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Abstract

Circle actions on pseudomanifolds have been studied in [8] by using intersection cohomology
(see also [4]). In this paper, we continue that study using a more powerful tool, the equivariant
intersection cohomology [1, 2].

In this paper, we prove that the orbit spaceB and the Euler class of the actionΦ : S
1
× X → X

determine both the equivariant intersection cohomology ofthe pseudomanifoldX and its localization.
We also construct a spectral sequence converging to the equivariant intersection cohomology of

X whose third term is described in terms of the intersection cohomology ofB.

We consider an actionΦ : S
1
× X → X of the circle on a pseudomanifoldX whose orbit spaceB

is again a pseudomanifold (cf. (1.1)). We have seen in [8] that the intersection cohomology ofX is
determined byB and the Euler classe ∈ IH

2

e
(B). In this paper we prove that those two data determine

some other structures. The main results of this work are the following:

 The equivariant intersection cohomology1 IH
S

1 (X) of X has aΛe-perverse algebra structure2. We

prove that this structure is determined byB and the Euler classe ∈ IH
2

e
(B) (cf. Proposition2.2).

 The localization1 IL
S

1 (X) of IH
S

1 (X) has a perverse superalgebra structure. We prove that this

structure is determined byB and the Euler classe ∈ IH
2

e
(B) (cf. Proposition4.2).

 For each perversityp we construct a spectral sequence converging toIH
∗

p,S
1
(X) whose third term

is described in terms ofB (cf. Proposition3.2)4.

In the Appendix, we illustrate the results of this work with some particular examples. In the sequel,
any manifold will be considered connected, second countable, Haussdorff, without boundary and smooth
(of classC∞).
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1See [1, 2].
2 Λe = H

∗

(CP∞).
4As C. Allday pointed out to us, this spectral sequence degenerates into the Skjelbred exact sequence of [11] when p = 0

(cf. Proposition3.5).
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1 Equivariant intersection cohomology

We introduce in this section the equivariant intersection cohomology [1, 2] of a modelled action [7].

1.1 Modelled actions.Under some assumptions, the orbit space of an action of the circle on a stratified
pseudomanifold is also a stratified pseudomanifold, which is calledS

1
-pseudomanifold in [9, sec. 4]. In

this work we shall use a variation of this concept: modelled actions ofS
1

on unfolded pseudomanifolds5.
For the rest of this work, we fix a modelled actionΦ : S

1
× X → X. We denote byB the orbit space

X/S
1
. The actionΦ may induce two kind of strata ofX:

• a stratumS is mobilewhenS
1

S
, the isotropy subgroup of any point ofS, is finite and

• a stratumS is isfixedwhenS
1

S
, the isotropy subgroup of any point ofS, isS

1
.

Recall that the regular stratumR is mobile withS
1

R
= {1}. In this work, we need the refinement of fixed

strata introduced in [7, sec. 5.6]

• a fixed stratumS is perverse6 when the Euler class of the actionΦLS
: S

1
× LS → LS does not

vanish, whereLS is the link ofS.

1.2 Equivariant intersection cohomology. We fix p a perversity ofX and we writeΩ
∗

p
(X) the complex

of intersection differential forms andIH
∗

p
(X) the intersection cohomology7, relatively to the perversityp.

As S
1

is connected and compact, the cohomology of the subcomplex of S
1
-invariant formsΩ

∗

p
(X) is

IH
∗

p
(X).

Recall that the classifying space ofS
1

is justCP∞ whose cohomology is the free dgcaΛe where
|e| = 2 andde = 0. Theequivariant intersection cohomology IH

∗

p,S
1
(X), relatively to the perversityp, is

the cohomology of the complex
(

Ω
∗

p
(X) ⊗ Λe,∇

)

, where∇ is defined linearly from

∇((α, β) ⊗ en) = D(α, β) ⊗ en + (−1)|β|(β, 0)⊗ en+1.

The equivariant intersection cohomology generalizes the usual equivariant cohomology sinceIH
∗

0,S
1
(X) =

H
∗

S
1
(X) whenX is normal.

1.3 Λe-perverse algebras. We have introduced in [8, sec. 2] the notion of perverse algebra, perverse
morphism andx perverse isomorphism. The coefficient ring of these objects isR. When we replace
this ring byΛe, we get the notions ofΛe-perverse algebra, Λe-perverse morphismandΛe-perverse
isomorphism. In this work, we deal with the following examples:

+ The quadrupleΩ
S

1
(X) =

















⊕

p∈PX

Ω
p
(X) ⊗ Λe, ι,∧,∇

















is a Λe-perverse algebra. Here, theΛe-

structure is given by:e · ((α, β) ⊗ en) = (α, β) ⊗ en+1.

