A Gysin sequence for semifree actions of S3*
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Abstract

In this work we shall consider smooth semifree (i.e., free outside the fixed point set) actions of S3
on a manifold M. We exhibit a Gysin sequence relating the cohomology of M with the intersection
cohomology of the orbit space M/S®. This generalizes the usual Gysin sequence associated with a free
action of S3.

Given a free action of the group of unit quaternions S? on a differentiable manifold M, there exists a
long exact sequence relating the deRham cohomology of the manifold M with the deRham cohomology
of the orbit space M/S3. This is the Gysin sequence (see for example [1, pag.179]):! 2
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where ][is the integration along the fibers of the natural projection 7: M — M/S3 and [e] € H' (M/S?)
is the Euler class of ®. This paper is devoted to generalizing this relationship to the case where ® is
allowed to have fixed points (semifree action).

In this context the orbit space M/S3 is no longer a manifold but a stratified pseudomanifold, a notion
introduced by Goresky and MacPherson in [7]. The Gysin sequence we get in this case is
(2) o= H'(M) £, rH (mys?) M IH%(M/S?’) L HT (M) =
where 7 and r + 4 are two perversities and [e] € T H; (M/S3) is the Euler class of ®. The exact statement
is given in Theorem 4.7. A similar sequence has been already found for circle actions [8]. Finally, we

show a relationship between the existence of a section of 7 and the vanishing of the Euler class [e]. This
result generalizes the situation of the free case

The work is organized as follows. In Section 1, we introduce simple stratified spaces, which are
singular spaces including the orbit space M/S? as a special case. Section 2 is devoted to recalling the
notion of intersection cohomology with the perversity introduced by MacPherson in [9]. The main tool
we use to construct the Gysin Sequence is the complex of invariant forms, which is studied in Section 3.
Finally, we construct the Gysin sequence (2) in the last Section.

The author would like to thank the Department of Mathematics of Purdue University for the hospi-
tality provided during the elaboration of this work.

In this paper, a manifold is supposed to be without boundary and smooth (of class C*°). From now
on, we fix a manifold M with dimension m and ®:S® x M — M a smooth semifree action, that is, ®
is free out of the set MS® of fixed points (which will be different from M).

*First published in Proceedings of the American Mathematical Society 118(1993), 1335-1345.
'Key Words : Gysin Sequence, Intersection Cohomology.
2(Classification AMS. Primary : 55N33, Secondary : 57S15.
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1 Simple stratified sets

We prove that the action ® induces on M and M/S? a particular structure of stratified set.

1.1 Let E be a stratified set [10], we shall say that F is simple if there exists a stratum R with £ = R
(such R is said to be regular), and any other stratum S is closed (S is said to be singular). The second
condition implies that the singular strata are disjoint. The dimension of F is, by definition, dim R. We
shall write S to represent the family of singular strata.

1.2 We know (cf. [10]) that for each stratum S € S there exist a neighborhood Ts of S, a compact
manifold Lg and a fiber bundle 75: T's — S satisfying:

a) the fiber of 7g is the cone cLg = Lg x [0,1[/Lg x {0},

b) the restriction map 7g|g is the identity,

c) the restriction 7g: (Ts — S) — S is a smooth fiber bundle with fiber Lgx]0,1[, whose structural
group is Diff(Lg), the group of diffeomorphisms of Lg, and

d) TsNTg =0 if S # 9.

The family {Ts / S € S} is said to be a family of tubes. Notice that, according to c¢), there exists
a smooth map Ag: (Ts —S) —]0, 1] such that the restriction 75: Ag'(]0,e[) — S, for £ € [0,1], is a fiber
bundle with fiber Lgx]0,e[. We shall write Dg = Ag'(]0,1/2[); in fact, Dg is the half of Tg.
1.3 The manifold M inherits from the action® ® a natural structure of stratified set where the singular
strata are the connected components of M $* and the regular stratum R is M — M S* This stratified set
is simple because the open set M — M S? is dense.

