IIT (see [1], Section 6), so that if
z € A(c, s), one has:

e ‘f(Z)f(C) =,
f@)+ fle)] 1z+¢
Inverting that relation, we get f(z) = @, whence
1+ |ul 1+s
< <
1) < 10 T < 10
and, similarly, |f(2)| > |f(c)] L‘_Z . The lemma follows, with M, = 1. O

Let us now continue the proof of Proposition 3.1.

Lemma 3.3 Inequality (3.3) holds when the square Q;, of the n-th generation,
does not touch the boundary of II'T, namely when | = (n, j, k) with j > 1. More
precisely, we have Q; C A(cy, 8) where s < 1 is a numerical constant.

Proof. Recall that ¢; is the center of );. We claim that we can find some
numerical s < 1 such that Q; C A(c, s). To show that claim, let | = (n, j, k)
and z,w € @;. We have:

1—p(z,w)?=1-

zZ—w 27 Re z Rew
S twf?

z+w
But one has 25/2" < Rez,Rew < 2(j + 1)/2" whereas |IJm (z + w)| < 27"+,
hence RezNRew > 45247 and |z + w]? = (Rez + Rew)? + [Tm (z + w)]> <
16(5 4+ 1)%247" +4.47™ < 805247, because j > 1. Therefore

45247 1

1 i il
Pl w) 2 A g = 5

so that p(z,w) < s = 4/4/5. In particular, we have Q; C A(cy, s).



Now, to prove (3.3), we may assume, by homogeneity (replace f by f/|f(c)|
and A by A/|f(a)l]), that |f(¢)| = 1. We then have, by Lemma 3.2, |f(z)] <
M| f(er)| = M; for every z € @Q;. Hence (3.3) trivially holds when A > M,
since then the set in the left-hand side is empty. So we assume A\ < M. In that
case, setting C,, = M2 we have :

ra{Lf > A} N Q1) < 7(Q1) < oy 7a(Q1).

This is the desired inequality, since we have supposed that | f(¢;)| = 1. O

Lemma 3.4 Inequality (3.3) holds when the square Q;, of the n-th generation,
touches the boundary of 11", namely when | = (n, j, k) with j = 0.

Proof. This case uses the specific properties of the measure p,. In view of
Lemma 2.5, we have to prove that:

(35) (1] > X} 1 @) < s (@) | (e

when the square @; C € is supported by the imaginary axis. We may again
assume that |f(¢;)| = 1, and we proceed in three steps.

1) First, (3.5) holds if Q; = Q(,0,0) = §%: this is just what we have proved
in Proposition 2.3 with (2.2).

2) For h > 0, (3.5) holds when Q; = hQ = (0,2h) x (—h, h) is a square
meeting the imaginary axis in an interval (—h, h) centered at 0. Indeed, setting
E¢(N\) ={|f| > A} as well as fr(z) = f(hz), we easily check that

(3.6) E;(\)NhQ = h[E;, (N)NQ.

For example, if v € Ef, (A\) N, one has |f(hv)] > A and hence w = hv €
E;(X) N hQ, giving one inclusion in (3.6); the other is proved similarly. Using
the already mentioned («+ 2)-homogeneity of the measure p,, we obtain, using
(2.2) for fp:

talEr(A) NhQY = pa [h(th (NN Q)] = haJFQMa[th (A)NQJ

@ C(l @
< B2 (D)7 = Q)

Ca a
A2 |f(cl)| +27
with €7, = 4=(@+2)(a + 1)C,, since the center ¢; of Q; = h€Y is ¢; = h.

3) Finally, (3.5) holds if @; is any square supported by the imaginary axis.
Indeed, this @ is a vertical translate of the second case, and the measure p,, is
invariant under vertical translations, which exchange centers.