5 We refer the reader to [7, sec. 4] (see also [8, sec. 1.1]) for the notion of a modelled action. The reason why we work
with unfolded pseudomanifolds instead of considering justpseudomanifolds is that they support the de Rham intersection
cohomology we use in this work(cf. [10]).

6See [8, sec. 1.2] for some examples. Notice that, as G. Friedman pointed out in [3] , there is a misprint in [8, sec. 1.1]
in the definition of perverse stratum: it should beH

∗(

LS\ΣLS

)

, H
∗
(

(LS\ΣLS )/S
1
)

⊗ H
∗
(

S
1
)

, whereΣLS is the singular part of
the link LS. That definition is equivalent to the one we give above.

7For the notions related with the intersection cohomology, we refer the reader to [10, sec. 3]
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+ Its cohomologyIH
S

1
(X) =

















⊕

p∈PX

IH
p,S

1
(X), ι,∧, 0

















is the theequivariant intersection cohomology

algebrawhich is aΛe-perverse algebra.

+ The operatorπ′ : IH (B)⊗Λe→ IH
S

1
(X), defined byπ′p ([α] ⊗ en) = [(α, 0)⊗ en], is aΛe-perverse

morphism.

1.4 Equivariant Gysin sequence. The main tool we use for the classification of modelled actions is
the Gysin sequence8 we construct now. Fixp a perversity ofX. Consider the short exact sequence

0→
(

Ω
∗

p
(B) ⊗ Λe, d⊗ 1

) π′p
−→
(

Ω
∗

p
(X) ⊗ Λe,∇

)

∮ ′

p
−→
(

G
∗−1

p
(B) ⊗ Λe, d⊗ 1

)

→ 0,

whereπ′p(α ⊗ e
n) = (α, 0) ⊗ en and

∮ ′

p
(α, β) ⊗ en = β ⊗ en. Each term is a differential complex and

aΛe-module with the natural structure. Moreover, the mapsπ′
p

and
∮ ′

p
preserve these structures. The

equivarian Gysin sequenceis the induced long exact sequence

· · · →
[

IH
∗

p
(B) ⊗ Λe

]i π
′
p
−→ IH

i

p,S
1
(X)

∮ ′

p
−→
[

H
∗
(

G
·

p
(B)
)

⊗ Λe
]i−1 δ

p
−→
[

IH
∗

p
(B) ⊗ Λe

]i+1
→ · · ·

Here,δ
p
([β] ⊗ en) = [dα+(−1)|β|β∧ǫ]⊗en+(−1)|β|ι

B

p−x,p
[β]⊗en+1. For short, we shall write (−1)|β|ι

B

p−x,p
= I

p
.

The connecting morphism becomesδp = ep⊗1+I p⊗e.Notice that the equivariant Gysin sequence permits
us to obtain the equivariant intersection cohomology ofX in terms of basic9 data.

2 Classification of modelled actions

In this section, we prove thatB and the Euler class determine the equivariant intersectioncohomology
of X.

2.1 Fixing the orbit space10. ConsiderΦ1 : S
1
×X1 → X1 andΦ2 : S

1
×X2→ X2 two modelled actions

and writeB1 andB2 the corresponding orbit spaces.
An unfolded isomorphismf : B1 → B2 is optimalwhen it preserves the nature of the strata. In this

case, the two Euler perversities are equal:e1(π1(S)) = e2( f (π1(S))) for each singular stratumS of X1.
We shall writee for this Euler perversity. Now we can compare the two Euler classese1 ∈ IH

2

e
(B1) and

e2 ∈ IH
2

e
(B2). We shall say thate1 ande2 are f -relatedif f

∗

e
e2 = e1.

Proposition 2.2 Let X1, X2 be two connected normal unfolded pseudomanifolds. Consider two mod-
elled actionsΦ1 : S

1
× X1 → X1 andΦ2 : S

1
× X2 → X2. Let us suppose that there exists an unfolded

isomorphism f: B1 → B2 between the associated orbit spaces. Then, the two following statements are
equivalent:

(a) The isomorphism f is optimal and the Euler classes e1 and e2 are f -related.

(b) There exists aΛe-perverse isomorphismG : IH
S

1
(X2)→ IH

S
1
(X1) verifyingG◦π′

2
= π′

1
◦( f ⊗ 1).