Since each singular stratum S of M is an invariant submanifold of M, we construct a tubular neigh-
borhood (T, 75, S, S%s) satisfying:

i) Ts is an open neighborhood of S,

ii) 79:Ts — S is a smooth fiber bundle with fiber the open disk D*s*! and O(fs + 1) as a structural
group,

iii) the restriction of 7g to S is the identity,

iv) 7g is equivariant, that is, 75(g - y) = g - 75(v),

v) there exists an orthogonal action U°: 83 x 8% — S and an atlas Ag = {(U,¥)} such that
¢:75H(U) — U x D+ is equivariant, that is, (®(g,z)) = (1s(x), [®°(g,0),7]) for each g € S?
and x = ¢~ (rg(x),[0,r]) € 75 (U). Here we have identified D’s*! with the cone
cS% = 8% x[0,1[/S* x {0} and written [0, r] an element of cS*s.

Notice that the action ®° is free and therefore the codimension of S is a multiple of 4. Consider, for each
singular stratum S, a tubular neighborhood Ty verifying Ts N Tss = () if S # S’. Thus, the family {Ts}
is a family of tubes.

Let m: M — M/S? denote the canonical projection. The orbit space M/S? inherits naturally from
M a structure of stratified set, the strata are 7(R) = m(M — MS’), the regular stratum, with dimension
m — 3, and {n(S)/S € S}, the singular strata. The local description given by v) shows that M/S? is a
simple stratified set.

For each S € S the image m(Ts) is a neighborhood of 7(S). The map ps:7(Ts) — m(S) given by
ps(m(x)) = n(rs(x)) is well defined. Tt is easy to show that (m(7s), pg,m(S), S /S3) verify §1.2 a)-d).
Then, the family {7(Ts)/S € S} is a family of tubes.

1.4 Consider the commutative diagram

3For the notions related with actions we refer to [3].
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Dg—5 —° . g
7r l l w
w(Ds — §) —22 o (5)

Since the restriction of 7 to the fibers of 7g is a submersion ((S%x]0,1/2[) — (S /S%x]0,1/2[)), we get
the relation m.{Ker(rs)+} = Ker(ps)s+. This will be used in §3.3.

2 Intersection cohomology

We recall the notion of intersection cohomology [4] using the notion of perversity introduced by MacPher-
son in [9].

2.1 Cartan’s filtration. Let x: N — C be a smooth submersion between two manifolds N and C. For
each differential form w # 0 on N, we define the perverse degree of w, written ||w||c, as the smallest
integer k verifying:

If &, ..., & are vectorfields on IV tangents to the fibers of x, then i¢, - - -ig, w = 0.

Here, i¢; denotes the interior product by &;. We shall write [|0]|c = —oco. For each k& > 0 we put
FQ, ={weQ(N)/|wllc <k and ||dw|lc < k}. This is the Cartan’s filtration of x [4]. Notice
that, for o, B € Q (N), we get the relations

3) lla+ Bllo < max([lalle, [|8llc)  and  [laABllo <|lalle + [8llc-

2.2 Let E be a simple stratified set. A perversity is a map §:S — Z (see [9]). A differential form w on

R is a g-intersection differential form if for each S € S the restriction w|pg belongs to F S)Q*DS. We

shall denote by Q;(E) the complex of g-intersection differential forms of E. Remark: for the case S = (),
the complex Q;(E) is exactly the deRham complex Q" (E) of E. The cohomology of the complex Q;(E)
is the intersection cohomology of F, written IH; (E). This denomination is justified by §2.5.

Locally, the stratified set E looks like RF x ¢Lg, where Lg is a compact manifold. Here, we have the
following computational result:

H'(Ls) ifi<q(S)

Proposition 2.3 For any perversity ¢ we obtain IH;(]RI“ x cLg) = { 0 ifi>als).