This ends the proof of the crucial Lemma 3.4 and thereby that of Proposi-
tion 3.1. O



Remark. We see here why it is better to work with functions f: IIT — IIT in-
stead of functions g: D — IIT; if the invariance of p, under vertical translations
corresponds to the rotation invariance of A,, the homogeneity of p,, used in
part 2) of the proof, corresponds to an invariance by the automorphisms ¢, of
D, with real a € D, which is not shared by A, and writing a measure equivalent
to A, having these properties is not so simple.

In order to exploit this proposition, we need the following precisions.

Lemma 3.5 There exist constants ¢ > 0 and dg > 0, depending only on «,
such that for every l, there exists By C Q) with 74 (Ry) > ¢74(Q1) and, for every
analytic map f: T — IIT,

(3.7) [f(2)] > do[f(ci)|  for every z € Ry.

Proof. By Lemma 2.5, it suffices to prove this lemma with u, instead of 7.
Let us consider two cases.

1) If I = (n,j,k) with j > 1, we can simply take R; = @, in view of
Lemma 3.2 and Lemma 3.3.

2) If i = (n, j,k) with j = 0, we may assume that Q; = Q = (0,2) x (-1, 1),
since either vertical translations or dilations of positive ratio are isometries for
the pseudo-hyperbolic distance on IIT and, on the other hand, multiply the
lo-measure by 1 or h®+?2 respectively. It follows that ¢; = 1. We are going to
check that A(1,1/4) C Q = @, so that we can take R; = A(c;,1/4). Indeed,

set t = 1/4; if |u| := |4}| < ¢, we have z = 1=% and

2
1—|ul <1+t
1—wul2 ™ 1t
2 |Jmul 2t 8

< =-<1
1—ul2 = (1-¢2 9

0<Rez=

< 2;

|Tmz| =

Moreover, in view of Lemma 3.2, (3.7) holds with 6o = M, * = 3/5.
Finally, the claim on the measures holds with ¢ = pq[A(1,1/4)]/1a(2). O

Now, we want to control mean values of f on some of the @;’s. In order to
get that, we have to do a Calderé6n-Zygmund decomposition.

To that end, we need to know that the mean of |f| on Q is small, namely
less than 1, if | f(1)| is small enough. This is the aim of the next proposition.

Proposition 3.6 There exists a constant C > 0 such that, for every analytic
function f:IIT — IIT, one has:

38) sl [ 1+ =2 < clr).

Moreover, if c is the center of an open square Q contained in IIT, then:

s 1 s
(39) 1001 < g [ 1#ENiAE < 0 Tise).

10



Proof. Let us see first that (3.9) follows from (3.8). Let ¢ = a + b (a > 0
and b € R) be the center of the square Q = (a — h,a+ h) x (b — h,b+ h), with
0 < h < a. Consider the function f; defined by:

f1(z) = flo(2)], where ¢(z) =hz—h+a+ib.

Observe that ¢: II™ — IIT is an affine transformation sending 1 onto ¢ and that
?(2) = Q. Applying (3.8) to fi gives:

T 1 m
TAWI< 555 [ 1p@IaaE < c T A,

This yields (3.9) using an obvious change of variable and f1(1) = f(c).
The left-hand side inequality in (3.8) is due to subharmonicity: consider the

open disk D of center 1 and radius 1; then D C Q and, |f| being subharmonic,
we have:

sl < = [ i@ iniasy < < [[ 11 i)l dody.

We now prove the right-hand side inequality. Using Lemma 2.3 and the fact
that po ~ 70 on Q (note that po is just the area measure A on IIT), we have
the existence of a constant x > 0 such that, for all A > 0:

(3.10) {1 > NN Q) < 5 IF P

From this estimate (3.10), we can control the integral of |f| over Q (recall that
pio(§2) = 4):

—+oo
/Iflduoz/ po({lf] > A} N Q) dA
Q 0

“+o0 K 2
<atrs [ IR D= wemiso)

The proposition follows. O

Remark. We do not know if the constant 7/4 in the left-hand side of (3.9)
can be replaced by a better constant; however, it is not possible to replace this
factor /4 by 1. Let us see an example.