8The Gysin sequence for intersection cohomology has been constructed in [7, sec. 6]. In this article we use the notations
of [8, sec. 1.3]. Notice that, as G. Friedman pointed out in [3], in the definition ofG

∗

p
(B) given in [8, sec. 1.3], the degree

should be shifted by 1, so thatG
∗

p
(B) ⊂ Ω

∗

p−x
(B).

9Of the orbit spaceB.
10See (cf. [8, sec. 3.1]) for details.
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Proof. We proceed in two steps.

(a)⇒ (b) Since [f
∗

e
ǫ2] = f

∗

e
e2 = e1 = [ǫ1] then there existsγ ∈ Ω

1

e
(B2) with f

∗

e
ǫ2 = ǫ1 − d( f

∗

e
γ).

Using this mapγ, we construct for each perversityp the mapG
p
= F

p
⊗ 1: Ω

∗

p,S
1
(X2) −→ Ω

∗

p,S
1
(X1) (cf.

[8, Proposition 3.2]). SinceF = {Fp} is a perverse isomorphism, thenG = {Gp} : Ω
S

1
(X2) → Ω

S
1
(X1) is

aΛe-perverse isomorphism. The equalityG◦π′
2
= π′

1
◦( f × 1) comes from:

Gp

(

π′2,p (α ⊗ en)
)

= Fp(α, 0)⊗ en = ( fp(α), 0)⊗ en = π′1,p

(

fp(α) ⊗ e
n
)

,

whereα ∈ Ω
∗

p
(B2).

(b)⇒ (a) Consider now the equivariant Gysin sequences associated tothe actionsΦ1 andΦ2. The
two Gysin terms are written1G and2G respectively. SinceG

e2
◦π′

2,e2
= π′

1,e2
◦( f

e2
× 1) we can construct

the commutative diagram

IH
1

e2
(B2)

π′
2,e2

−−−−−→ IH
1

e2,S
1
(X2)

∮ ′

2,e2
−−−−−→ H

0
(

1G
∗

e2
(B2)
) δ′

2,e2
−−−−−→

[

IH
∗

e2
(B2) ⊗ Λe

]2 π′
2,e2

−−−−−→ IH
2

e2,S
1
(X2)











y

f
e2

G
e2











y
ℓ











y











y

f
e2
⊗1 G

e2











y

IH
1

e2
(B1)

π′
1,e2

−−−−−→ IH
1

e2,S
1
(X1)

∮ ′

1,e2
−−−−−→ H

0
(

2G
∗

e2
(B1)
) δ′

1,e2
−−−−−→

[

IH
∗

e2
(B1) ⊗ Λe

]2 π′
1,e2

−−−−−→ IH
2

e2,S
1
(X1),

whereℓ : H
0
(

1G
∗

e1
(B)
)

→ H
0
(

2G
∗

e1
(B)
)

is an isomorphism. Following the proof of [8, Proposition 3.2] we

conclude that the isomorphismf is optimal, the operatorℓ is the multiplication by a numberλ ∈ R\{0}
and fee2 = λ · e1. Finally, the commutativity

(

fe ⊗ 1
)

◦δ′2,e2
= δ′1,e2

◦ℓ gives thatλ = 1 and therefore the
Euler classese1 ande2 are f -related. ♣

3 The basic spectral sequence

The Leray spectral sequence considered by Borel for the usual equivariant cohomology has been ex-
tended to the perverse framework in [1]. It converges toIH

∗

p,S
1
(X) and its second term isIH

∗

p
(X) ⊗ Λe.

We construct another spectral sequence converging toIH
∗

p,S
1
(X) whose third term is described in terms

of B. It is thebasic spectral sequence. First of all, we present an auxiliary complex.

3.1 The co-Gysin complex. The third term of the spectral sequence is described in terms of theco-

Gysin complex11K
∗

p
(B) =

Ω
∗

p
(B)

G
∗

p
(B)

. It fits into the long exact sequence

· · · → H
i (

G
∗

p
(B)
) I

p
−→ IH

i

p
(B)

P
p
−→ H

i (

K
∗

p
(B)
) ∂p
−→ H

i+1(

G
∗

p
(B)
)

→ · · · .

Here,I
p
[α] = [α], ∂

p
[α] = [dα] andP

p
[α] = [α]. Now, we can describe the basic spectral sequence.

11An element ofK
∗

p
(B) is writtenα whereα ∈ Ω

∗

p
(B).