Proof. Since the maps pr: R¥ x ¢Lg — R*' x ¢Lg and J:R*! x ¢Lg — R* x ¢Lg defined by

pr(z, ..., 2k, [y,7]) = (z2,..., 2k, [y,7]) and J(zo, ..., zk, [y,7]) = (0,22, ..., 2k, [y,7]), verify ||priw||s <
llwlls and |[J*n]|s < [|nl|s, for each w € Q" (R¥~! x Lgx]0,1[) and n € Q" (R* x Lgx]0,1[), then the
induced operators

pr*:Q;(]kal X cLg) — Q;(]RlC x cLg) and J™: Q;(]Rk X cLg) — Q;(]Rk*1 X cLg)

are well defined. Notice that the composition J*pr* is the identity.
Consider the homotopy operator h: Q" (RF x Lgx]0,1[) — Q' (R* x Lgx]0,1[) given by h(w =

a+dry NG) = /_ﬁ A dz1, where o, § € Q (RF x Lgx]0,1[) do not involve dz. It verifies
0

(4) dhw + hdw = w — pr* J*w.
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Now, the relation ||hw||s < ||w||s implies that h is a homotopy between pr*J* and the identity on
Q;(]Rk x cLg). We have proved IH; (R* x cLg) = IH;(CLs). Moreover, by the equalities Q;(CLs) =

Q'(Lg x]0,1[), if ¢« < g(S5), Qz<s)(cLS) Nd=1(0) = Qas)(Lsx]O, 1[) N d=1(0) and by previous calculation

we get TH_(R¥ x cLg) = H'(Lg) for i <g(9),
It remains to prove that, given a cycle w € Q;(CLs) with i > g(S), there exists n € Q;l(cLS) with
dn = w. Write w = a+dr A 3, where «, # do not involve dr (r variable of ]0,1[); observe that « = =0

on Lgx]0,1/2[. Then, since w = d/iﬁ A dr, it suffices to take n = / B Adr. L)
0 0

The intersection cohomology satisfies the Mayer-Vietoris property as it is stated in [1, pag.94].

Proposition 2.4 Given an open covering U = {U} of E, there exists a subordinated partition of the
unity { fu} verifying: w € Qa(E) = fyw € Q;(U)

Proof. A controlled map f: E — IR is defined to be a continuous map, differentiable on each stratum,
such that the restriction to the fibers of each 74: Dg — S is a constant map [11]. Notice that we have the
equality max(||f||s,||df||s) = 0. Then, the result follows from the fact that U possesses a subordinated
partition of unity made up of controlled functions [11, pag.8]. s

Two perversities p and g are dual if p(S) +q(S) = dim Lg — 1 for each S € S. For example, the zero
perversity 0, defined by 0(S) = 0, and the top perversity ¢, defined by #(S) = dim Lg — 1, are dual.
The relationship between the intersection homology IH' (E) of [6] and the intersection cohomology is
given by:

Proposition 2.5 IH (E) > IH'(E)

q

Proof. Consider first the case E = R* x cLg as in §2.3. Following [6] and [9] we get: IH (R" x cLg) =
Hi(LS) ifi <dimLg—1 —ﬁ(S)

0 if i > dim Lg — p(5)
This shows that the intersection cohomology and the intersection homology are locally isomorphic.
The passage from the local case to the global case cannot be made as in [7] because the axiomatic
presentation of the intersection homology has not yet been extended to the new perversities. But we
can proceed as in [2] by showing that the usual integration of differential forms over simplices induces

, which is isomorphic to IH;(E) (see §2.3).

a morphism between [ Hg(E) and Hom([ Hf(E),]R); such morphism turns out to be an isomorphism
because of Mayer-Vietoris and previous local calculation. Since the proof is similar to that of [2], we send
the reader to this work. &

The following result has also been proved in [9].

*

Corollary 2.6 Suppose that each link Lg is connected (that is, E is normal). Then IHa* (E)=H (E).