Let us define f(z) = exp((T'z)*)) where Tz = (1 —2)/(1+ 2). Recall that T
sends ITT to the unit disk D, and therefore f(z) € IIT, for every z € IIT because
|arg(expw)| < 1 < 7/2, for all w € D.

Now let @ be the unit square Q = (—1,1) x (=1,1). For 0 <t < 1/2, let Q;
be the square, centered in 1, @Q; = (1 —t,1+t) x (—t,t), which is contained in
IT*, and define

o= 5 [ 1rNaa = 3 [ [ [ st iwtae] a.

t

11



Using a change of variable we have:

o(t) = i//@|f(1+tx+ity)|dxdy.

We are going to prove that there exists ¢ such that o(t) < 1 = |f(1)] and
the average of |f| in the cube @ is smaller than |f(1)|. Now observe that

f(z):%(z—1)4+0((z—1)5), z— 1.

Consequently, there exists a constant C' > 0 such that, for z € Qy2,
Re (f(z)) < 1_16 Re ((z— 1Y +Clz—1p
and then, there exists C; > 0, such that for every = + iy € @Q and t € (0,1/2),
|f(1 4tz + ity)| < exp {% Re (t*(z +iy)*) + Clt5]

4
= exp{ﬁ (z* + y* — 62%9°) + C’ltﬂ .

Integrating over (), putting:

1 ot
7(s) = 1/1/1eXp((5/16)(z4+y4*6$2y2)+C155/4) dx dy ,

we get that o(t) < 7(#*), for t € (0,1/2]. We just need to prove that, for s > 0
close enough to 0, we have 7(s) < 1. But this is easy because 7(0) = 1, and

(| 1,4 4 8 1
'0) = - — @yt —6aty)dedy = —(Z 42— 2) =~ <0,
() 4/,1/,116(x+y vy )dedy =5 +5 73 60

Return now to the proof of Theorem 2.4.

Consider, for every n > 0, the conditional expectation of the restriction
to Q of [f| with respect to the algebra Q, generated by the squares Qn ;x)
0<j,k<2"—1 (note that Q, C Q,11):

2" —1 1
a1 @G =Y (g [ 194) Ta ().
75 (n,5,k)

Ji k=0

and the maximal function M f is defined by:
(3.12) M f(z) = sup (En|f])(2) .-
One has

1
(3.13) MNE = swp g [ flda.
Z2€Q(n,j,k) A(Q("1j7k)) Q(n,j.k)
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Since f is continuous on §2, one has lim, . E,|f|(z) = |f(z)| for every z € Q,
and it follows that:

(3.14) (1> 1) C (Mf > 1}
Now, the set {M f > 1} N Q can be split into a disjoint union

{(Mf>1}nQ= |_| Zy
n>1
where

Zn ={2€Q; (E,|f|)(2) > 1 and (E;|f|)(z) <1if j <n}.

(note that, by Proposition 3.6, Eo|f| < 1if |f(1)] is small enough).

Since E,, | f| is constant on the sets Q € Q,,, each Z,, can be in its turn decom-
posed, up to a set of measure 0, into a disjoint union E, = |_|(j k)ETn Qn,jk)-
By definition, for z € Z,, one has (E,|f|)(z) > 1 and hence, for (j,k) € J,,

1
AQnjk))

But, on the other hand, (E,_1|f]|)(z) < 1 for z € Z,, and we have, if
S Q(n,j,k):

/ |f|dA >1 for z € Q(njk) -
Qen.j.k)

1 1
(En|fI)(2) = 7/ |fldA < 7/ |f|dA
A(Q(n,j,k)) Q(",j,k) A(Q(ndak)) Q(nfl,j/’k/)
Sl
<4 — fldA <4,
A(Q(n—L]—/’k/)) Qn_1,5 17 | |

where Q(,,—1,;7,1) is the square of rank (n — 1) containing Q(,, ; x)-

Finally, we can write {Mf > 1} N Q as a disjoint union, up to a set of
measure 0,

(3.15) {(Mf>13nQ=| |,

leL
where L is a subset of all the indices (n, j, k), for which:

1
(3.16) 1<—— [ |fldA<4.