Cohomological study of circle actions . . . March 25, 2011˙ 5

Proposition 3.2 Consider a modelled actionΦ : S
1
× X → X and fix a perversityp. There exists a

first quadrant spectral sequence
{(

Ep,r , dp,r

)}

r≥0
converging to the equivariant intersection cohomology

IH
∗

p,S
1
(X) such that

(a) E
i, j

p,r
= 0 if j is an odd number and r≥ 1;

(b) E
i,2 j

p,2s
= E

i,2 j

p,2s+1
if s ≥ 1;

(c) the second and third terms are E
i,2 j

p,3
= E

i,2 j

p,2
=



















IH
i

p
(B) if j = 0

H
i
(

K
∗

p
(B)
)

⊗ R · e j if j > 0;

(d) the third differential dp,3 : E
i,2 j

p,3
−→ E

i+3,2 j−2

p,3
is dp,3(w⊗ e

j) =



















(

e
p
◦∂

p

)

(w) if j = 1
(

P
p
◦e

p
◦∂

p

)

(w) ⊗ e j−1 if j ≥ 2.

Proof. Consider the filtration· · · ⊂ F
i
Ω
∗

p,S
1
(X) ⊂ F

i−1
Ω
∗

p,S
1
(X) ⊂ · · · ⊂ F

0
Ω
∗

p,S
1
(X) = Ω

∗

p,S
1
(X) defined by

F
i
Ω
∗

p,S
1
(X) = {ω ∈ Ω

≥i

p
(X) ⊗ Λe / dω ∈ Ω

≥i

p
(X) ⊗ Λe}. That is,

F
i
Ω

i+2 j

p,S
1
(X) =

(

Ω
i

p
(B) ⊕ {0}

)

⊗ R · e j ⊕

j
⊕

k=1

Ω
i+2k

p
(X) ⊗ R · e j−k, and

F
i
Ω

i+2 j+1

p,S
1

(X) = Ω
i+1

p
(X) ⊗ R · e j ⊕

j
⊕

k=1

Ω
i+1+2k

p
(X) ⊗ R · e j−k

which verifies∇
(

F
i
Ω
∗

p,S
1
(X)
)

⊂ F
i
Ω
∗+1

p,S
1
(X). Following the standard procedure (see for example [6]) one

constructs a spectral sequence
{(

Ep,r , dp,r

)}

converging to the equivariant cohomologyIH
∗

p,S
1
(X). We have

E
i,2 j

p,0
=
(

Ω
i

p
(B) ⊕ {0}

)

⊗ e j and E
i,2 j+1

p,0
=

Ω
i+1

p
(X)

Ω
i+1

p
(B) ⊕ {0}

⊗ e j.

The differentiald
p,0

: E
i,2 j

p,0
→ E

i,2 j+1

p,0
is zero, and the differentiald

p,0
: E

i,2 j+1

p,0
→ E

i,2 j+2

p,0
is given byd

p,r

(

(α, β) ⊗ e j
)

=

(β, 0)⊗ e j+1.We conclude thatE
i, j′

p,1
=































Ω
i

p
(B) if j′ = 0

K
i

p
(B) ⊗ R · e j if j′ = 2 j > 0

0 if j′ is odd

. This gives (a),d
p,2s
= 0 if s≥ 1

and (b).
The first differentialdp,1 : E

i,2 j

p,1
→ E

i+1,2 j

p,1
is given bydp,1(α) = dα anddp,1

(

α ⊗ e j
)

= dα ⊗ e j. We

conclude thatE
i,2 j

p,3
= E

i,2 j

p,2
=



















IH
i

p
(B) if j = 0

H
i
(

K
∗

p
(B)
)

⊗ R · e j if j > 0.
. This gives (c).

Consider, for the computation of the third differential, [α] ∈ H
i
(

K
∗

p
(B)
)

. So, we have that [dα] ∈

H
i+1
(

G
∗

p
(B)
)

ande
p
([dα]) ∈ IH

i+3

p
(B). This givesd

p,3
([α] ⊗ e) = e

p
([dα]) = e

p
∂

p
([α]). For the general case

j ≥ 2 we havedp,3([α] ⊗ e
j) = Ppep([dα]) ⊗ e

j−1 = Ppep∂p([α]) ⊗ e
j−1. This gives (d). ♣
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3.3 The basic spectral sequence in the classic framework.We consider here the usual cohomology,
that is, the casep = 0. For the sake of simplicity we also suppose thatX is normal.

In this context, the basic spectral sequence is a spectral sequence converging toH
∗

S
1
(X) whose third

term is described in terms of the cohomology ofB andF, the union of fixed strata. In fact, as C. Allday
pointed out to us, this spectral sequence degenerates into the Skjelbred exact sequence (cf. [11]).