Proof. 1t suffices to consider the isomorphism I H f(E) = H, (FE) proved in [9]. )

Corollary 2.7 If E is a manifold then IH; (E) = H (E), for each perversity 0 < g <t.

Proof. Since E is normal, Corollary 2.6 reduces the problem to prove that the inclusion QS(E) — Q;(E)
induces an isomorphism in cohomology. Applying §2.4 and §2.3 and taking into account the inequalities
0 < G(S) < dim Lg — 1 we transform the problem to showing H'(Lg) = 0 for 0 < i < g(S). But this is
exactly the same as showing that Lg is a cohomology sphere, and this arises from the fact that M is a
manifold. &
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3 Invariant forms

A good simplification in the construction of the Gysin sequence is the use of invariant forms.

3.1 The fundamental vectorfields X;, X5, X3 of ® are the vectorfields of M defined by X;(z) =
T.®,(¢;),i=1,2,3, where {1, lo, (3} is a basis of the Lie algebra of S3. These vectorfields can be chosen
to verify [X1, Xo] = X3, [X2, X3] = X1 and [X3, X1] = Xa. The zeroset for each of them is exactly M’

It is well known that the subcomplex of invariant forms
IN(M)={weQ (M) g'w=wforeach ge 83} ={we Q' (M) / Lyw=0, i=1,2,3}
computes the cohomology of M (see for example [5]). We prove now a similar result for

IO (M) ={we Q (M) / Lxw=0, i=1,2,3}.

*
q

*

Proposition 3.2 For each perversity 0 < q <t we have H (IQE(M)) =H (M).

Proof. We first apply §2.4 (with & made up of invariant sets and {fy} to be invariant controlled maps)
and we reduce the problem to M = R* x ¢S%. Here, the action of S? is given by

(5) (ga (1‘1, <oy Ty [y,r])) = (1‘1, <oy Ty [(I)S(gu y)v 7’])

Consider R* x ¢8% as the product R x (R*¥! x ¢8%). Notice that the fundamental vectorfields of
R* x 8% (resp. R¥! x ¢8%) are X; = (0,...,0,Y;,0) (resp. Z; = (0,...,0,Y;,0)) where Y; are the
k k-1
fundamental vectorfields of S%, i = 1,2,3. Write pr, J and h the operators given by §2.3 for this
decomposition. The equalities pr.X; = Z;, J.Z; = X; and ix,h = hix, show that these operators are
equivariant. Proceeding as in §2.3, we first reduce the problem to the case M = RF 1 x ¢S and finally
to the case M = ¢S%. Again, the operators used in §2.3 to reduce the problem to SS, are equivariant.
Here, the inclusion Q" (S%) < Q" (S*s) induces an isomorphism in cohomology because ®° is free. &

3.3 For any differential form o € Q" (7(M — M Sj)) the pull-back 7*« is an invariant form. According
§1.4, it satisfies

(6) I alls = [lallx(s),

for each S € S.

Let p be a riemannian metricon R = M —M S* invariant by the action of ® and satisfying X;(X;) = d; ;

for i,5 € {1,2,3}. The fundamental forms of ® are the differential forms on M — M 8% defined by
X; = u(X;,—), i =1,2,3. They satisfy
(7) [IXills = 1.
Let e € Q' (7(R)) be a closed form representing the Euler class of the action ®:S3 x R — R. Then we
can choose 17 € Q°(R) so that ix,ix,ix,n =0 and dny = d(X; A X2 A X3) — 7*e (cf. [5, pag. 322]). Notice
that the relation |[e[|r(g) < 4 holds for each S € S. The class [e] € IH;(M/S3) is called the Euler class
of ®. It coincides with the usual one when the action @ is free.

4 Gysin sequence
The Gysin sequence is constructed by using the integration along the fibers of 7; this operator is very
simple when we are dealing with invariant differential forms.