—AQ) Jg,

Equations (3.14), (3.15) and (3.16) define the Calderon-Zygmund decompo-
sition of the function f.

We are now ready to end the proof of Theorem 2.4.
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For A > 1, set Ex = {|f| > A}; one has, by (3.15), Proposition 3.1 and (3.9):

Ta(BxNQ) = 7o (ExN{M[f > 1}NQ) =) 1o (ExNQ))
leL

Ka
< sz Y@ (@)

leL

K, 16y t2 Co
<2 w@) () = 1 Y (@)
leL leL

To({Mf >1}NQ).

j— Ca
- )\a+2

But, on the other hand, the sets R; of Lemma 3.5 are disjoint, since R; C @
and we have |f| > do | f(ci)| > (4/7C) 6o := 61 on Ry, in view of Lemma 3.5 and
Proposition 3.6. Therefore:

To(|f] > 1) > Ta(LlRl) = ZTQ(RZ) > CZTa(Ql) = CTa( |_| Ql)
1

leL leL leL
=cto({Mf>1}NQ).

We get hence 7, (Ex N Q) < 5545 70 ({|f| > 61}) for A > 1, with C!, = C,/c.
Applying this to f/d; instead of f, we get:

"

(Il > AN Q) < T na{l] > 1))

for A > A\ :=1/41, and that finishes the proof of Theorem 2.4.

4 An application to composition operators

In this section, we give an application of our main result to composition
operators on weighted Bergman-Orlicz spaces.

Recall that an Orlicz function ¥: [0,00) — Ry is a non-decreasing convex
function such that ¥(0) = 0 and ¥(z)/r — oo as x goes to co. The weighted
Bergman-Orlicz space BY is the space of all analytic functions f: D — C such
that

/D\I/(|f|/0) dA, < +oo

for some constant C' > 0. The norm of f in BY is the infimum of the constants
C for which the above integral is < 1. With this norm, BY is a Banach space.

Now, every analytic self-map ¢: D — D defines a bounded linear operator
Cy: BY — BY by Cu(f) = f o, called the composition operator of symbol
. This is a consequence of the classical Littlewood’s subordination principle,
using the facts that the measure A, is radial and the function ¥(|f|/C) is sub-
harmonic for every analytic function f: D — C. Such an operator may be seen as

14



a Carleson embedding J,: BY — LY (p) for the pull-back measure p = p(Ay).
S. Charpentier ([2]), following [6], has characterized the compactness of such
embeddings (actually in the more general setting of the unit ball By of CV
instead of the unit disk D of C):

Theorem 4.1 (S. Charpentier) For every finite positive measure p on D and
for every a > —1, one has:
1) If BY is compactly contained in LY (u), then

Uol(1/het?)

(4.1) 50 UL(1/pu(h))

2) Conversely, if

) \ijl(l/ha+2) B
(4.2) W TR 2R ()

then BY is compactly contained in LY (11).

Here p,, is the Carleson function of u, defined as:

(4.3) pu(h) = Elll:plu[W(& h)]
and
Lt

When p = ¢(A,) is the pull-back measure of A, by an analytic self-map
¢: D — D, we denote them by p, 42 and K, o42 respectively.

We gave in [6], in the non-weighted case, examples showing that conditions
(4.1) and (4.2) are not equivalent for general measures p. However, Theorem 1.1
implies that Ky a42(h) < pg,at+2(h)/h*T? and so conditions (4.1) and (4.2) are
equivalent in this case. Therefore, we get:

Theorem 4.2 For every a > —1, every Orlicz function ¥, and every analytic
self-map ¢: D — D, the composition operator C,,: BY — BY is compact if and
only if:

(4.5) lim 2 (A/R%)

W ST ppara(h)
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