First of all, we fix some facts. The cohomology of the complexG
∗

−x
(B) = Ω

∗

−e
(B) = Ω

∗

−x
(B) = G

∗

0
(B) is

H
∗

(B, F) (cf. [10]). We shall writee: H
∗

(B, F) → H
∗+2

(B, F) the map induced frome
−x

. The long exact

sequence associated to the pair (B, F) is · · · → H
i
(B, F)

ι
−→ H

i
(B)

P
−→ H

i
(F)

∂
−→ H

i+1
(B, F)→ · · · .

Lemma 3.4 Consider a modelled actionΦ : S
1
×X→ X where X is normal. There exists a first quadrant

spectral sequence
{(

Er , dr

)}

r≥0 converging to H
∗

S
1
(X) such that

(a) E
i, j

r
= 0 if j is an odd number and r≥ 1;

(b) E
i,2 j

2s
= E

i,2 j

2s+1
if s ≥ 1;

(c) E
i,2 j

3
= E

i,2 j

2
=















H
i
(B) if j = 0

H
i
(F) ⊗ R · e j if j > 0;

(d) each E
∗,0

r
is a quotient of H

∗

(B) when r≥ 3;

(e) for each s≥ 1 and j, s, the differential d2s+1 : E
i,2 j

2s+1
→ E

i+2s+1,2 j−2s

2s+1
is 0;

(f) for each s≥ 1, the differential d2s+1 : E
i,2s

2s+1
= H

i
(F) ⊗ R · es→ E

i+2s+1,0

2s+1
is induced by(−1)s ι◦es◦ ∂.

Proof. Consider
{(

Er , dr

)}

r≥0 the spectral sequence given by the above Proposition forp = 0. It converges
to IH

∗

0,S
1
(X) which isH

∗

S
1
(X) sinceX is normal. Let us verify the properties.

(a) and (b) Clear.

(c) SinceX is normal, thenB is normal and thereforeIH
∗

0
(B) = H

∗

(B). The long exact sequence

associated to the short exact sequence 0→ Ω
∗

−x
(B)→ Ω

∗

0
(B)→ K

∗

0
(B)→ 0 becomes

· · · → H
i
(B, F)

ι
−→ H

i
(B)

P
0
−→ H

i (

K
·

0
(B)
)
∂

0
−→ H

i+1
(B, F)→ · · · .

So, there exists an isomorphismξ : H
∗
(

K
·

0
(B)
)

→ H
∗

(F) with ∂◦ξ = ∂
0

andξ◦P
0
= P. The result comes

now directly from the Proposition3.2.

(d) Forr = 2s+ 1 ≥ 3 we haveE
i,0

2s+1
=

Z
i,0

2s+1

Bi,0

2s

=
Ω

i
(B) ∩ d−1(0)

Bi,0

2s

=
H

i
(B)

Bi,0

2s

/

dΩi−1(B)
.

To prove (e) and (f) , we proceed by induction ons. Takings= 1, we have from Proposition3.2and

the above identifications:d3(w⊗ e
j) =















(ι◦e◦∂) (w) if j = 1
(

ξ◦P
0
◦ι◦e◦∂

)

(w) ⊗ e j−1 if j ≥ 2
=















(ι◦e◦∂) (w) if j = 1

0 if j ≥ 2.
.

Let us now suppose that the result is true fors′ < s. The casej < s is straightforward by dimension
reasons! Consider nowj ≥ s. The induction hypothesis and (b) give the isomorphism chain

∇ j,s : E
i,2 j

2s+1
=

Z
i,2 j

2s+1

Zi+1,2 j−1

2s
+ Bi,2 j

2s

→ E
i,2 j

2s
→ E

i,2 j

2s−1
→ · · · → E

i,2 j

2
→ H

i
(F) ⊗ R · e j ,
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with ∇ j,s





















ω j = (α0, 0)⊗ e j +

j
∑

k=1

(αk, βk) ⊗ e j−k





















= ξ
[

α0
]

⊗ e j . On the other hand, we have that the defi-

nition of the differentiald2s+1 : E
i,2 j

2s+1
=

Z
i,2 j

2s+1

Zi+1,2 j−1

2s
+ Bi,2 j

2s

−→
Z

i+2s+1,2 j−2s

2s+1

Zi+2s+2,2 j−2s−1

2s
+ Bi+2s+1,2 j−2s

2s

is

d2s+1(ω j) = (dαs+ (−1)|βs|βs∧ ǫ + (−1)|βs+1|βs+1, 0)⊗ e j−s +

j
∑

k=s+1

(α′k, β
′
k) ⊗ e

j−k,

and therefore (∇ j−s,s◦d2s+1)(ω j) = ξ
[

dαs+ (−1)|βs|βs∧ ǫ + (−1)|βs+1|βs+1

]

⊗ e j−s = 0 sinceβs ∧ ǫ ∈ Ω
∗

−x
(B).