4.1 Consider w an invariant differential form. The differential form ¢x,ix,%x,w is also invariant (Lx,i X; =
ix;Lx, + i{Xi’Xj}); moreover, ix,ix,tx,tx,w = 0 for ¢ = 1,2,3 and therefore ix.,ix,ix,w is a basic form.
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That is, there exists 7 € Q" (7(R)) with ix,ix,ix,w = (—=1)*7*n where |w| = degree of w. Notice that
i xaixyix, dw = —dixyix,ix,w.
The integration along the fibers of 7 is defined to be the operator ][:IQ*(R) — Q" (7(R)),

where fw = 7. It is a differential operator. Notice that fﬂ*a =0 and ][(—1)|a‘X1 AXo AX3AT* a0 = «,
for any o € Q" (n(R)).

4.2 If the action is free, the short exact sequence

0— Q" (M/S%) =5 17 (M) = Q" (M/SP) — 0,

where ¢ is the inclusion, induces the following long exact sequence

oy L sty 2 st T ()
where [¢] € H'(M/S?) is the Euler class of ®.
If the action ® is not free, the previous sequence is not longer an exact one (see §4.9). But, we
are going to show that by considering the intersection differential forms of M instead of the differential
forms, we also get a Gysin sequence relating in this case the intersection cohomology of M /S? with the

cohomology of M. This sequence arises from the study of the short exact sequence 0 — Ker ][ —
IQ;(M) i» Imf—» 0, and more precisely, from the comparison of Ker][ and Im][ with Q;(M/SS)

There will come out a shift on the perversities involved, due to the perverse degree of e. For this reason
we fix three perversities g (of M), 7 and 7 + 4 (of M/S?) satisfying: 7(7(S)) = q(S) — 4, 7 + 4(7(9)) =
q(S),and 0 < g <.

4.3 Kernel of ]L By construction we have Ker][: {w e IQ;(M) / ixsix,ix,w = 0}. For each a €

*

Q (m(R)) we have ||7*alls = ||al|s) (cf. §3.3) and ][W*Oé = 0. Thus, the operator W*:Q%(M/SS) —

Ker ][ is well defined. In fact, we have:

Proposition 4.4 The operator 7*: ()

:T4(M/SS) — Kerj[ induces an isomorphism in cohomology.
Proof. We first apply §2.4 (with & made up of invariant sets and { fi} to be invariant controlled maps) and
we reduce the problem to M = RF x ¢S%. Consider pr': R¥ x ¢S /83 — R*"! x ¢S*s/S3 the natural
projection as in §2.3. Set m:R* x ¢S — RF x ¢S /S? and n’: RF7! x ¢Sfs — RF x 8% /83
the natural projections. With the notations of §3.2, we have pr'm = 7/pr. The relations pr,X; = Z;,
J*Zi = Xz' and iXih = hiXi imply

(8) ][pr*:pr*][l, ][/J*:J*][,and fh:h][,

where ][ (resp. ][ ") is the integration along the fibers of 7 (resp. 7'). We conclude that the diagram

*
*

Q" (RF x cS’s/83)

r+4

Ker { f:mfﬁ(mk X eSts) — " (RF x S's/S? X)), 1[)}

7_‘_l * /
(RF=1 x ¢S's /S3) L»Ker{ :m*ﬁ(n{’f—l x ¢Sfs) — Q" (R xSt /83 X0, 1[)}

*

Q

r+4
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is well defined and commutative. The vertical rows are quasi-isomorphisms (same procedure as §2.3).
This firstly reduces the problem to M = R*~! x ¢S%, and finally to M = ¢S¥s.
In order to prove that

w*TH (o815 S%) — H' (Ker { ][ 107 (c8%) — (8% /8 x 0, 1[)})

*
q

is an isomorphism in cohomology, we distinguish three cases.

e i < 7(m(S)) + 4. Here, we have Q%(CSZS/S?’) = Q'(S%/83 x ]0,1[), and (Kerf) = {w €

0 (Sfsx]0,1[) / i(Y3,0)%(v2,0)8(v;,00w = 0}. Contracting the second factor to a point, and proceeding
as before, we reduce the problem to prove that

7 H (8% /8%) — H'({w € IV (S') / iy,ivyiy,w = 0})

is an isomorphism. But, since the action ®° is free, we already know that the map 7*: Q" (S%s /S?) —

Ker {f IO (Sfs) — Q*a(SZS/S?’)} induces an isomorphism in cohomology.

e i =7(m(S)) + 4. We can proceed in the same way because Q%(cSeS/SS) Nd=1(0) =
Q' (8% /$%x]0, 1)) N d~1(0), and (Ker ]1> A1 (0) = {w € T (S x10.1)) / iy 0yi(va.00i(vi.00@ =
0} Nd=1(0).

e i > 7(n(S)) +4. Since IHZTL(CSKS/S?’) = 0 it suffices to prove that for any w € IQ' (S5 x]0,1])

satisfying
1) w=0o0n8x]0,1/2, 2) iy 0)iva0)ivi,ow =0, and 3) dw =0,
there exists n € IQ" ' (S'sx]0, 1[) verifying 1) and 2) with dn = w. Write w = « + dr A 8 where

a, B € IR (S*x]0,1[) do not involve dr. We define n = /7ﬁ A dr, which clearly satisfies 1) and
0
dn = w. Since Y7, Ys, Y3 do not involve 9/9r, then we also have 2). &

4.5 Image of ][ For each differential form o € Q" (w(R)) we get max(||[X1 A X2 A X3 A 7*alls, ||d(X1 A
Xo A Xz A*a)|ls) < 4+ |[allxg) (cf. (3) and (7)). Since f(—l)'a‘xl A X A X3 AT*a = a, we conclude

that Q;(M/SS) is a subcomplex of Im][.

Proposition 4.6 The inclusion Q;(M/S‘g) — Im][ induces an isomorphism in cohomology.

Proof. Given an invariant function f = 7*fo: M — R and an invariant differential form w € I1Q" (M),
we get ][ fw = fo fw. We can therefore apply §2.4 and reduce the problem to the case M = R x ¢S*s,

where the action is given by (5).
Proceeding as §4.4 we arrive to the case M = ¢S*S. Here, in order to prove that the induced map

TH.(cS* /S%) — H'(Im {][ 19 (c8'/8%) — 07 (8" /8 x 0, ”)}>

af *

is an isomorphism for i > 0, we distinguish four cases.
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e i <7(n(S)). In this case we have T0'(¢S's /S%) = 0'(8%5/S3 x |0, 1[) and (Im][> _ {][w Jwe
19" (8% %10, 1[)}, which is exactly Q' (S%/S? x 0,1]).

o i =7(r(S)). We can proceed in the same way because IQ2. (cS% /S*)nd~1(0) = Q' (8% /8% x ]0,1[)n
d-1(0), and <1m]1> Nd-1(0) = {][w/w € 107 (8% x]0, 1)} N d=1(0).

o i = 7(n(Y5)) + 1. Since IH;(CSZS/S?)) = 0 and i + 3 = @(S5) we need to prove that for any
w e IV (8% %]0, 1[) verifying

1) dw=0o0nS%x]0,1/2[, and 2) d][wzo,

there exists n € IQ (Sts x]0,1[) with dfn = fw. We project S x]0, 1] onto S’ x {1/4} = S¥s.