This impliesd2s+1(ω j) = 0 for j > s. It remains the casej = s. Forωs = ∇
−1

s,s
([ω] ⊗ es) ∈ E

i,2s

2s+1
=

Z
i,2s

2s+1

Bi,2s

2s

we

have from (d)

d2s+1(ωs) =
[

dαs+ (−1)|βs|βs ∧ ǫ
]

=















s
∑

k=0

(−1)s−kdαk ∧ ǫs−k















= (−1)s[dα0 ∧ ǫs] =

= (−1)s(ι◦es◦ ∂
0
)[α0] = (−1)s(ι◦es◦ ∂)ξ[α0] = (−1)s(ι◦es◦ ∂)[ω],

since
s
∑

k=1

(−1)s−kdαk ∧ ǫ
s−k = d

















s
∑

k=1

















αk, (−1)|αk|

k−1
∑

j=1

(−1)k−1− jdα j ∧ ǫ
k−1− j

















⊗ es−k

















belongs toB
i,0

2s
. ♣

The particular geometry of this spectral sequence gives rise to aGysin sequence(in the sense of [6]).

Proposition 3.5 Consider a modelled actionΦ : S
1
× X→ X where X is normal. We have the Skjelbred

exact sequence

· · · −→
[

H
∗

(F) ⊗ Λ>0
e

]i β
−→ H

i+1
(B)
α
−→ IH

i+1

S
1
(X)

δ
−→
[

H
∗

(F) ⊗ Λ>0
e

]i+1 β
−→ H

i+2
(B) · · · ,

where

- α[α] = [(α, 0)⊗ 1];

- β([ω] ⊗ es) = (−1)s (ι◦es◦ ∂)[ω];

- δ

















j
∑

k=0

(αk, βk) ⊗ ek

















=

j
∑

k=1

ξ[αk] ⊗ ek.

Proof. Consider the exact sequence 0−→
⊕

s≥1

E
i−2s,2s

∞

∇
−→
⊕

s≥1

H
i−2s

(F) ⊗ es
β
−→ H

i+1
(B)

Proj
−→ E

i+1,0

∞
−→ 0,

where∇ is induced by∇s,s+1 : E
i−2s,2s

∞
= E

i−2s,2s

2s+3
→ H

i−2s
(F) ⊗ R · es, and proceed as in [6, pag. 8]. ♣

4 Localization

The localization of the equivariant intersection cohomology is a cohomological theory introduced in
[1, 2]. In fact, it is a residual cohomology since it depends on a neighborhood of the fixed point setF. The
usual12 LocalizationTheorem establishes that the localizationL

∗

S
1
(X) of H

∗

S
1
(X) is in fact H

∗

(F) ⊗ R(e).

This doesn’t hold for the generic case since the links of strata are no longer spheres.
12WhenX is a manifold, the family of strataSX is reduced to the regular stratum.
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4.1 Definition and properties. Denote byR(e) the field of fractions ofΛe. The localization of the
equivariant intersection cohomology isIL

⋆

p,S
1
(X) = IH

∗

p,S
1
(X)⊗

Λe
R(e). It is not a gradedR(e)-vector space

overZ but overZ2 by: IL
⋆

p,S
1
(X) = IL

even

p,S
1
(X)⊕ IL

odd

p,S
1
(X) = IH

even

p,S
1
(X)⊗

Λe
R(e)⊕ IH

odd

p,S
1
(X)⊗

Λe
R(e). It verifies the

following properties.

(a) The localizationIL
⋆

0,S
1
(X) is the usual localizationL

∗

S
1
(X) whenX is normal.

(b) A perverse algebra is aperverse superalgebrawhen the coefficient ring isR(e) (instead ofR) and
it is graded overZ2 (instead of overZ). In the same manner, we introduce the notions ofperverse superal-

gebra morphismandperverse superalgebra isomorphism. The quadrupleIL
S

1
(X) =

















⊕

p∈PX

IL
p,S

1
(X), ι,∧, 0

















is a perverse superalgebra. In the other hand, the operatorπ′′ : IH(B) ⊗ R(e) → IL
S

1
(X), defined by

π′′
p
(b⊗ P) = π′

p
(b⊗ 1)⊗

Λe
P , is a perverse superalgebra morphism.

(c) The localization of the equivariant intersection cohomology is a residual cohomology: the inclu-
sion induces a perverse superalgebra isomorphismIL

∗

p,S
1
(X) � IL

∗

p,S
1
(U) whereU ⊂ X is any neighborhood

of the fixed point setF. In fact, IL
∗

p,S
1
(X) can be seen as the global sections of a sheafH

p
defined onF.

This sheaf isconstructible, that is, locally constant on each fixed stratumS. Its stalk is given by (1).

(d) Let us suppose thatX is compact. Given two complementary perversitiesp andq the wedge prod-
uct induces the Poincaré Duality isomorphism:IH

∗

p,S
1
(X) � IH

dimX−∗

q,S
1

(X). This gives theR(e)-isomorphism:

IL
p
(X) � IL

q
(X) (cf. [1]). It preserves (resp. inverts) the superalgebra structure when dimX is even (resp.

odd).

(e) The equivariant Gysin sequence can be written in the following way

· · · → IH
∗

p
(B) ⊗ Λe

π′
p

−→ IH
∗

p,S
1
(X)

∮ ′

p

−→ H
∗
(

G
·

p
(B)
)

⊗ Λe
e

p
⊗1+I

p
⊗e

−−−−−−−→ IH
∗

p
(B) ⊗ Λe→ · · · ,

which is a long exact sequence in the category ofΛe-modules. Since localization is an exact functor, we
get thelocalized Gysin sequence

· · · → IH
∗

p
(B) ⊗ R(e)

π′′
p

−→ IL
⋆

p,S
1
(X)

∮ ′′

p

−→ H
∗
(

G
·

p
(B)
)

⊗ R(e)
e

p
⊗1+I

p
⊗e

−−−−−−−→ IH
∗

p
(B) ⊗ R(e)→ · · · ,

where
∮ ′′

p
([c]⊗

Λe
R) =

∮ ′

p
[c]⊗

Λe
R. Thus, we getIL

⋆

p,S
1
(X) in terms of basic data.

The following result relates the Euler class with the localization of the equivariant intersection coho-
mology ofX. It is obtained straightforward from Proposition2.2.

Proposition 4.2 Let X1, X2 be two connected normal unfolded pseudomanifolds. Consider two modelled
actionsΦ1 : S

1
× X1 → X1 andΦ2 : S

1
× X2 → X2. Let us suppose that there exists an unfolded isomor-

phism f: B1 → B2 between the associated orbit spaces. Then, the first following statement implies the
second one:

(a) The isomorphism f is optimal and the Euler classes e1 and e2 are f -related.

(b) There exists a perverse superalgebra isomorphismK : IL
S

1
(X2) → IL

S
1
(X1) verifying K◦π′′

2
=

π′′
1
◦( f ⊗ 1).

The reciprocal to this Theorem does not hold: just consider the Hopf action onS3 and the action by
multiplication on the second factor ofS2 × S1. The Euler classes are different, but as the actions are free,
both localizations vanish.
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5 Appendix.

We illustrate the results of this work with some particular modelled actionsΦ : S
1
×X→ X. We present:

(a) the Gysin and co-Gysin terms, (b) the equivariant intersection cohomology and (c) the localization
of the equivariant intersection cohomology.

5.1 The pseudomanifoldX is a manifold. Consider the case where0 ≤ p ≤ t13.

(a) H
∗
(

G
·

p
(B)
)

= IH
∗

p−e
(B) (cf. [7, sec. 6.4]) andH

∗
(

K
·

p
(B)
)

= H
∗

p
p−e

(B) (cf. [5]). In particular,

H
∗
(

G
·

0
(B)
)

= H
∗

(B, F) andH
∗
(

K
·

0
(B)
)

= H
∗

(F).

(b) IH
i

p,S
1
(X) = H

∗

S
1
(X), E

i,0

p,2
= IH

i

p
(B) andE

i,2 j

p,2
=
∏

S∈SX

H
i−2
[

p(S)
2

]

(S) ⊗ e j, for j > 0.

(c) IL
⋆

p,S
1
(X) = H (F) ⊗ R(e) = L

∗

S
1
(X).

5.2 Free action. These actions are characterized by the conditione= x = 0.

(a) H
∗
(

G
·

p
(B)
)

= IH
∗

p
(B) andH

∗
(

K
·

p
(B)
)

= 0.

(b) The basic spectral sequence degenerates at the second term and we haveIH
∗

p,S
1
(X) = IH

∗

p
(B). The

Λe-module structure is given bye · b = e∧ b. The perverse super structure comes from that ofB.