Relations (4) and (8) give ][w = ][pr*J*w +d][ hw — hd][w = ][pr*J*w + df hw, where pr*J*w,

hw € IQ 7 (Sts x]0,1[). By construction, the differential form J*w is a cycle of IO (S%). Since
0 <i+3=g(S) <ls—1,wefindy € IQ*(S) with dy = J*w. Now, we can choose j = pr*y+hw.

e i > 7(m(S)) + 1. Since [H;(CSZS/S?’) = 0 and i + 3 > @(S) we need to prove that for any
w e 197 (8! %]0, 1[) verifying

1) w=0o0nS%x]0,1/2[, and 2) d][w:o,

there exists n € I (S x]0, 1[) satisfying 1) with d][n = ][w. It suffices to choose 7 = (—1)X1 A

Xg/\Xg/\w*/iﬂ/\dr,Where][w:a+dr/\ﬁasin§4.4. &
0

We arrive to the main result of this work.

Theorem 4.7 Let ®:S3 x M — M be a semifree action. Then, there exists a long exact sequence
(9) o= H' (M) LN IH " (M/S?) Ale| JH%(M/S?’) HT (M) >
where

a) ][is the integration along the fibers of the natural projection 7: M — M/S3,

b) 7 is a perversity of M/S3 verifying —4 < 7(n(S)) < fg — 5,

c) T+ 4 is the perversity of M/S? defined by v+ 4(w(S)) = 7(w(S)) + 4, and

d) [e] € IH;(M/S:S) is the Euler class of ®.

Proof. Consider g the perversity of M defined by g(S) = 7(n(S)) + 4. The short exact sequence
0— Ker][—L> IQ° (M) i Imf—> 0 induces the long exact sequence (cf. §2.7)

- — H (M) £ 7 (Im f) 2 H T (Ker ][) T HTN (M) =

The connecting homomorphism is defined by 6[a] = [(—1)I*d(x; AXaAX3)AT*a], which is [(—1)1*7* (eAq)]
on H (Ker ][) (cf. §3.3). It suffices now to apply §4.4 and §4.6. &
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Corollary 4.8 Let ®:S3 x M — M be a semifree action. The long exact sequences

oomon L w2 B (st T B () —

and
w0yt A sty S )

are exact, where for the second one we have assumed M/S? to be without boundary.

Proof. In both cases we apply the previous Theorem taking into account Corollary 2.6. For the first
one we consider the perversity 7 defined by 7(7(S)) = —4. By definition, I HF (M/S3) is the cohomology

of the complex made up of differential forms on M — M 8* /S? vanishing on a neighborhood of M 8 /S3;
therefore TH' (M/S%) = H" (M/S?, MS"/S?).

For the second case, we consider the perversity 7 = 0. This perversity satisfies the condition c) of the
previous Theorem because if M/S? has no boundary then £g > 5 for each S € S. &

4.9 The sequence (1) does not become necessarily (9). Let us give an example. Consider the unit sphere
S4+3 of HIP*!, where HIP are the quaternions. The product by quaternions induce the action W:S3 x
S4+3 _, S4H3 Identify S*** with the suspension XS4+3 = S4+3 » [—1,1]/{S¥*+3 x {1}, S%+3 x
{—1}}. Consider the action ®:S? x §¥+4 — S§4+4 defined by ®(6, [x,t]) = [¥(0,z),t]. The sequence
(1) becomes

RN Hi(s4€+4) N HPB (E]H]Pg) N HiH(E]H]Pe) . Hi+1(s4£+4) e

which cannot be exact because X(S*+4) £ 0.

We finish the work with a geometrical interpretation of the vanishing of the Euler class, generalizing
[5, pag.321].

Proposition 4.9 If the principal fibration m: (M — MSB) — (M — MSS)/S3 has a section, then [e] = 0.

The existence of a section of 7: (M — MS") — (M — MS’)/S? implies the vanishing of the Euler
class [¢/] of the action ®:83 x (M — MS*) — (M — MS®) . Thus, the singular strata must have at
most codimension four and therefore F. 4(2;5 = Q" (Dg — S), for each S € S. This implies T HZ*(M /S3) =

H' (M — M5%)/S3). We have finished the proof because [e] = [¢/]. )
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