(c) IL
⋆

p,S
1
(X) = 0.We observe that neither the Euler classe nor the Euler perversitye are determined

by the localization of the intersection cohomology.

5.3 Action without perverse strata.These actions are characterized by the conditione= x.

(a) We haveG
∗

p
(B) = Ω

∗

p−x
(B) andK

∗

p
(B) = Ω

∗

p
p−x

(B).

(b) E
i,2 j

p,2
=























H
i

p
(B) if j = 0

IH
i

p
p−x

(B) ⊗ e j if j > 0
.

(c) The perverse super structure comes from that ofB.

5.4 The euler classe is zero. In particular, all the fixed strata are non-perverse. We have

(a) H
∗
(

G
·

p
(B)
)

= IH
∗

p−x
(B) andH

∗
(

K
·

p
(B)
)

= H
∗

p
p−x

(B).

(b) IH
∗

p
(X) = IH

∗

p
(B) ⊕ IH

∗−1

p−x
(B). The basic spectral sequence degenerates at the second term and we

haveIH
∗

p,S
1
(X) = IH

∗

p
(B) ⊕

{

IH
∗

p
p−x

(B) ⊗ Λ
>0
e

}

. TheΛe-module struture is given bye · (b0, b1 ⊗ e
n) =

(0, b0 ⊗ e + b1 ⊗ e
n+1).

(c) IL
⋆

p,S
1
(X) = IH

∗

p
p−x

(B) ⊗ R(e). The perverse super structure comes from that ofB.

13In this range the intersection cohomology ofX coincides with its cohomology (see for exemple [10]).
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5.5 Local calculation. Consider a chart (U, ϕ) of a fixed pointx lying on a stratumS. The open
subsetU is S

1
-invariant and describes the local geometry nearx. It can be equivariantly retracted by

isomorphisms tocLS , endowed with the actionΦLS
. So, it is enough to consider the caseU = cLS . We

have

(a) H
i
(

G
·

p

(

U/S
1
))

=



































H
i
(

G
·

p

(

LS/S
1
))

if i ≤ m− 2

Ker
{

e
p
: H

i
(

G
·

p

(

LS/S
1
))

−→ IH
i+2

p

(

LS/S
1
)}

if i = m− 1

0 if i ≥ m.
(cf. [7, sec. 7.2]).

(b) The computation ofIH
∗

p,S
1
(U) is achieved through the following step-by-step procedure.Let q the

perversity defined by:q = p onU\S andq(U∩S) = p(U∩S)−1 = m−1. We haveIH
i

p,S
1
(U) = IH

i

q,S
1
(U),

for i , m,m+ 1, and the exact sequence

0→ IH
m

q,S
1
(U) → IH

m

p,S
1
(U)→ IH

m

p

(

LS

)

⊗ Λe→ IH
m+1

q,S
1
(U) → IH

m+1

p,S
1
(U)→ 0

For example, when the actionΦLS
is free we get that

IH
∗

p,S
1
(U) = IH

≤m−1

p

(

LS/S
1
)

⊕
{

IH
m

p

(

LS/S
1
)

⊗ Λe
}

⊕



















IH
m−1

p

(

LS/S
1
)

Ker
{

ep : IH
m−1

p

(

LS/S
1
)

→ IH
m+1

p

(

LS/S
1
)} ⊗ Λ

>0
e



















.

TheΛe-product is induced bye·(b1, b2⊗e
n, b3⊗e

n) =























(b1 ∧ e, b2 ⊗ e
n+1, b3 ⊗ e

n+1) if |b1| ≤ m− 3
(0, b1 ∧ e ⊗ 1+ b2 ⊗ e

n+1, b3 ⊗ e
n+1) if |b1| = m− 2

(0, b2 ⊗ e
n+1, b1 ⊗ e + b3 ⊗ e

n+1) if |b1| = m− 1.

(c) We have a long exact sequence

· · · → IL
⋆

q,S
1
(U)→ IL

⋆

p,S
1
(U) → IH

m

p

(

LS

)

⊗ R(e) → IL
⋆

q,S
1
(U) → IL

⋆

p,S
1
(U) → · · · .

WhenΦLS
is free then

(1) IL
⋆

p,S
1
(U) =



















IH
m−1

p

(

LS/S
1
)

Ker
{

ep : IH
m−1

p

(

LS/S
1
)

→ IH
m+1

p

(

LS/S
1
)} ⊕ IH

m

p

(

LS/S
1
)



















⊗ R(e).

The perverse super structure comes from that ofLS/S
1
.
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